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PREFACE TO THE SECOND EDITION

The first edition of this book was written as a text for a

course designed to give the student some competence in the

techniques of classical mathematical physics and some confi-

dence in his ability to read technical papers in that field.

The second edition has been amplified to better serve this

end without any very wide deviation from the fundamental

method of approach.

Chapters on mathematical methods alternate with those in

which the methods are applied to physical problems, and every-

where the emphasis is on the drawing of quantitative conclu-

sions from carefully stated laws.

The amplification has consisted largely of the inclusion of

numerous illustrative examples completely or partly developed

in the text, the addition of drawings to clarify the text, and some
minor rearrangements of material to provide what seems after

use a more coherent order of presentation. A few sections

dealing with matters not actually essential to the context have

been omitted.

The chapters on electricity and magnetism have been con-

siderably expanded and revised in the effort to present a precise

formulation of this conceptually difficult subject. Emphasis

has been laid on the similarities of, and the differences between,

the vectors D and E and between B and H. The point of view

presented is believed to be especially helpful in understanding

the electrical properties of matter.

Some minor changes have been made in the problems pre-

sented for solution by the student. Some of these have been

worked out and included in the text, and new ones have been

added. These continue to be the backbone of the course.

Mathematical physics, obviously, is an art whose mastery can

be attained only by extensive practice.

For many valuable suggestions concerning the treatment,
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the author is indebted to numerous colleagues, as well as to

many of the students who have worked through the text. He is

especially obligated to Profs. Carl D. Anderson and Wm. A.

Fowler, who have given him the benefit of their teaching experi-

ence; to Dr. Leverett Davis, of the California Institute of

Technology, who worked over much of the manuscript with
him; and to Drs. Charles F. Squire and J. R. Risser, of the Rice

Institute, who read much of the proof on electricity and magne-
tism. The wholehearted interest of one's colleagues is one of the

pleasant phases of preparing a manuscript of this kind.

William V. Houston
Houston, Tex.

Juhj, 1948



PREFACE TO THE FIRST EDITION

This book has been written as the text for a course which

I have given for several years to juniors, seniors, and first-

3'ear graduate students. The course has been designed to

give a working knowledge of the fundamental methods of

mathematical physics rather than to give a critical or an exhaus-

tive exposition of the theories of physics. It has been assumed

that the students have a thorough knowledge of elementary

physics, analytical geometry, and calculus.

The material presented has not been selected according

to any rigid plan. Chapters on differential equations and

vector analysis have been included since many students are

not well prepared in these subjects during their first two years

of college work. Mechanics is emphasized because it furnishes

the conceptual basis for all physics and because it furnishes good

illustrations of nearly all the important mathematical methods.

Considerable attention has been given to the studjr of normal

coordinates and normal modes of vibration because of the

importance of this type of mathematics in the problems of the

quantum theory. A brief treatment of thermodynamics and of

statistical mechanics has been included because they each have

characteristic methods which are of importance. The treat-

ment of electricity and magnetism provides an introduction to

field-theory methods. It has seemed undesirable to include

any discussion of quantum mechanics and the methods peculiar

to it, since the classical material fully occupies the time available.

In general, the idea has been to emphasize the derivation

of results from explicitly stated postulates and to distinguish

carefully between such derivation and physical intuition. This

plan has not been rigorously followed, however, because it easily

becomes too cumbersome in a textbook.

It is commonly accepted as a platitude that a student learns

only what he does for himself , but it is not always easy to make
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use of this principle. This book has been written as a text, not

as a treatise, and as much as possible has been left to the

resourcefulness of the student. The physical theory is presented

only in the barest outline. The postulates and the definitions

are given together with some illustrative examples. The details

of the theory are left for the student to fill in by solving the

problems. The problems form an integral part of the text, and
many important results are given in them. This necessarily

means that the book must not merely be read but must be
carefully worked through. The text material given, together

with the solutions of the problems, should give a fair idea of

the subjects treated.

This form of presentation makes severe demands upon both
the student and the instructor. It is not to be expected that

many students will be able to solve all of the problems, for they

require a considerable amount of insight and ingenuity. It can

be expected, however, that in making the attempt the student

will become familiar enough with the difficulties to understand
the solution when he learns it from the instructor or from some
other source. The references at the end of each chapter indi-

cate places in which many of the solutions can be found.

It is impossible to acknowledge properly all of the many
sources to which I am indebted, but the references at the end
of each chapter include a number of those books which have been

of importance in establishing my point of view. I am also

indebted to Prof. W. R. Smythe and Dr. M. S. Plesset who have
read portions of the manuscript, and to Dr. C. B. Crawley who
has assisted in the proofreading.

William V. Houston
Pabadena, California

August, 1934
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CHAPTER I

ELEMENTARY DIFFERENTIAL EQUATIONS

Most laws of physics are best expressed in the form of dif-

ferential equations. When Galileo made his studies of falling

bodies, he found there was one property common to all the

motions. He found that the rate of change of the downward
velocity was always the same. The recognition of this common
and constant element constitutes the discovery of a law of

falling bodies.

To express such a law precisely and simply requires the

notation of the differential calculus. Velocity itself is a deriva-

tive—the ratio of an infinitesimal distance to the time taken by a

body to move through that distance. The rate of change of

the velocity is then a second derivative, and the law of falling

bodies near the surface of the earth can be written

d 2z

In this equation z is the height of the body, t is the time, and g
is a constant known as the acceleration of gravity. This state-

ment of the law is a differential equation. The differential

equation is true no matter with what velocity or from what posi-

tion the body starts to move. As is true with most laws of

physics, this law applies only under suitable restrictions. In

this case the law is valid when the resistance of the air and the

curvature of the earth's surface can be neglected. Under these

restrictions the differential equation states a property that is

common to the paths of all falling bodies.

Because of the important place that differential equations

occupy in mathematical physics, it is necessary to spend a little

time in the study of the more elementary methods for finding

their solutions. The general study of differential equations is

an extensive branch of mathematics and one about which a
l
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physicist cannot know too much. Here, however, only practical

questions will be treated, and methods will be given for the

solution of a few of the simpler and more common types of

equations.

1. Nature of a Differential Equation and Its Solution.—An
ordinary differential equation of the first order and the first

degree states a functional relationship between a single inde-

pendent variable x, a dependent variable y, and the derivative

dy/dx, in which the derivative appears to the first power only.

Such equations can be written in the form

!-/(**> <">

If y is represented as a function of # by a curve in the x-y

plane, equation (1-1) gives the slope of the curve at every point

in this plane. The object in solving such a differential equation

is to find a relationship between y and x such that equation

(1-1) will be satisfied for all values of the independent variable.

Geometrically, finding a solution is finding a curve whose

slope and coordinates at each point of the curve satisfy equation

(1-1).

As an illustration, consider the equation

i - *» w
This says that at every point in the x-y plane the slope of the

solution is equal to xy. The significance of this statement is

illustrated in Fig. 1-1, where the slope is indicated at a number

of points in the plane. In particular, the slope is zero at all

points on the x and y axes. At any point on the hyperbola

xy = 1, the slope is 1; at any point on xy = —1, it is —1. Any
curves representing solutions that pass through these points

must pass through them with the indicated slopes.

It soon becomes apparent from a study of Fig. 1-1 that

there is no one single-valued function of x which can be

regarded as the solution of the differential equation. There is

an infinity of such functions. For example, the x axis, y = 0,

is a solution, for it has everywhere the slope zero. Another
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solution is y = e
ci/2

. This crosses the y axis at y = 1 and at

this point has a zero slope. In fact, its slope at any point

along it is dy/dx = xe?
2/2 — xy, so that the differential equation

is satisfied.

y

-y
Fig. 1-1.—Some solutions and some lines of constant slope defined by the differential

equation dy/dx = xy.

It is possible to express this infinity of solutions by the use

of an arbitrary constant. Thus it may be said that

y = AexV2 (l-2a)

is the general solution of equation (1-2), where A is an arbitrary

constant. This is meant to imply that equation (l-2a) has the

property expressed by equation (1-2) no matter what value is

given to A. When A = 0, the solution y = results. When
A = +1 or —1, the two solutions illustrated in Fig. 1-1 are

obtained.

It is shown in the general theory of differential equations

that the general solution of a first-order differential equation will
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always contain one arbitrary constant and that a solution

containing an arbitrary constant is the general solution.

It is important to recall the significance of the function nota-

tion, f(x,y). This means that, if x and y are given specific

values, it is possible to find the corresponding value for the

function f(x,y). It has nothing to do with the possibility of

writing the function in a simple form. This possibility is largely

a matter of notation. A function may well be represented by a

table of values in which there corresponds to each set of values

of the independent variables a definite value of the function.

It is always necessary to keep clearly in mind the difference

between the existence of a function and the possibility of

writing an expression for it.

It is a fundamental problem in the study of a differential

equation to find out whether or not a solution really exists.

The differential equations of physics represent, in most cases, the

results of abstraction from experimental data and hence really

the results of differentiating the solutions. For this reason,

one is justified, in elementary work, in assuming that a solu-

tion exists and in merely undertaking to find it. Furthermore,

one may say quite generally that, if in an equation of the type

of (1-1) the function f(x,y) is single-valued and continuous, and
if it has an absolute value less than a certain upper bound at

every point of the x-y plane, a solution does exist.

If a differential equation contains derivatives higher than

the first, the equation is said to have the order of the highest

derivative. If the highest-order derivative appears to a power
higher than the first, the equation is said to be of the degree

of this power. The simplest equations, those of the first order

and the first degree, will be treated in this chapter.

If the dependent variable is a function of two or more
independent variables, a differential equation will contain the

partial derivatives with respect to the independent variables.

Such an equation is called a partial differential equation. Partial

differential equations are of great importance in physics, but

their solution requires more or less special methods for each

type of equation, and therefore the methods of solution will be

discussed in connection with the equations of physics themselves.



ELEMENTARY DIFFERENTIAL EQUATIONS 5

2. Solution by the Separation of Variables.—If an equation

can be written in the form

f{x)dx = g{y)dy (1-3)

the solution is immediately evident in the form

Sf(x)dx = fg(y)dy + C (l-3o)

where C is the arbitrary constant. This method is called

solution by the separation of variables and is one of the most
commonly used.

As an example consider again equation (1-2). If both sides

are multiplied by dx and divided by y, there results

^ = x dx (1-36)
y

K
'

This is of the form of equation (1-3), since the left-hand side

is a function of y only and the right-hand side is a function of

x only. If now both sides are integrated, the result is

log y = f + C (l-3c)

This is the general solution of the equation, and it can be put

in the form of equation (l-2a) by transforming to the exponential

form and defining A as e
c

.

Problem 1. For the following differential equations sketch roughly

the slope at a number of points in the x-y plane, solve the equations by
separation of the variables, and sketch roughly some of the solutions:

b. y dx — xdy —

e
dy - *

dx x tan y

d . *.-(»)^
dx \a/

3. Formulation of the Differential Equation.—Probably the

most difficult part of a problem in mathematical physics is

the formulation of the differential equation whose solution gives

the solution of the problem. It is necessary to translate the

physical statement of the situation into a mathematical state-



6 PRINCIPLES OF MATHEMATICAL PHYSICS

ment. The mathematical statement is usually a differential

equation.

Skill in the mathematical formulation of physical problems
comes largely from practice and experience. It requires a
thorough appreciation of the significance of mathematical
notation and an intimate and precise understanding of the
physical laws involved. It requires that the essential features

be recognized and the nonessential features neglected.

As an illustration of the process of writing a differential

equation, consider the geometrical problem of finding the
curve whose slope at every point is equal to a constant multiple
of the abscissa of the point. The first step is to establish a
notation. Let y{x) be the function whose curve in the x-y
plane has the desired properties, and let k be the constant by
which the abscissa is to be multiplied to get the slope. It is

then necessary to know, and to remember, that the slope of a
curve at any point is the value of the derivative, dy/dx, at
that point. The description of the curve then states the
equality of this derivative to k times the x coordinate of the
point. In equation form,

dy

The solution of this equation is y = (kx2
/2) + C. This form

of y as a function of x satisfies the differential equation, and
the statement of the problem, for any value of C. There is,

not one curve, but a whole family of curves that satisfy the
condition imposed. It is therefore possible to apply some other
condition in addition to that represented by the differential

equation. It might be desired to have the curve pass through
the point (x = 0, y = 0). This can be accomplished by select-

ing that member of the family for which C = 0.

Problem 2. Find the curve for which the projection of the ordinate
on the normal is constant.

Problem 3. Find the curve y(x) whose slope at every point is

equal to the negative of the cotangent of the angle between the radius
vector and the x axis.

In the case of physical problems, a knowledge of the essential
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physical laws and principles must be used to get the proper

equation. Consider the problem of finding the atmospheric

pressure as a function of the height above the surface of the

earth. To establish the notation, consider a vertical column

of air of unit cross section, and let the height of a point in this

column be z. The problem is then to find the pressure p as a

function of z.

Consider a flat element of volume, of thickness dz and unit

cross section. The pressure on the top of this element will be

less than the pressure on the bottom by the weight of the air

in the element. This weight is the mass density p multiplied

by the volume dz and the acceleration of gravity g. Then,

if dp is the amount by which the pressure on the top exceeds

the pressure on the bottom,

dp = -pgdz or -^ = -pg (1-5)

This is a differential equation that describes the physical

situation, but it is unsatisfactory because it contains too many
different quantities whose relationships to each other are not

precisely specified. If p and g are known as functions of z, these

functions can be inserted and the integration carried out.

Otherwise, recourse must be had to other information.

To simplify the problem, consider the fact that the value of

g does not change very much in heights to which the atmosphere

extends. For this reason a very close approximation can be

obtained by treating g as a constant of the equation. From
the laws of a perfect gas it is known that a close approximation

is obtained by setting the density proportional to the pressure,

if the temperature is constant. The temperature is really not

constant; but if this approximation is made,

I - -Xop W
where K is the assumed constant of proportionality. The

solution of this equation is

p = Ae~Kgz (1-7)

and A can be adjusted to give the correct value of the pressure

at z = or some other point.
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If it is not desired to make the approximation of constant

temperature, other information must be used, such as the value

of the temperature as a function of z. In any case, it is neces-

sary to get the equation into such a form that it contains p
and z and the derivative only.

Problem 4. A rod of circular cross section is to support a tension T
when in a vertical position. If the density of the rod is p, find the

shape it must have in order that the tension per unit cross section shall

everywhere be t.

4. Linear Differential Equations.—An equation of the form

% + Pv = Q d-8)

is said to be a linear differential equation if P and Q are not
functions of y. They may be constants or any functions of x.

Linear equations, especially those of the second order, are of

particular importance in physics, and considerable attention will

be given to them later. For the first-order equation a general

solution can be written in the form

y = e-fpdx (SQeI dx dx + C) (1-9)

To show that this is a solution, it is necessary only to dif-

ferentiate y with respect to x and show that the derivative

satisfies equation (1-8). The presence of the arbitrary con-

stant C makes the solution general.

As an example of a linear equation take

Comparison with equation (1-8) shows that P = 1/x and
Q = x 2

. Substitution in (1-9) then gives

y = eSdx/x
(fx

2eS
dx/x dx + C)

Problem 5. Find the solution of the linear equation

^ + 2xy = 2e~xl

dx
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that passes through the point x — 0, y = 1.

Problem 6. Find the solution of

-^ + y sin x — A sin x
ax

that passes through x = 0, y = 1.

Problem 7. Find the solution of

}_dy
, _ a

x2 dx

that passes through x = 1, y = I.

y

Area*/
2
ffx)dx

Fig. 1-2.—An illustration of the geometrical representation of a definite integral by

means of an area.

5. Definite and Indefinite Integrals.—Most methods for

finding the solution of a differential equation give the result in

the form of an integral. The evaluation of such an integral in

terms of simple functions may be difficult or impossible, but

this is largely a matter of notation. The significance of the

integral is quite clear in any case, since it can always be evalu-

ated to any desired degree of accuracy by graphical or numerical

methods.

A useful definition of the integral of a function f(x) between

two limits xi and x 2 is that it is the area bounded by the curve

representing f(x), the x axis, and the straight lines perpendicular

to the x axis at x\ and x2 . This is shown in Fig. 1-2. It can be



10 PRINCIPLES OF MATHEMATICAL PHYSICS

evaluated, if necessary, by plotting the curve and measuring the
proper area. Such a definite integral is a number; it is not
a function of x.

The integrals that appear in the solutions of differential

equations are not, however, usually definite integrals. They
are indefinite integrals. An indefinite integral can be defined
as a function whose derivative is the integrand in question. It is

often convenient, however, to define it in the same way as a
definite integral by means of an area. If the definite integral
is evaluated for different values of its upper limit, it can be
regarded as a function of the upper limit. Thus

/ f(x)dx + C = f*Ku)du + C (1-12)

The difference between the constants C and C is connected
with the lower limit u from which the integration is carried

out, and the variable u is used under the integral sign on the
right-hand side to distinguish clearly between the variable of

integration and the limit. On this basis an indefinite integral

can be evaluated graphically or numerically by evaluating
a definite integral for different values of the upper limit and
then plotting or tabulating these values as a function of this

upper limit.

Problem 8. Let f(x) be such that it is equal to zero for x < 0, is

equal to x for < x < a, and is equal to a for x > a. Evaluate the
indefinite integral

/=
f f(x)dx

Problem 9. Integrate f(x) when f(x) = sin x for < x < t and
is zero elsewhere.

6. Simpson's Rule and Numerical Integration.—It is usually

possible to evaluate integrals numerically with greater accuracy
and less labor than is involved in graphical methods. One
numerical method, called Simpson's rule, is based on the idea

of approximating small portions of the integrand by a quad-
ratic curve and then integrating the quadratic function analytic-
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ally. Consider the situation indicated in Fig. 1-3 when it is

desired to integrate the function f(x) between the limits x

and x2 . The numerical procedure is to replace f(x) by the

polynomial aQ + «i# + a 2x 2 that equals the given function

f(x) for x , xi, and x2 . x\ is selected so that X\ — x = x2 — x x .

The approximation involved is in the replacement oif(x) by this

polynomial. The polynomial can be directly integrated.

O

CLo+djX+a2x2
y

f(xk

7i y2

jti—><

—

a—•>

X-o xt X2
-X

Fig. 1-3.—Approximation to an arbitrary curve by means of a quadratic curve, as used
in Simpson's rule for numerical integration.

To determine the coefficients in the polynomial, it is con-

venient to move the origin of x to x and then to write the three

equations that represent the intersection of the polynomial

curve with the curve f(x) at the three points (x ,y ), (xi,yi),

(#2,2/2). These are

ao = Vo

a + a,ih + a 2h
2 = y\

a + a&h + a 24h2 = y 2

From these it follows that

(1-13)

«o = 2/o

ai = - l($y* ~ 2yi + \ y) (l-13a)

0,2 =
2h 2 ^2 ~ 2yi + y^
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The integral of the polynomial carried out between the limits

and 2h is

8/i
3

I = 2ha + 2h za x + -«- a 2

= | (2/o + 4yi + 2/ 2) (1-136)

This expression is entirely independent of the position of the

origin. It depends only on the three values of the function

y , yi, and y% and the distance h between the corresponding

values of x.

As indicated above, the only approximation involved in

this method of integration is the replacement of f(x) by the

quadratic expression. This will be more exact the shorter

the range of integration, or the smaller the value of h. Hence,

to get a good approximation to the desired integral, it is possible

to divide the region of integration into an even number of

regions of length h and to integrate each pair of them by the

above process. The result of adding these all together is

then

1 =
3 (Vo + 42/1 + 2y 2 + 4y» + 2*/4 + 4?/5

+ • • + y*n ) (1-14)

This is the usual form of Simpson's rule.

Problem 10. Use Simpson's rule to evaluate the integral

/
' (2ax — x2)~* dx

./0.2a
v '

Divide the range of integration into four equal parts, and compare the

result with the result of analytic integration.

Problem 11. Integrate the sin x from x = to x = t by Simpson's

rule. First divide the range of integration into two intervals and then

into four, and compare the results with the exact value of the integral.

Problem 12. Work out a formula analogous to equation (1-136) by
dividing the range of integration into three equal parts and approxi-

mating the function by a cubic expression.
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Problem 13. Evaluate the integral

sin x2

numerically.

/:
dx

7. Differentiation of Integrals.—A definite integral is a

function of the limits of integration and of any parameters

that may be in the integrand; therefore it can be differentiated

with respect to any of these quantities. It is not, however,

a function of the variable with respect to which the integra-

tion has been carried out. Since it is occasionally necessary

to differentiate integrals, the rules will be written down here

without any further discussion. They are almost obvious

from the definition of an integral.

Differentiation with respect to the upper limit:

^jj{x,t)dx =/(M) (l-15a)

Differentiation with respect to the lower limit:

'b

f(x,t)dx = -f(a,t) (1-156)

Differentiation with respect to a parameter:

Problem 14. Illustrate the use of equation (l-15c) by integrating

sin tx between x = a and x = b and then differentiating the integral.

Show that the result is the same as that obtained by first differentiating

with respect to t and then integrating with respect to x.

Problem 15. The density of a thin straight rod varies as e^/x,

where x is measured along the rod. One end of the rod is at x = a
and the other end at x = b. Both a and b are positive. If the cross

section of the rod is constant, find the rate of change of the total mass
of the rod with a change in a.

8. Second-order Equations That Are Reducible to the First

Order.—Some second-order equations can be reduced to the

da J a
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first order by considering dy/dx as a new variable p. Among
these are two important classes.

a. Equations That Do Not Contain y.—These are of the

form

/(£&•) -o a-«o

Upon substitution of p for dy/dx this immediately becomes a

first-order equation,

/(;£*'*) -° t1
-16")

If this can be solved to give p as a function of x, the result is a

first-order differential equation whose solution gives y as a

function of x.

As an example, consider the equation

J - x sin x = (1-17)

Substitution of p for dy/dx gives immediately the first-order

equation

dp
-j- = a; sin aj (l-17a)

This equation is separable, and its general solution is

dv
p — A — x cos x + sin # = -r- (1-176)

where A is the arbitrary constant. This again is a first-order

equation that is separable; therefore its general solution can

be written down.

y = B + Ax — x sin x — 2 cos # (l-17c)

This solution has two arbitrary constants, A and B, and
both of them are necessary to give a general solution. In

the same way in which a first-order equation will have one

arbitrary constant in its general solution, a second-order

equation will have two such constants. To select any one

function as a solution of the equation, it is necessary to have
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two additional specifications. These may be that the, curve::

passes through two specified points, that it passes through some
one specified point with a specified slope, or some other pair of

similar conditions.

Problem 16. Find the solution of equation (1-17) that passes

through the points (x = 0, y = 0), and (x = ir, y = 0).

Problem 17. Find the solution of equation (1-17) that passes
through the origin with a slope of —1.

Problem 18. Find the solution of

g = x™(m > 0) (1-18)

that passes through (x = 1, y = 1) with zero slope.

Problem 19. Find the general solution of

S-[«*+S)T-° (i -i9)

b. Equations That Do Not Contain x.—These are of the
form

A simple substitution of p for dy/dx does not suffice in this case;

but if it is accompanied by a transformation that makes y
the independent variable, a solution can be sought that gives

p as a function of y. This can be done by making use of the
fact that

d2
y _ dp _ dp dy dp

dx 2 dx dy dx ~ P dy

Then equation (1-20) becomes

f
(
p dj'p

'v
)

==0 ^-20a)

which is a first-order differential equation with p as the depend-
ent variable and y as the independent variable. The general
solution of this equation will give p as a function of y and an
arbitrary constant. This again is a first-order differential
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equation, whose solution gives y as a, function of x and a second

arbitrary constant. As an example, consider the equation

The substitution of p for dy/dx leads to

p
d

i+h° (1-21a)

This is now a first-order equation that is separable, and the

general solution is

p
2 - -

2
= A

This result can be transformed to

£ -(* + ?)' (1"216)

which is again separable and has as its general solution

y = \A{x + By - i]* (l-21c)

The member of this family of curves that passes through the

point (x — 0, y = 1) with zero slope has B = 0, A = — 1 so that

y = (1 - x*)K

Problem 20. Find the solution of

that passes through the origin with zero slope.

Problem 21. Find a curve such that its tangent at the point (x,y)

crosses the y axis at a distance x above the origin.

Problem 22. Find the general solution of

when a is positive.

Problem 23. Show that, if y satisfies the equation

d2
y , T n



ELEMENTARY DIFFERENTIAL EQUATIONS 17

where 7 is a function of x only, the quantity u = y% satisfies the

equation

dzu . . ,. du , ~ dl n

dx 9 dx dx

Problem 24. Find the general solution of

x
d?y _dy ==Q
dx2 dx

and interpret the arbitrary constants in terms of the curves repre-

senting y as a function of x.

Problem 25. Find a curve passing through the origin such that the

projection of the normal on the x axis is equal to sin x.



CHAPTER II

THE MECHANICS OF PARTICLES

In the study of the mechanics of particles, we shall be

concerned almost exclusively with the derivation of conse-

quences of the fundamental laws. In the early stages of the

development of a science, interest centers principally in the

study of experimental results for the purpose of discovering

in them the laws that can be formulated. The science of

ordinary mechanics passed this stage more than two centuries

ago. There is now no question but that the behavior of ordi-

nary material particles and rigid bodies, moving with veloci-

ties small compared with the velocity of light, is correctly

described by Newton's laws of motion. The interest now lies

in the purely mathematical problem of finding the conse-

quences of these laws in a variety of cases and in finding the

forces that act under different circumstances.

It is possible, of course, to state the fundamental laws

of mechanics in other forms than that selected by Newton.

Hamilton's principle, which is one of these other forms, will

be treated in a later chapter. The original form, however,

appeals so directly to one's sense of physical reality that there

seems to be good reason for using it as the basis from which

the others can be derived.

1. Newton's Equations of Motion.—Newton's first and

second laws of motion for a system of n particles can be expressed

by means of 3n differential equations of the second order. Let

the mass and the rectangular coordinates of the iih particle be

rrii and x{ , yif zi} and let the three corresponding components of

the total force on the ith. particle be Xi, Yi} Zi.

In this book the coordinates x, y, z will always refer to a

right-hand system of Cartesian coordinates such as is shown
in Fig. 2-1. This specification is of some importance in the

formula for vector multiplication and in the electromagnetic
18
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equations, where a change from a right-hand to a left-hand

system involves a change in sign.

Newton's equations of motion for the ith particle are then

d_

dt

( dx\ = x< 4. W!?)-* s(-$)-* ™
For the cases to which these equations will be applied, the mass

is a constant, and the equations can be written

nii
d2Xj

~dt*
= Xi

d% _ y
nti

dt
2 *i Mi

d 2
Z{ = Zi (2-2)

Fig. 2-1.—A right-hand system of rectangular coordinate axes.

These are equations of the second order and must be treated by
methods suitable for such equations. In some cases they can

be reduced to equations of the first order and solved by the

methods of the previous chapter. The solutions are expressions

that give the positions of the particles as functions of the

time and the Qn arbitrary constants of integration. These
arbitrary constants can then be determined from the known
values of the positions and velocities at any given time.

Equations (2-1) and (2-2) are generally known as Newton's
equations, although much of their content was developed by
Galileo.

The confidence in the validity of these equations is based
upon the correctness of their solutions as descriptions of observed
motions. It is important to remember, however, that their

use involves the ability to define the quantities contained in
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them. The idea of accleration can be made precise in terms of

ideas of position and time. These must be assumed. The

ideas of mass and force are less common, and Newton's attempts

at definitions of them were not very satisfactory. It is not

difficult to get an intuitive idea of force in terms of muscular

sensations, although it is not so easy to get the precise signifi-

cance of the term as used in mechanics. The variety of the

possible ideas is well illustrated by the wide range of concepts

covered by the term force in popular language. It is also

possible to get an intuitive idea of mass, although again it is

not so easy to distinguish it from bulk or weight. These

definitions will not be discussed here, since it is assumed that

the reader has an adequate understanding of them. For

further analysis, reference may be made to the work of Mach.*

2. The Energy Integral.—For a complete solution of a

mechanical problem, it is necessary to know the forces on each

particle, Xi} Yi} Zi, as functions of the positions of all the

particles and of the time. It is the knowledge of these forces

that constitutes the knowledge of the physical laws governing

the situation. Because of Newton's equations, a statement of

the forces is equivalent to a statement of the accelerations;

and the accelerations at all times together with the initial

positions and velocities determine the positions at any later

time. It is possible, however, without a complete knowledge

of the forces, to obtain some integrals of the equations that

depend on very general properties of the forces. Such integrals

are often of considerable assistance in the solution of a problem.

If in equations (2-2) one writes x{ for dxjdt and multiplies

both sides of the equation by Xi, the result is

dX{
. v ' "V

*^

~dt
Xl ~ * iXi ~ l

dt
rrii -jt x% = Xi±i = Xi —£ (2-3)

Multiplication by dt and integration of both sides gives

\mix* = jX{ dxl + d (2-4)

* Mach, E., "Science of Mechanics," p. 238, The Open Court Publishing

Company, LaSalle, 111.
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The quantity Xi dxi is, by definition, the work done by the

component of force X» when the particle is displaced by the

amount dx{ . Correspondingly, the integral is the amount of

work done by X{ when the particle moves between the limits of

integration. This, however, is not a very useful quantity, for

only in especially simple cases is the value of the integral

independent of the particular path over which the particle is

moved.

In case the x component of the force, Xi} is a function of

the coordinate x^ only, the integral JXt
- dxt can be evaluated

and expressed in terms of the values of xt at the limits only.

Such cases occur in some simple problems, such as that of a

projectile subject to a constant downward force. If the x axis

is taken as pointing vertically upward, jX dx = —mg{x — x )

where m is the mass of the particle, g the acceleration of gravity,

and x is an arbitrary constant or lower limit of integration.

The negative of this quantity, mg{x — x ), may be called the

potential energy in the x direction, when the particle has the

coordinate x. If it is designated by VX} equation (2-4) leads to

TX + VX = C (2-5)

where Tx = (m/2)z2 is the kinetic energy in the x direction.

It is only in special cases that such a separation of the

potential energy into parts along the various axes can be

carried out. More frequently, each component of the force

depends on all the coordinates of the system, and the work
done by any one component of the force depends upon the

path along which the particle is moved. For example, con-

sider the case of a single particle attracted toward the origin of

coordinates with a force that is inversely proportional to the

square of the distance. The force on the particle when it is

at the point (x,y,z) is K/(x2 + y
2 + z 2

), directed toward the

origin. The x component of the force is then

X =
(z2 + y* + z*)*

(2'6)
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Now let the integral be evaluated when the particle is moved
from (#0,0,0) to (#1,0,0) along the x axis. The integral can be

easily evaluated since y and z are always zero.

X = - K and
r(xi,o,o)

j^

J (^0,0,0)
%*

0) K = K _ K
Xi Xq

However, suppose the particle is moved between these two
points along a different path. Suppose it is moved along the

Fig. 2-2.—Two possible paths of integration between (xo, 0, 0) and (xi, 0, 0).

path indicated in Fig. 2-2. Along this path the denominator in

equation (2-6) is constant from (# ,0,0) to (xi,Vx 2

and therefore X = —Kx/x 3
. The integral is then

*i
2
,0),

#0 J Xi

Kx dx = K ( X 2 _ #i
2 \

V2#
3 2#o7

over the first part of the path. Along the second part of the

path the integral vanishes, since there is no motion in the

x direction. It can be seen clearly from this example that

the value of such an integral may depend very strongly upon

the path over which the particle is moved, so that the integral

itself has a very restricted usefulness.

In spite of the fact just illustrated, there are a great many
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forces of common occurrence, with such a form that the sum

of the set of integrals

- £ J(Xi dxi + Yi dy{ + Zi dzi) = V(xhyi,zh . . . , zn ) (2-7)

»=i

does depend on the limits of integration only. This integral

can then be given the name, the potential energy of the system.

The sum of the terms containing the squares of the velocity

components is called the kinetic energy of the system T, and

the sum of equations (2-4) gives

n -.

V [yW + to* +^ - J (Xi dXi + Yi dv* + Zi dZi)
\

= T +V = C

This is the theorem of the conservation of energy. It states that

the sum of the quantity defined as T and the quantity defined

as V does not change with the time but is a constant through-

out the motion.

There are several points in connection with the law of

conservation of energy that are worthy of mention and emphasis.

1. The law is in one sense a description of a certain class of

forces, the conservative forces. Only when the forces involved

are of this type does the law apply. When this is recognized,

it can also be recognized that the quantities defined as energies

have been so defined because their sum is a constant. When

the kinetic and potential energies are properly defined, the

conservation of mechanical energy is a direct consequence of

the laws of motion. It is not an additional law, but it is often

of great assistance in handling mechanical problems.

2. The potential energy can be defined in two ways. It

can be defined, as above, as the negative of the work done by

the forces of the system when the particles move from one

configuration to another. The final configuration is the one

to which the potential energy is assigned. The initial con-

figuration is arbitrarily selected as that for which the potential

energy is defined to be zero.

On the other hand, the potential energy can be defined as
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that function of the coordinates V{xi,yi,Zi) whose negative
partial derivatives are the components of the forces.

These two definitions are obviously equivalent, for if these
values of the forces are inserted in equation (2-7) it becomes an
identity.

3. The actual value of the potential energy is entirely

arbitrary. Equation (2-8) is unaffected by the addition of any
constant to V, and in equation (2-7) the position of the initial

configuration can be arbitrarily chosen.

4. The potential energy as defined in equation (2-7) is

the negative of the work done by the forces of the system.
Another point of view is to regard it as the work done by some
outside agent in moving the system, against the forces of the
system, from the initial to the final configuration. Since
the force exerted by the outside agent must balance and over-
come the forces of the system, the change in sign is accounted
for.

In the case of the particle subject to the uniform force of

gravity, the outside agent must exert an upward force of mag-
nitude mg, and the work done by this agent is mg(x — x ).

Problem 1. Use the energy integral to determine the height to
which a projectile will rise when it is thrown upward.

Problem 2. Show by integration along the two paths in Fig. 2-2

that the sum of the work done by all components of the force is a
function of the end points of the path only.

3. Newton's Third Law of Motion and the Momentum
Integral.—In addition to his first two laws of motion which can
be stated in the equations of motion, Newton stated a third
law of motion according to which two interacting bodies suffer

equal and opposite changes of momentum in each interval of

time. This implies that the force on one particle due to a second
is equal and opposite to the force on the second due to the first,

and that this equality is independent of the velocities of the
two particles.
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Let Xn be the force on particle i due to particle j. Then

Xf-^Xtf + X,* (2-9)

i

The sum in this equation is over all values of j from 1 to n.

Since this includes the case of j = i, the quantity X« is denned

to be identically zero, since it has no real significance. The

quantity X* is the x component of the force on the ith particle

that is not associated with any other particle. It can be

regarded as an "outside" force. Newton's third law states

that

Xt, - -X* (2-10)

If the outside forces are zero and the only forces are those

between particles, equation (2-1) for the tth particle becomes

a(-5)-*-2*' (2"n)

3

If a similar equation is written for each particle and they are

all added together, the result is

IS^^-S^- (2-12)

i i,3

The double sum is over all values of i and j from 1 to n. It

is zero because to each X# must be added X#, and the sum of

this pair of quantities is zero by equation (2-10).

The integral of equation (2-12) can be immediately written

down. It is

dx{

i m^ = Mx (2-13)

The constant Mx is called the x component of the total momen-

tum of the system. The same argument can be applied to the

other two directions, and the result is that all three components

of the momentum are constants under the conditions specified,

viz., that there are no external forces acting. This is called

the theorem of the conservation of momentum. It is a direct
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consequence of the laws of motion, including the third. One
might even say that Newton's third law of motion is a statement
of the conservation of momentum.

Problem 3. Write out equation (2-12) for the case of three inter-

acting particles, and show that the sum of the forces is zero.

Problem 4. Show that the rate of change of the total momentum
is equal to the total external force acting.

Problem 5. The coordinates of the center of mass of a system of

particles are, by definition, given by

2m^- 2m#i 2m#i Tn , ..

*-^r '"-^r r =^ (2-14)

Show that the center of mass will move in the same way as a
particle whose mass is equal to the total mass of the system and which
is acted on by the sum of all the forces acting on the particles of the
system.

Show that if the only forces are mutual forces between the particles,

the center of mass of the system will move as a free particle moves.
*~.

'

4. The Conservation of Angular Momentum.—If the first

of equations (2-2) is multiplied by y{ and the second by xif the

difference of the two equations is

mi
\
Xi

~a¥ ~ Vi ~dF)
= XiYi ~ ViXi (2-15)

The left side of this can be transformed to give

mi
~dt
^i ~ ViX^ = XiYi ~ yiXi (2-16)

The quantity in the parentheses is equal to twice the rate at

which a perpendicular from the particle to the z axis sweeps
out area over the x-y plane. The right-hand side of (2-16) is

called the moment of force about the z axis, acting on the ith.

particle. The quantity mi(x$i — y^Xi) is called the angular

momentum or, sometimes, the moment of momentum of the
ith particle about the z axis. Equation (2-16) states the
theorem that the rate of change of the angular momentum
about an axis is equal to the moment of force about that axis.

If both sides of equation (2-16) are summed for all the



THE MECHANICS OF PARTICLES 27

particles, the sum of the left sides gives the rate of change of

the total angular momentum of the system and the sum of the

right sides is the total moment of force.

Problem 6. Show by a diagram that a\# - y&i is twice the areal

velocity of the ith. particle about the z axis.

Problem 7. Show that the moment of force acting on a single

particle is equal to the component of force perpendicular to the radius

vector to the particle from the origin, multiplied by the length of the

radius.

Problem 8. Show that the rate of change of the angular momen-

tum about the x axis is equal to the moment of force about that axis.

Problem 9. Show that, if a single particle is subject to a force

that is directed toward or away from the origin of coordinates, the

three components of angular momentum will be constants, and the

particle will move in a plane.

Problem 10. Show that for a system of three particles subject to

no external forces and in which the mutual forces between pairs of

particles are directed along the lines connecting them the total angular

momentum about any axis is a constant.

Problem 11. Write and integrate the equations of motion for a

particle subject to no forces. Evaluate the arbitrary constants in

terms of the initial position and velocity, and evaluate the components

of angular momentum.

5. The Conservation Laws of Mechanics.—The three con-

servation laws just discussed are the most widely useful. In

special cases, when special kinds of forces are involved, other

quantities also may be conserved. Such quantities are not

given names that have come into general use, for they repre-

sent situations that are too special to be of wide application.

It is worth while to summarize the conservation laws and

the conditions under which they apply.

a. The law of conservation of energy is valid when the

forces are conservative, i.e., when they can be derived from a

potential energy that is a function of the coordinates only.

This statement is really a tautology, for it is only in such cases

that the potential energy is defined.

b. The law of conservation of momentum is valid when

the forces obey Newton's third law of motion. Again this
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statement is fairly trivial, for Newton's third law of motion is

equivalent to the law of conservation of momentum. The
physical significance of the third law of motion is that it does
hold in a very large number of cases and can be made to hold in
others by suitable definitions.

c. The law of conservation of angular momentum is valid
when Newton's third law of motion holds and when the forces
between particles are central forces. This is a more severe
restriction than is necessary for the conservation of linear
momentum, but it nevertheless is satisfied in a great many
cases.

6. The Motion of a Projectile.—Consider a particle under
the influence of gravity only. Take a system of axes in which
the z axis points vertically upward, so that the x and y axes
are horizontal. Only the case in which the particle remains so
near the surface of the earth that the acceleration of gravity
may be considered constant will be treated here. Under these
conditions the equations of motion are

d2x d2
y d*z^ =

° dP
= ° W = -9

(2-17)

Although these are equations of the second order, they can be
reduced at once to first-order equations of which the integrals
are

dx . dy dz

dt
=x

° Tt
=y

° dt
= ~* + *> (2-18)

where x
, y ,

and z are constants of integration whose values
must be determined by the conditions of the problem.

Equations (2-18) can be integrated again, to give

x =x t + x y = U -f y z = -fa* + Zot + zo (2-19)

These equations give the position of the particle as a function
of the time. The equations for x and y show that the pro-
jection of the path on the x-y plane is a straight line, so that
it is possible to take this line as the x axis and to make y always
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equal to zero. The solution of the problem is then given by

x = xdt + x and z = ~igt 2 + U + z (2-20)

Problem 12. Interpret the constants in equations (2-19) and

(2-20) in terms of the initial position and velocity of the particle.

Problem 13. Show from equations (2-19) that the projection of

the path on the x-y plane is a straight line.

Problem 14. Find the transformation of coordinates x, y, z, in

equations (2-19), to x', y', z' such that y' will be identically zero.

Problem 15. Eliminate t between equations (2-20) to find the

trajectory of the particle.

Problem 16. Find the constants of integration in equations (2-20)

in terms of the initial position, speed, and inclination of the path to

the horizontal.

Problem 17. If a particle starts from the origin of coordinates,

with a speed v, along a path that makes the angle a with the horizontal,

at what distance from the starting point will it cross a line, through

the origin, that makes the angle /3 with the horizontal?

Problem 18. Show that the law of conservation of energy applies

to the motion of a projectile.

Problem 19. Compute the components of momentum and of

angular momentum for a projectile, and show that their rates of

change are given by equations (2-11) and (2-16).

If it is desired to take into account the resistance of the air

through which the particle moves, it is necessary to include in

the differential equations of motion some terms to represent

the resisting force. The exact law of force is complicated, but

for very low velocities the resistance may be taken as pro-

portional to the first power of the velocity. Let the constant

of proportionality be R, and let the motion be in the x-z plane.

This restriction of the motion to a plane does not affect the

generality of the result, since it can be shown that the motion

will always be in a vertical plane. The equations of motion are

tfx Rdx , d*z Rdz , n
w = -i^dt

and w = -m~m-° (2"21)

These equations can be reduced to those of the first order by
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the methods of the previous chapter and can then be solved by
the separation of the variables. The solutions are

x = - ^- e-Rt/m + B and

z== .tf e
-Bt/m _^ + D (2.22)

The quantities A, B, C, and D are the constants of integration,

which must be determined from the initial conditions.

Problem 20. Find the solutions of equations (2-21) by the methods
of Chap. I.

Problem 21. Evaluate the constants in equations (2-22) in terms
of the initial position and velocity of the particle.

Problem 22. Show that the velocity of a particle falling under
gravity and against a resistance proportional to the velocity tends to
approach a constant value as the time increases.

7. Simple-harmonic Motion.—One very common type of
motion is that in which a particle is attracted toward a position
of equilibrium with a force proportional to the displacement
from it. When the motion is confined to a straight line, the
equation of motion is

d^xm-^ = -ax (2-23)

This may be integrated by the methods of Chap. I and gives

x = A sin (cot + 8) or x = A cos (cot + 8
f

) (2-24)

These two results are essentially the same, since one can be
transformed into the other by setting 5 = 5' + (ir/2). A and
5 are the arbitrary constants of integration, while co = Va/m
and thus is determined by the differential equation itself.

It is often convenient to write equation (2-24) in a slightly

different form. If the sine of the sum is expanded, the expres-
sion for x becomes

x = A sin cot cos 8 + A cos cot sin 8

whence

x — C sin cot + D cos cot (2-25)
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Problem 23. Integrate equation (2-23) by reduction to an equa-

tion of the first order and the separation of variables.

Problem 24. Evaluate the constants in equation (2-24) in terms

of the initial position and velocity of the particle.

Problem 25. Evaluate the constants in equation (2-25) in terms

of the initial position and velocity of the particle.

Problem 26. Show from the definition of potential energy that

ax2/2 is the potential energy of a particle attracted toward the origin

Fig 2-3 —When a particle is attracted toward a fixed point with a force proportional

to the distance from it, the orbit is an ellipse with the attracting point at the center.

of x, with a force equal to -ax, when the potential energy at the origin

is set equal to zero.

Problem 27. Evaluate the total energy of a particle moving with

simple-harmonic motion, in terms of its initial position and velocity.

Problem 28. Evaluate the energy of a particle moving with

simple-harmonic motion, in terms of the amplitude of vibration and

the frequency.

Problem 29. If a particle is permitted to move in a plane and is

attracted toward the origin with a force proportional to the distance

from it, the motion is called plane simple harmonic. Write and solve

the differential equations for this case. Eliminate t between the two

solutions to get the path of the particle, and show that this is in general

an ellipse (Fig. 2-3). Find the conditions under which it is a circle.

'Problem 30. Show that, if in plane simple-harmonic motion the

velocity at any time is equal to zero, the motion is in a straight

line.
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Problem 31. Show from the theorem of areas that a three-dimen-
sional simple-harmonic motion will lie in a plane.

Problem 32. Show from the theorem of areas that a plane simple-
harmonic motion has a constant areal velocity, and find this areal
velocity in terms of the initial conditions.

Problem 33. Show that the bob of a simple pendulum moves with
simple-harmonic motion when the amplitude is small.

8. Motion under an Inverse-square Force.—One of the first

uses to which Newton put his formulation of the laws of motion
was the description of the motions of the planets. He found
that the observed motions could be described by the statement
that every planet attracts and is attracted by every other
planet and the sun with a force which is proportional to the
product of the masses of the two bodies and inversely propor-
tional to the square of the distance between them. The planets
are small enough, compared with the distances between them,
so that they can be considered as particles for a first approxi-
mation. For more accurate results it will be shown later that
the distances to be taken are those between centers.

The formal statement of this law of gravitation is that
between every pair of particles there is a force of attraction
whose magnitude is given by

,, ~ mim 2F=G-^ (2-26)

It will be shown later that the same law holds between larger
spherical bodies whose density is a function of the radius only,
if the distance r is measured between the centers.

a. Separation of the Center of Mass.—To write the dif-

ferential equations of motion let x x , y X) zx , and m x be the coordi-
nates and mass of one body and x2 , y 2, z 2 , and m 2 those of the
other. The equations for the x coordinates are then

d2x x _ —Gm xm 2 (xx
— x2)

1
dt 2 [(x x - x2y + (y x - y 2y + (z x

- Zt)*[*

d2x2 __ —Gm^m 2 (x 2
— x x)

1712
dP ~

[(Xl -x 2 )* + Q/i - y 2y + (Zl - z 2)J

(2-27)
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Now define the new coordinates

__ miXi + m232 _ ?fli2/i + m2?/ 2 .. _ m\Z\ + m 2g2

wii + m2 mi + m2 mi + m2

x - *• ~
«

=
stti^ (:Ci

- *2)

y - * - * - WT"^ (yi
- vd

Z = z x — f
= r— («i ~ «»)3 mi + m2

Combining equations (2-27) and (2-28) leads to the equations

of motion in the new coordinates,

§ - (2-29«>

d*X Gm2
* X

dt* ~ (mi + m2)
2 (X2 + F2 + Z 2

)
8

KX
(X 2 + F2 + Z*)* C2"296)

and similar equations in the other two pairs of coordinates.

Equation (2-29a) describes the motion of the center of mass, and

(2-296) describes the motion of the particle mi about the center

of mass. The three differential equations in X, F, Z are just

the same as would be written for the motion of a single particle

about a fixed center of force, when the constant K is given the

proper significance. The ratios of the forces along the three

axes are equal to the ratios of the coordinates X, Y, Z
}
so that

the force is one of attraction toward the center of mass.

b. Motion about the Center of Mass under a Force toward It.—
Motion of this kind satisfies the law of the conservation of

angular momentum, and therefore the orbit of the particles, in

the X, F, Z coordinates, will be confined to a plane. Let

this be the X-F plane. It is then convenient to use plane

polar coordinates (r,0) in this plane. Hence let Z = 0, and

X = r cos 6 Y = r sin 6 (2-30)

In these coordinates the force is directed along r toward the

origin and is proportional to K/rz
.
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The equations of motion (2-296), when expressed in these

plane-polar coordinates, have the form

dh- /de\ 2 K ^drdd
,

d2$ _ ,rt
.

W- r
\jt) = ~7* 2

didt
+r dt*= (2"31 >

These two equations show clearly the complications that are

met in transforming to other than rectangular coordinate

systems. The second derivative of a coordinate is not always
equal to the acceleration in the direction in which the coordinate
is increasing. The first of the equations shows that, even when
the distance r is constant, a force along r is necessary to main-
tain the motion. Hence there can be an acceleration along r,

even though r does not change at all. The second equation
gives the force and acceleration perpendicular to r. This,
again, is not simply the second derivative of but involves also

the first derivative of 6 as well as the first derivative of r. In
using these equations in polar coordinates, it is very important
to keep these facts in mind.

Problem 34. Work out in detail the transformations leading to
equations (2-29a) and (2-296).

Problem 35. Carry out the transformation to obtain equations
(2-31) from (2-2) and (2-30).

Problem 36. Express the theorem of angular momentum in these
polar coordinates.

Problem 37. Multiply the second of equations (2-31) by r dt,

and integrate. The result is one of Kepler's laws of motion.

To find the orbit of a particle moving around a center,
equations (2-31) could be integrated, and then the time could
be eliminated between the solutions. A more convenient
method, however, is to eliminate the time in the differential

equations and so to obtain a differential equation of the orbit.

This may be done by noting that dr/dt = (dr/d$)(dd/dt) and
that, from Prob. 36, r 2 dd/dt = C. If, then, u = 1/r, the
result is

dQz
~*~ u ~

(j2 (2-32)

If the right-hand side of this equation were zero, it would be
of the same form as (2-23) and so would have the same form of
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solution. It can be reduced to this form by subtracting the

constant on the right from the dependent variable and calling

the result a new dependent variable. The solution is

u = ^-2 + A cos (0 + 5) (2-33)

Problem 38. Obtain equation (2-32) from (2-31).

Problem 39. A conic section may be defined as a curve such that

the distance from any point on it to a fixed point, called the focus.

Fig. 2-4.—When the force of attraction is inversely proportional to the square of the

distance from the attracting center, the orbit has this center at one focus. Note the

difference between this case and that shown in Fig. 2-3.

divided by the distance from the same point on the curve to a fixed

line, called the directrix, is equal to a constant e, called the eccentricity.

Using this definition, show that equation (2-33) represents a conic

section with the focus at the origin (see Fig. 2-4). Show also that the

eccentricity is equal to AC2/K, in terms of the constants of equation

(2-33).

Problem 40. If e < 1, the conic section is an ellipse. For this

case show that the major and minor semiaxes are

KC2 C2

a =
K2 - A 2C*

b =
(K 2 - A 2C 4)i

(2"34)

Problem 41. Find the potential energy of a particle that is

attracted toward the origin with a force inversely proportional to the

square of the distance. The potential energy is set equal to zero for

the particle at an infinite distance from the origin.
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Problem 42. Find the total energy of a particle moving in an
ellipse, and show that this energy can be expressed as a function of the
major axis and the constants of the differential equations only and is

independent of the minor axis.

Problem 43. Find the constants in equation (2-33) in terms of the
initial position and velocity of the particle.

Problem 44. A particle is given an initial velocity perpendicular
to the line connecting it with the attracting center. Find the values
of this initial velocity for which the particle will move in a circle, for
which it will fly off and never return, and for which it will move in an
ellipse.

Problem 45. The area of an ellipse is nab, and the rate at which
the area is covered is C/2. By using this fact, find the time necessary
for a planet to go around the sun in terms of the constants describing
the orbit, and show that the square of the period is proportional to
the cube of the major axis.



CHAPTER III

LINEAR EQUATIONS OF ORDER HIGHER THAN THE FIRST

Most problems in physics require the solution of differential

equations of higher than the first order. In the preceding
chapter such equations were solved by reduction to first-order

equations and subsequent integration in steps. This process

is not always possible, and when it is possible it is not always
the most convenient method. For the class of linear differential

equations there is a general theory, so that in treating physical

problems an attempt is usually made to approach the matter in

such a way that the resulting differential equations are linear.

Hence such equations are very important in mathematical
physics, and this chapter will treat the methods necessary for

the solution of some of the simpler linear equations.

1. General Properties of Linear Differential Equations.

—

The general linear differential equation is

a4 + Pl(x) a^A + P* {x) dx^ + ' ' '
P^x)y

= QW (3-D

Each term on the left-hand side contains y or a derivative of y
to only the first power. The various coefficients, and the

quantity Q that may appear on the right-hand side, are func-

tions of x only. The equation as written above is a nonhomoge-
neous equation. When Q{x) is omitted or set equal to zero,

the equation is called a homogeneous linear differential equation.

These two forms are of importance, for the general solution of

the nonhomogeneous equations is obtained by adding a particu-

lar integral to the general solution of the corresponding homo-
geneous equation.

The property of linear equations that makes them so amen-
able to solution is contained in the following two statements:

1. The sum of any two solutions of a homogeneous linear
37
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differential equation is also a solution of the equation, and the

product of any solution by a constant is a solution.

2. If any solution of the homogeneous equation is added to a

solution of the complete equation, the sum is another solution

of the complete nonhomogeneous equation.

On the basis of these statements, any solution of a homo-
geneous linear differential equation can be multiplied by an
arbitrary constant and still be a solution, and the general

solution can be expressed as a sum of n terms, each of which is

a solution multiplied by an arbitrary constant.

On the other hand, a solution of the nonhomogeneous equa-

tion cannot be multiplied by an arbitrary constant, for it would
then no longer satisfy the equation. There can be added to it,

however, a general solution of the corresponding homogeneous
equation, which will contain n arbitrary constants. The
sum will then be the general solution of the nonhomogeneous
equation.

Consider, for example, the nonhomogeneous linear equation

The corresponding homogeneous equation is

"•sS-'i + '-o (**»)

One solution of this homogeneous equation is

yi= x (3-26)

as can be checked by substitution. This is still a solution when
multiplied by any arbitrary constant.

Another solution of equation (3-2a) is

y2 = x log x (3-2c)

so that a general solution of (3-2a) is

y = A xy x + A 2y2 = A xx + A 2x log x (3-2d)

Each term of equation (3-2o) operates separately on the two
terms of (3-2d) so that each solution separately gives zero
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when substituted. The two terms in (3-2d) do not interfere

with each other in any way so that the sum satisfies the dif-

ferential equation. That this sum is a general solution follows

from the presence of the two independent arbitrary constants.

To find the general solution of the complete equation one

must find some particular integral of it. In the case of equa-

tion (3-2) this can be taken as

yp = 2 log x + 4 (3-2e)

That this satisfies the differential equation can be shown by
substitution, but it will not satisfy the equation when multi-

plied by an arbitrary constant. If the above yp were multi-

plied by 3 and substituted in the left side of equation (3-2), the

result would be three times the right side.

To get the general solution of the complete equation, it is

necessary to add to the particular integral a complementary

function, which is a general solution of the homogeneous equa-

tion. Since this complementary function makes the left side

equal to zero, the complete equation is still satisfied.

Problem 1. Consider the equation

Show that y\ — x% and y2 = x* log x are solutions of the homogeneous

equation and that yp = ^x 2
is a solution of the whole equation. Write

the general solution, and find the solution that passes through (x = 1,

y = 1) with zero slope.

In dealing with linear differential equations, it is often con-

venient to use the symbolic operator D. This represents the

operation of taking a derivative, and its square represents the

repeated operation, or the taking of the second derivative. In

this notation

With this notation the general equation (3-1) becomes

Dn
y + Pi(z)Z>n_12/ + P 2(x)D

n~ 2
y

+ • • • + Pn {x)y = Q(x) (3-3)
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For many purposes the operator D can be treated as an algebraic

quantity and handled as such. In so doing special attention

must be given to the fact that it does not commute with func-

tions of x so that

f(x)Dy * Df(x)y = /(*) % +^V
2. Linear Differential Equations with Constant Coefficients.

When the coefficients in the linear differential equation are

constants rather than functions of x, the operator D can be

treated quite generally as an algebraic quantity since it does

commute with constants. The general equation may then be

written

(Dn + dD"- 1 + a 2Dn~* + • • • an)y = f(D)y = Q (3-4)

If the polynomial in D can be factored, the equation becomes

(D - ai)(D - a 2)(D -«,)...(/)- an)y = Q (3-5)

where ah <x2 , az , . . . , an are the n roots of the algebraic

equation

Dn + a xDn- 1 + a 2Dn~ 2 + • • • an = (3-6)

in which D is treated as an algebraic number rather than an

operator. Equation (3-6) is called the auxiliary equation,

and a definite general procedure can be given for writing the

solution of equation (3-4) after the roots of equation (3-6) have

been determined.

The validity of the factoring indicated in equation (3-5)

can be checked by substituting derivatives for the D's and

carrying out the necessary operations. When only constant

coefficients are present, the operator D can be handled with

respect to addition, subtraction, and multiplication as a simple

algebraic quantity. Division by D, however, requires further

consideration.

3. Solution of the Homogeneous Equation with Constant

Coefficients.—When the right-hand side of equation (3-5) is

zero, the equation is homogeneous, and its general solution is

the complementary function of the solution of the complete
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equation. It can be seen immediately that if yn is a solution of

the equation

(D - <xn)yn = (3-7)

it is also a solution of

(D - a x){D - a2)(D - az ) • • • (D - an)y = (3-8)

This follows because the operation with (D — an) gives zero,

and the remaining operations cannot change this. Further-
more, the order of the factors in equation (3-8) is entirely

arbitrary and can be changed at will, so that the solution of

any one of the first-order linear equations

(D - ax)y = 0, (D - a2)y = 0, . . .
,
(D - an)y = 0,

is a solution of equation (3-8). These solutions are

pa\X ea.iX pasX anXe , e , e , . . . , e

and the general solution of the homogeneous differential equa-
tion is

y = A xe
aiX + A 2e

a *x + A 3e
a3X

• • • Ane
anX

(3-9)

where the A's are arbitrary constants.

The procedure for finding the general solution of a homo-
geneous linear differential equation is first to solve the auxiliary

equation and then to use the roots to form an expression of the

form (3-9).

Consider, for example, the second-order equation

S + (a + b)
Tx + ahy = ° (3-10>

The auxiliary equation is

D 2 + (a + b)D + ab = (3-10a)

of which the factors are (D + a) and (D + b). Then the

general solution is

y = A ie
~ax + A 2e~

bx
(3-106)

That this is a solution can be shown by substitution in the

differential equation, and that it is the general solution follows

from the presence of the two independent arbitrary constants.
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A special case arises when one or more of the roots of the

auxiliary equation are repeated. In this case there are only

n — 1, or fewer, independent solutions of the simple exponential

form, and another form must be found to complete the general

solution. This can be formed by multiplying the exponential

containing the repeated root by x. If the root is triple, a third

solution can be formed by multiplying by x 2
. Thus the general

solution of

(D - a) 2y = (3-11)

is

y = A&ax + A 2xe
ax (3-1 la)

and the general solution of

(D - a) 3y = (3-12)

is

y = Aieax + A 2xe
ax + A 3x2e

ax (3-12a)

Problem 2. Find the solution of

d 2v

3?
= m"

v

that passes through the origin with unit slope.

Problem 3. Write the general solution of

ST»
6 dx^^V U

Problem 4. Write the general solution of

and evaluate the arbitrary constants to give a solution that will pass

through the origin and through the point {x = 2, y = 2).

4. Solution of the Nonhomogeneous Equation with Constant

Coefficients.—As was pointed out above, the solution of the

nonhomogeneous equation is the sum of a complementary func-

tion and a particular integral. The complementary function is a

general solution of the corresponding homogeneous equation and

can be found by the method just indicated. The particular

integral must be found by some other means. In some .cases,

one can be seen by inspection. For several special forms of the
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function Q on the right-hand side there are special methods
that can be used, and a general procedure can be given for use

when the special methods do not apply. This section will

be devoted to these methods of finding a particular integral.

a. Q = Co + Cix + • • • + CNxN

When the right-hand side of the equation is a finite poly-

nomial in positive powers of x, the particular integral can also

be a finite polynomial in positive powers of x. In most cases

the highest power of x in the solution will not be greater than

N, the highest power in the equation. If, however, the operator

D appears as a factor in the auxiliary equation, the highest

power of x in the solution will be greater than N by the number
of times D appears as a factor.

For example, consider the equation

S + V% + q tx + ry = °° + ClX + ° 2* 2
(3"13)

Assume as a particular integral

y = b + byx + b 2x
2 (3-13a)

Substituting in the differential equation and equating the

coefficients of each power of x leads to

rb 2 = C 2

rbi + 2qb 2 = d
rb + qbi + 2pb 2 = C

Hence
. C2 _ dr - 2qC 2
b 2 = — Oi =

b a =
C r 2 - 2pC 2r - qdr + 2q 2C 2

With these values of the coefficients the expression (3-13a) is a

particular integral of equation (3-13). There is no need to

investigate whether there may be other solutions, for when this

particular integral is added to the complementary function the

sum is the general solution of the differential equation.
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As an example of the case in which D appears as a factor in

the auxiliary equation consider the equation

A particular integral of this is

»* - -
sp
- Ir (3-14o)

This contains a term in x 2 that is one degree higher than the term

in x on the right-hand side of equation (3-14).

b. Q = Aeax

When the right-hand side of the equation is an exponential

such that the coefficient of the exponent is not a root of the

auxiliary equation, the solution can be written down at once.

If f(D)y = Aeax

Aeax

Vv=J(a) (3"15 )

where the denominator is merely /(D) with a substituted for

D. If, however, a is a root of the auxiliary equation, /(a) =
and the form indicated is not useful. In this case the particular

integral is xeax multiplied by a suitable coefficient that can be

determined by substitution in the differential equation.

As an example of this special case, consider the equation

g _ a >y = e
°x (3-16)

Assume the particular integral in the form

yp = Cxeax (3-16o)

Substitution in the differential equation leads to

1

2a

so that the general solution is

x
y = Axe * + A 2e~

ax + «- e** (3-166)
2a
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c. Q = csiiiax or Q = c cos ax

If the right-hand side of the equation contains sine or cosine

terms that are not solutions of the homogeneous equation, a

particular integral can be built up of these quantities with

coefficients to be determined by substitution in the differential

equations. If the trigonometric functions are solutions of the

homogeneous equation, they must be multiplied by x before

substitution to determine the coefficients.

For example, take the equation

g + 2| + , = sinax (3-17)

The complementary function is

yc
= (At + A 2x)e~

x (3-17o)

so that sin ax is not a solution of the homogeneous equation.

To find a particular integral let

yp = C\ sin ax + c2 cos ax (3-176)

Substitution in the differential equation leads to

[(1 — a 2
)ci — 2ac2] sin ax + [2aci + (1 — a*)c2] cos ax = sin ax

Since this equation must hold for all values of x, the coefficients

of the terms in sin ax and cos ax must separately be equal. This

condition leads to

(1 — a 2
)ci — 2ac 2 = 1

2ad + (1 - a 2)c2 =

From these the particular integral is

yp =
(

—^ [(1 — a 2
) sin ax — 2a cos ax] (3-17c)

(1 + a )

As an example of the case in which the sine and cosine terms are

solutions of the homogeneous equation, take the simple equation

g + a*y = sin ax (3-18)
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Let the particular integral have the form

yp = Cix sin ax + c 2x cos ax (3-18a)

Substitution in the differential equation shows that c x must

be zero and that a particular integral is

yp = — w~ cos ax (3-186)

d. The General Case.—Although special methods can be

written down for finding particular integrals of many of the

commonly appearing equations, it is convenient to have avail-

able a general method which, even though it may be a little

complicated, can be applied to any case that may arise. Such a

method can be formulated in terms of the operator D.

Consider the equation

f(D)y = (D - ai)(D - a,) • • • (D - an)y = Q (3-19)

If the operator D is treated as an algebraic quantity, one may
write

V =
(D - aiKD - at) • • (D - an )

Q (3"20)

This is now a symbolic form of a particular integral, but its

significance must be interpreted. One way of treating this

form s to continue to regard D as an algebraic quantity and to

separate the expression (3-20) into partial fractions. This

leads to

a D — a.\ D — cl<l JJ — an

In equation (3-21) the quantities Nh N 2 ,
• • •

,
Nn are coeffi-

cients such that the right sides of (3-20) and (3-21) are equal.

If, for example,

v = Brhs-.« " T^hn Q + D^n Q (3"22)

the values of N x and N 2 can be determined by recombining the

partial fractions. This leads to

_ (y, + N2)D - (J\r, - NJm
y D 2 — m 2
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which must be the same as the first equation (3-22). Since D
is an operator, it cannot be canceled by a number so that there

are two equations for the determination of Ni and iV2 .

The solution of these is

ffl - - 2^ *• " 2^
It is now necessary to interpret an expression of the form

y = i^hn
Q (3-24>

which is just the symbolic form of the solution of a first-order

linear equation. This was treated in Chap. I. Hence

D °_
a

Q(x) = CeanX

J
Q(u)e-""u du (3-25)

With this interpretation, equation (3-22) can be immediately

evaluated in terms of integrals.

To illustrate the procedure take the second-order equation

S- 7I + 12^ = - <3-26>

Of course, this could be handled by the special method described

above for this form of equation, but it will also serve as an

illustration of the general method. The particular integral can

be symbolically written as

,, _ ox ax ax_
y ~ (D - 3)(D - 4)

~ D - 4 D - 3
^~^a)

This has now been reduced to a sum of two quantities of the

form (3-25) so that

y = ae 4x

J ue~iu du — ae3x
/ ue~Zu du

ax a ax a ax , la
= -T-l6 + T +

9
=

l2 + T44 (3"266)

If two or more of the roots are repeated, the separation into

partial fractions cannot be carried out completely and there

will remain expressions of the form

y - ID -cQ* Q
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This can be interpreted by successive integration

y = wh,(j>hd-^ /' Q(u)e"-" du

= e
anX

/ e~anV (eanV / Q(u)e~anU du) dv

= e
a"x

J
dv

J
Q(u)e-anU du (3-27o)

e. The Green's Function.—It is also possible to approach the

particular integral in a somewhat different way, which is often

instructive in physical problems. For simplicity in exposition,

consider a second-order equation only. The particular integral

as shown in equations (3-21) and (3-25) has the form

yp = iVie
aiX /* Q(u)e-"iU du + N 2e

a -X

f*
Q(u)e'aiU du (3-28a)

This can be combined into a single integral

Vv =
f

X

Q(M) [N xe
aiv-U) + Ntf^^du

=
f

x

Q(u)Y(x,u)du (3-286)

The function Y(x,u) is known as the Green's function for the

differential equation. It has the following properties

:

1. Considered as a function of x, Y(x,u) is a solution of the

homogeneous differential equation for any value of the param-

eter u.

2. Y(x,u) = when x = u

This is true in equation (3-286) because JVi + N2 = 0.

3. dY/dx = 1 when x = u

This is true in equation (3-286) because

Niai + iV2a!2 = 1

which follows from the separation into partial fractions.

If conditions 2 and 3 are imposed on the arbitrary constants

of a general solution of the homogeneous equation, the result is a

Green's function suitable for use in equation (3-286). For an

example, consider the equation

2, + 6
d£+8y = S (3-29)
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The general solution of the homogeneous equation is

y = Ae-* + Be-** (3-29a)

and conditions 2 and 3 give

Ae~2u + Be~4u =
-2Ae~2u - 4£e~4u = 1

Solving for A and B and inserting in (3-29a) give

Y(x,u) = -^r 2**-") - -le-^
3^*) (3-296)

The particular integral is then

= £z2 - &x + -h (3-29c)

The Green's function representation of the particular integral

is often instructive in mechanical problems. Consider the

equation for a forced oscillator,

g + P§+w-0(0 (3-30)

The quantity on the right-hand side, Q(t), is 1/m times an
external force in addition to the forces of the system represented

by —mp dx/dt and —mrx. If it is assumed that the external

force acts only at the time t and for the short space of time dr, it

will produce a velocity Q(r)dT. A solution of the equation can
be written such that x = at t = r and x = Q(r)dT at t = t.

This solution is then Q(r)Y(t,T)dT; and if the force continues to

act, the motion due to the force at other times is merely

*p = /' Q(r)Y(t,T)dr (3-30a)

In all this work the lower limit of the integral is omitted.
The inclusion of a lower limit would be equivalent to the addition
of terms of the same form as those in the complementary function.

Problem 6. Find the general solution of

dx* ^ ° dx
+ Qy e
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and evaluate the constants to find the solution that passes through

the origin with unit slope.

Problem 6. Write the general solution of

Problem 7. Write the general solution of

Problem 8. Find the general solution of

d2
y , 9 dy _ 1 + x 2

dx* ' dx ' " (1 + x) z

Problem 9. Show that one gets the general solution correctly

without considering the complementary function, if the constants of

integration are included in the various integrals of the form (3-25)

and (3-27).

Problem 10. Find the solution of

^ + 4^ + 4^ = 5
dx 3 dx 2 dx

that passes through the origin.

5. Complex Numbers.—Many equations of mathematical

physics, especially those representing vibrating systems, can

be most easily solved by the use of complex numbers. In this

section and the next two, we shall deal with some of the more
elementary properties of these numbers.

In elementary mathematics, one deals first with positive

real integers only. With these it is always possible to carry

out the operation of addition. However, in order that it shall

always be possible to carry out the operation of subtraction,

it is necessary to introduce the negative real integers. These

numbers are not sufficient to permit the operation of division

always to be carried out, and all the positive and negative

rational fractions must also be included. This system of posi-

tive and negative rational numbers will always permit the

fundamental operations of addition and subtraction, multiplica-

tion, and division to be carried out, provided that the division
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by zero is excluded or specially defined. However, there are

still other operations that cannot be carried out in this number
system. One of these is the extraction of roots, even of positive

numbers. To permit this and other '

'irrational" operations,

it is necessary to introduce the irrational numbers. Then one
has all the real numbers between positive and negative infinity,

and they can be correlated with the points on a fine. Still,

however, the system is incomplete, since it does not permit the

extraction of the roots of the negative numbers. There is no
number that is equal to the square root of —1. It is necessary,

therefore, to define such a number, which is called i.

i = + A/3J

The other square root of —1 is —i. This i is called the unit

of imaginary numbers, although it is no more imaginary, in the

common sense of the word, than negative or irrational numbers.
Any imaginary number is a product of a real number and the

imaginary unit, such as Si or ai for instance.

Two imaginary numbers can be added or subtracted by add-

ing or subtracting the real coefficients and multiplying the results

by i. To multiply or divide two imaginary numbers, it is

necessary to multiply or divide both the coefficients and the

units.

A complex number is the sum of a real and an imaginary
number, such as a + ib. It is customary to call a the real

part and b (not ib) the imaginary part of this number. Two
complex numbers are equal when their real parts and their

imaginary parts are equal, respectively. In addition or sub-

traction, the real parts and the imaginary parts are added or

subtracted separately. In multiplication, the complex num-
bers are treated as binomials.

A complex number Z\ is said to be the complex conjugate

of another complex number z 2 if the real part of «i is equal to

the real part of z 2 and the imaginary part of z x is the negative

of the imaginary part of z2 .

Since the real numbers and the imaginary numbers are

special cases of complex numbers, this definition of complex
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numbers has extended very materially the variety of numbers

available for calculations. In this set of complex numbers

every algebraic equation has a number of roots equal to its

degree, and the range of solutions of differential equations is

very materially extended.

On the basis of the above definitions, a number of properties

of complex numbers follow directly. Among these are the

following:

1. The product of an even number of imaginary numbers

is real, and the product of an odd number of imaginary numbers

is imaginary.

2. The product of a complex number and its complex con-

jugate is real.

3. The sum of a number and its complex conjugate is real,

and the difference is imaginary. The sum is twice the real

part of the complex number, and the difference is 2i times the

imaginary part.

It is often convenient to represent real numbers by points

on a line. In a similar way, it is often convenient to represent

complex numbers by points on a plane. If the points are

designated by their rectangular coordinates, the point (x,y)

represents the complex number (x + iy).

The distance from the origin to the point (x,y) is called the

modulus or the absolute value of the number. The angle between

the straight line from the origin to the point and the axis of

real numbers is called the argument of the number.

Problem 11. Show that (x + iy) = r(cos <p + i sin <p), where r is

the modulus and <p is the argument of the complex number (x + iy).

Problem 12. Show that

Z1Z2 = rir2[cos (<pi + <?2) + i sin (<p x + <p2)]

where n, r2 and <pi, <p2 are the moduli and the arguments of z x and z2 ,

respectively.

Problem 13. Show that

a + ib _ ac + bd , . be — ad

c~+ld ~
c2 + d2 + l

c2 + d*
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in the sense that the right-hand side multiplied by the denominator of

the left-hand side is equal to the numerator of the left-hand side.

Problem 14. Show that

— = — [cos (<pi — <p2) + i sin (<pi — <p2)]

in the sense of the previous problem.

Problem 15. Show that

,. / <p + 2irm . . . <p + 2xw\= r1/n [ cos— \- i sm J

\ n n /

in the sense that the nth power of the right-hand side is equal to z.

In this expression, n and m are integers. The n different roots are

obtained by using the n different values of m.

6. Complex Functions of Real Variables.—As with real

variables, a function of a complex variable is most generally

denned as a table of values such that with every value of one

complex number called the argument there is associated another

complex number called the function. In some special cases

the function can be denned by specifying a series of operations

to be performed upon the argument and denning the result of

these operations to be the function.

Although very general concepts of a function can be denned

and are sometimes useful, it is necessary in dealing with com-

plex numbers, just as in dealing with real numbers, to restrict

considerably the nature of the functions used, if elementary

methods of analysis are to be applied. Among the functions

that are of importance are complex functions of a single real

variable. These can be put into the form

* = f(x) = fx(x) + ift(x) (3-31)

where x is the real variable. The usual criteria of continuity

and differentiability can then be applied by applying them
separately to the two functions fi(x) and/2 0c).

Problem 16. If the function ez of the complex variable z is defined

by the infinite series

e° = 1 + z +
2\
+

Z!
+

'
'

*

show that

e^ = cos x + i sin x (3-32)



54 PRINCIPLES OF MATHEMATICAL PHYSICS

when x is real. As a result of this fact a complex number can be

written z = re1
*, where r is the modulus and <p is the argument of z.

Problem 17. Show that

pix __ o—i^ cix -J- g~iis>

sin # = —^— and cos x = s—

-

2z 2

7. Hyperbolic Functions.—Many differential equations in

physics, particularly those pertaining to electrical or mechanical

problems, have as solutions functions known as hyperbolic

functions. Without going into the many interesting properties

of these functions, the definitions and some of the more ele-

mentary properties will be stated here. The functions can be

defined as the solutions of the differential equations that they

satisfy; but since they can also be expressed in terms of expo-

nential functions, it is more convenient to define them in these

terms. Hence, we have the following definitions

:

The hyperbolic sine of x = sinh x = — sinh (— x) =
2

e
x + e~x

The hyperbolic cosine of x — cosh x = cosh {—x)=
9

The hyperbolic tangent of x = tanh x = —r—
J ^ a cosh x

The three functions that are the reciprocals of these are

correspondingly called the hyperbolic cosecant, the hyperbolic

secant, and the hyperbolic cotangent. The above definitions

combined with Prob. 17 show the relationship between the

hyperbolic functions and the circular trigonometric functions.

These hyperbolic functions have many properties that are

similar to those of the circular functions; and although these

properties can in all cases be derived from the above definitions,

it is often convenient to remember them as properties of the

hyperbolic functions. The following problems give some of

these properties:

Problem 18. By determining the values at the points 0, 1, and

infinity, sketch roughly the curves of the hyperbolic functions.

Problem 19. Show that d(sinh x)/dx = cosh x.

Problem 20. Show that d(cosh x)/dx = sinh x.
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Problem 21. Show that A cosh x + B sinh x is the general solu-

tion of the equation d 2y/dx 2 — y = 0.

Problem 22. Show that cosh 2 x — sinh 2 x = 1.

Problem 23. Show that sinh (ax + bx) = sinh as cosh bx + cosh

ax sinh bx.

Problem 24. Show that sin ix = i sinh x ; cos t'z = cosh x.

8. Principles of Superposition and Decomposition.—As has

already been indicated, any number of solutions of a homogene-

ous linear differential equation can be added together, or super-

posed, to form another solution. If the solutions are linearly

independent, their addition after multiplication by arbitrary

constants leads to the general solution.

In the case of nonhomogeneous linear differential equations,

a principle of superposition can be stated as follows:

If

f(D)yi = Qi and f(D)y 2 = Q 2

then

f(D)(yi + Vi ) =Qi + Q 2 (3-33)

This shows that it is possible to separate the right-hand side

of an equation into parts and, after finding an integral cor-

responding to each part, to add them together to get an integral

of the original equation.

For example, if the equation under consideration is

(D 2 + a 2
)y = e

mx+ C (3-34)

each part of the right-hand side may be treated separately.

y l
= e

mx/(m 2 + a 2
) is a particular integral when only the term

e
mx

is considered, and y 2 = C/a 2 is a particular integral when
only the constant C is considered. The sum of these is then a

particular integral of the whole equation

e
mx C

yP =yi + V2 = m2 + a2 + a*
(3-34a)

This principle of superposition is of very extensive use in

physical problems, since it is the mathematical representation of

the fact that many physical phenomena can be treated as super-

positions of independent phenomena that do not interfere with



56 PRINCIPLES OF MATHEMATICAL PHYSICS

one another. For example, if two light waves pass through the

same portion of space, the phenomenon is a superposition of

the two waves without either influencing the other. In a similar

way the terms that make some equations of physics nonhomo-
geneous are due to sources, such as sources of radiation. The
principle of superposition shows that, as long as the differential

equations are linear, the sources act entirely independently.

The principle of decomposition is somewhat more limited

in its applicability than the principle of superposition. In

general, it is not possible to know in advance how a solution

will divide into partial solutions corresponding to the different

parts of the nonhomogeneous term. In the special case, how-
ever, that the coefficients of the differential equation are all

real and the term on the right side is complex, the particular

integral will be complex. It then follows that the real part of

the integral corresponds to the real part of the right-hand side

and the imaginary part corresponds to the imaginary part

of the right-hand side. As an example, consider the equation

g + a*y = e
*

(3.35)

The particular integral for the exponential form is then

pIX p%X

Vp
=

i
2 + a 2

=
a 2 - I

(3-35a)

Suppose now it is desired to find the solution of the equation

J + a2y = cos x (3-36)

The right-hand side of this is just the real part of the right-

hand side of equation (3-35) ; hence its particular integral is the
real part of (3-35a).

V, - ^l (3-36«)

The general solution is then

cos x
y = A cos x + B sin x -\—

2 _ .. (3-366)
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Furthermore, the solution of

jjjjg
+ *y = sin x (3-37)

is

Sill X
y = A cos ax + B sin a# -\—

2 __i (3-37a)

where A and 5 are arbitrary constants.

When presented with an equation such as (3-36) or (3-37),

it is often convenient to take another equation such as (3-35)

that contains the equation in question as its real or its imaginary

part and that may be easier to solve.

Problem 26. Find the solution of

a?
2
dx
+ v ~ xe

that is equal to zero when x = and when x = 10.

Problem 26. Use the principle of decomposition to find an integral

of the equation

fy' 2 ^- + ±y = e^cosx
dx2 dx y

Problem 27. Use the principle of decomposition to find an integral

of the equation

g + 2g + % = 3sin2*

Problem 28. Find the general solution of

Problem 29. Find the general solution of

d2v_£ _ a2y = eoz + ens

Problem 30. Find the general solution of

d2
y

dx 2
-y=(e*+ l) 2
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Problem 31. Find an integral of

9. Equations with Variable Coefficients.—The solution of

linear equations of order higher than the first, in which the

coefficients are not constant, is required in the treatment of

many physical problems. Many such equations have been
studied and the properties of their solutions determined. The
general discussion of such equations is quite elaborate, but a
few suggestions will be given here to indicate how information

can be obtained regarding the nature of the solutions in the

neighborhood of certain values of the independent variable.

The general equation of this type has the form

dny ,
dn
~

l
y ,

dn
~ 2
y , ^ ,

PQ d^ + Vl dx^1 + Vl dtf^2 + ' ' - PnV = Q (3-38)

where p , p\, p 2 , . . >
, pn are functions of x only. Just as

in the case of the equations with constant coefficients, the gen-

eral solution of this equation is the sum of a particular integral

and a complementary function, which is the general solution of

the homogeneous equation. Methods for finding a particular

integral will not be discussed here, and attention will be con-

centrated on the homogeneous equation.

The behavior of the solution is governed largely by the

behavior of the coefficients of the equation for different values

of x. In examining the behavior of the coefficients, the equa-

tion should be reduced to a standard form by dividing out

Po(x). This gives

dnv dn~hi dn~2v

where Pr = pr/p and Q is taken to be equal to zero.

If all the Pr (x)'s are regular at the point x = 0, the general

solution of (3-38a) is regular at this point and the point is called

an ordinary point of the differential equation. A function P(x)
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is said to be regular at x = c if it can be expanded in a Taylor

series,

P(x) = a + ai(x — c) + a2 (x — c) 2 + • • •

about this point. Regularity requires, among other things,

that a function be single-valued, continuous, and differentiable.

A polynomial containing only positive powers is regular at all

finite values of its argument. It may be regarded as a power

series, most of whose coefficients are zero.

Points other than ordinary points are called singular points or

singularities. If all the pr (aO's in equation (3-38) are regular,

the only singularities in the finite region are at zeros of p (x).

Consider the equation

(l+^)g + 3x^ + i/ = (3-39)

All the coefficients are polynomials and regular for all finite

values of x. When this is reduced to the standard form, it

becomes
d 2
y 3x dx 1& + r+T'^ + ir^* = (3"39a)

In this form it can be seen that all the finite real values of x

are ordinary points and that the only singularities in the finite

region are at x = ±i. The methods for finding solutions at

ordinary points and at singularities will be considered separately.

10. Solutions in Power Series around Ordinary Points.—It

is shown in treatises on differential equations that, in the neigh-

borhood of an ordinary point x = c, the general solution of a

linear homogeneous differential equation can be expressed as a

power series with only positive integral powers.

y = £ an (x - c)
n

(3-40)
n =

The values of the coefficients an can be determined by substitu-

tion in the differential equation itself. In practice, it is almost

always most convenient to expand about the point x = 0.

This can always be done by first making a linear change in
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the independent variable. In further illustrations this will be

assumed to have been done so that c can be set equal to zero in

equation (3-40).

Another important practical consideration is that, while

the standard form of equation (3-39a) is appropriate for deter-

mining the location and nature of the singularities, a form like

that of equation (3-39), in which one has cleared of fractions and

expressed each coefficient as a polynomial or power series in x,

is the one to be used in finding the coefficients of the power-series

solution.

To illustrate the procedure, let the solution of equation

(3-39) be expressed in the form

y =
2,

an*
n

n =

When this is substituted in the differential equation, the result

is

00

£ [ann{n - l)xn
~ 2 + an (n + 1)V*] = (3-396)

n =

In order that this power series be equal to zero for all values of

x, it is both necessary and sufficient that the coefficient of each

power of x be zero.

Consider the coefficient of xs~2
. In the first part of equation

(3-396), this appears when n = s so that s(s — l)as is a part

of the desired coefficient. In the second part, xs~2 appears

when n = s — 2. Hence a second part of the coefficient is

(s — l) 2os_2 . The requirement is then that

s(s - IK + (s - l) 2as_2 = (3-39c)

for all values of s from 2 to infinity. Equation (3-39c) is the

recursion formula for the coefficients in the power series.

The lowest value of s that can be used in the recursion for-

mula is s = 2, for this gives the coefficient of x° in equation

(3-396). With s = 2 the formula gives a 2 in terms of a .

With s = 3 it gives a3 in terms of a x . Other values of s give



LINEAR EQUATIONS OF ORDER HIGHER THAN THE FIRST 61

a4 in terms of a 2 and hence of a , and o 5 in terms of a3 and hence

of oi. Proceeding in this way, all the coefficients can be deter-

mined in terms of a and Oi. These two then become the

arbitrary constants of the general solution, and the complete

theory of linear differential equations shows that the series will

converge in the neighborhood of the ordinary point. Hence

the series constitutes a general solution.

Since a and a x are arbitrary, o = 1, ai = gives a solution,

which in this particular case contains only even powers of x.

From the recursion formula it follows that a 2 = —a /2 = —£-,

and a4 = — 9a2/12 = f. This solution is then

Similarly, a = 0, ai = 1 gives another solution,

2/i = x 3~ + 15
—

'
'

' (3-39e)

The general solution can then be expressed as a linear combina-

tion of these two particular solutions.

y = a y + «i2/i (3-39/)

By arguments along the lines of the above illustration, it

can be shown that a general solution of an nth order equation, in

the neighborhood of an ordinary point, can be expressed in

the form

y = a y + a xyi + a2y 2 + • • • + are_i2/n-i (3-41)

where yr is a power series beginning with xr
.

Problem 32. Work out a few more terms of the series solution of

equation (3-39). Identify the function y of equation (3-39d) as the

series expansion of a binomial, and show by substitution that the

binomial satisfies the differential equation.

Problem 33. Find the expansion in a power series around the

origin of the solutions of Legendre's equation

(1 " * 2)
as*

"

2x% + n(n + Vy = (3-42)
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Show that, for integral values of n, the series of even powers is a poly-

nomial, with a finite number of terms, when n is even and that

similarly the series of odd powers is finite when n is odd. These

polynomials are the Legendre polynomials.

Problem 34. Find a solution of the equation

Problem 35. Find the power-series solutions of

a-^ap + s + '-o (^
As an illustration of a situation that sometimes arises in

evaluating the constants of a power-series solution, consider

the equation

^ + *V = (3-45)

Substitution of a power series leads to

[n(n - l)anx
n- 2 + anx

n+l
] = (3-45a)

n =

A convenient form of recursion formula is obtained from this

by picking out the coefficient of xs~ z
. This leads to

s(s - IX + as_3 = (3-456)

provided that s is equal to 3 or more. When s = 3, equation

(3-456) represents the coefficient of x and not the constant;

if s is taken equal to 2, the recursion formula would seem to sug-

gest a coefficient a_i, which does not exist. If the coefficient

of x°, or the constant term, is picked out of (3-45a), it leads to

2a2 = 0. This might also have been obtained from (3-456) by
understanding that gl_i = 0. In any case of doubt, however,

the situation can be clarified by referring to the sum of the type
(3-45a).

When s = 3, equation (3-456) gives az — — a /Q; when
s = 4, a4 = — ai/12. But when s = 5, it leads to a 5 = — a 2/20
and a2 must be zero. Hence not all powers of x appear in the

1
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general solution, which, however, can still be written in the

general form for a second-order equation,

y = aQy + a xy\ (3-45c)

Problem 36. Write a general solution of

g + x*y = (3-46)

Problem 37. Find the first few terms of the power series for a

general solution of

*S + *$ + fa»-0 (3-47)
ax3 ax

11. Solutions in Power Series around Regular Singularities.

There are some singularities in the neighborhood of which it

is possible to write power-series solutions. These are called

regular points or regular singularities. Other singular points,

called essential singularities, will not be treated here.

The nature of a singularity can be determined by inspection

of the coefficients of the differential equation when it is written

in the standard form of equation (3-39a). As discussed above,

if all the coefficients Pr (x) are regular at x = c, that is, if they

can be expanded in power series, c is an ordinary point of the

differential equation.

If c is not an ordinary point but if (x — c)
rPr (x) is regular

for all values of r, then x = c is a regular singularity of the

differential equation. Otherwise x = c is an essential singu-

larity. Sometimes these two kinds of singularity are called

regular points and irregular points, respectively.

In accordance with the above criteria, the singularities in

Legendre's equation (3-42) at x = + 1 are regular. The singu-

larities in equation (3-39a) are also regular.

Problem 38. Show that Bessel's equation,

*2S + x
Tx
+ (*

2 " n2)y = ° (3_48)

has a regular singularity at x = 0.
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The formal procedure for finding a power-series solution in

the neighborhood of a regular point is very similar to that used
at an ordinary point. There are two principal differences.

1. It is not, in general, true that the various series solutions

begin with the terms a , a^x, a2x 2
, etc., as is the case at an

ordinary point. The term with which each series begins must
be determined from a study of the recursion formula, and its

exponent may be negative and may be fractional.

2. It is not always possible to find enough linearly inde-

pendent power-series solutions to make up a general solution.

In this case other methods must be used, but they will not be
discussed here.

The power-series method can be illustrated by applying it

to find a solution of BessePs equation in the neighborhood of

the regular singularity at x = 0.

Let
00 00

y = xa £ asx* = ^ a^" (3-48a)
8 = 8=0

This differs from the form used at an ordinary point by the

presence of the factor xa
. Not only the coefficients as , but also

the exponent a must be determined by substitution in the dif-

ferential equation. To make the value of a unique, it is assumed
that aQ 9^ so that a is the exponent of the first term in the

series.

Substitution of the series into the differential equation leads

to

8 =
J as {[(s + a) 2 - n 2]xs + xs+2 } = (3-486)

Equating to zero the coefficients of x°, x 1
, x2

, . . . , xs
in the

summation leads to

a (« 2 — n 2
) =

ax[(a + l) 2 - n 2
]
=

a 2[(a + 2)
2 - n 2

] + a =
a„[(a + s) 2 — n 2

} + as_2 =

(3-48c)
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The first of these equations is called the indicial equation. The

last is the recursion formula. The indicial equation can be

obtained from the recursion formula if the coefficients with

negative subscripts are understood to be zero.

Since a ^ 0, the indicial equation is a condition on a and

shows that a = ±n. These values of a are called the exponents

of the equation at the point x = 0. Except in the special case

when a2 = (a + l) 2
, the second equation requires that «i = 0.

Even in this special case, ai may be taken to be zero. The third

equation gives a2 in terms of a . The recursion formula then

permits the evaluation of all the coefficients in terms of a

and the value of a. Since there are two values of a, this pro-

cedure leads to two solutions, unless the recursion formula

breaks down for one of the values.

The usual notation for the solutions of Bessel's equation

labels them J± nO), where the subscript corresponds to the

lowest power of x in the expansion. When n = i, the two

exponents are +£. If we take a = (2/ir)* to agree with the

conventional definition,

*(*>- (IK1 - £+!»-•) (3"48d)

Similarly,

The general solution is then

y = AJh
(x) + BJL|(aO (3-48/)

In the case of Bessel's equation with n = £, it is possible to

form a general solution out of the two power series based on the

two exponents of the equation. In general, this is not possible

when the two exponents differ by an integer, and in such cases

other methods must be used for determining a second solution.

Problem 39. Show that if n = 2 the power-series method will not

give both solutions of Bessel's equation.

Problem 40. Show that

j-* (x) = QxJ cos x and Jh{x) =w sin x
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and show that these forms satisfy Bessel's equation.

Problem 41. Show that x = is a regular point of

ft--*-)\4 36z7

and find the power-series solutions about this point.

Problem 42. Show that, if the substitution of (3-48a) is made at an
ordinary point of an equation such as (3-39), the method of procedure
given above will produce both solutions.



CHAPTER IV

MECHANICS OF VIBRATING PARTICLES

1. Damped Vibrations.—There are many problems, in both

mechanics and electromagnetism, that must be treated by means

of the equations for vibrating particles. The mechanical

problem is that of a particle attracted toward a fixed point with

a force proportional to the distance from it and whose motion

is at the same time opposed by a force proportional to the

velocity. The mechanical problem is illustrated by the simple

pendulum when the air resistance is considered; the electrical

case is that of a circuit consisting of a capacitance, an induct-

ance, and a resistance. The differential equation and the forms

of the solution are the same for these two problems and for

many other problems. For definiteness, consider the mechanical

problem. The differential equation of motion is

where m is the mass of the particle, k is the force per unit dis-

placement from the center, and q is the force per unit velocity.

When k is positive, the force is in such a direction as to oppose

the displacement and to restore the particle to an equilibrium

position. When q is positive, the force associated with the

velocity is in the direction to oppose it. Only positive values of

these constants occur in simple cases. If k is negative, there

is no position of equilibrium and no oscillation. If q is negative,

the motion is not damped in the usual sense since the faster the

particle is moving the more it is urged along. A negative q

will not be expected in a simple mechanical oscillator, but it

may occur in more complicated mechanical problems and in

some electrical circuits.

67



68 PRINCIPLES OF MATHEMATICAL PHYSICS

The equation of motion is more conveniently written

d 2x dx
,

-df2+P Tt
+ rx=0 (4-1)

where p = q/m and r = k/m. By the methods of the previous
chapter, the solution can be written at once. It is

x = A e
ait + B e

a2t
(4-2)

where

ai = ~ 2
+

2
(??2 ~ 4r) * a

*
= ~ 2

~~
\

(p2 ~ 4r)i

The nature of the motion represented by this solution

depends upon whether a. x and a2 are real, imaginary, or complex
numbers. This in turn depends upon whether p 2 — At is

zero, negative, or positive and whether p is zero or positive.

Only cases in which p is not negative will be considered here.

a. Underdamped Motion.—When p 2 — 4r < 0, the motion is

said to be underdamped. In this case the restoring force,

which tends to maintain the vibration, is dominant; and the

particle executes oscillations about its position of equilibrium

in spite of the damping force, which tends to stop it. Let

coo = i(4r — p
2)K Then equation (4-2) can be written in

three forms.

x = e-^CAie*"-' + Btf-™* 1

) (4-2a)

x = e~pt/2(A cos o) t + B sin a> t) (4-26)

x = Ce~pt/2 cos (co t - <p) (4-2c)

Each of these represents an oscillation with an exponentially

diminishing amplitude as shown in Fig. 4-1.

The arbitrary constants A x and B x in (4-2a), A and B in

(4-2&), or C and <p in (4-2c) are so chosen as to fit the desired

conditions of any particular motion. When the complex form

of equation (4-2a) is used, the constants will turn out such that,

even though the expression is written in complex notation, its

value is real. This frequently means that the constants them-

selves are complex. The specification of the position and
velocity, x and x, at any given time, for example, will suffice



MECHANICS OF VIBRATING PARTICLES 69

to fix these constants. The more characteristic properties of

the motion, however, are fixed by the constants p and r that

occur in the differential equation. Various combinations of

these constants give useful characteristics.

Even though the motion of a damped oscillator is not strictly-

periodic, since the amplitude is decreasing, it is convenient to

Fig. 4-1.—The displacement as a function of the time for an underdamped oscillator.

The broken line represents the exponential decrease.

define a period, which is the time between two successive pas-

sages through zero in the same sense. This turns out to be

= 2t 4tt

co (4r — p
2
)
h

(4-3)

The period characterizes the oscillatory nature of the motion.

The damping of the oscillations is described in several ways.

The logarithmic decrement is the logarithm of the ratio of two

successive maxima of the same sign. It is equal to p/2 times

the period so that

8 = pT
2

Tp
OJo

2irp

(4r — p
2Y

(4-4)

It is also possible to define a modulus of decay as the time during

which the amplitude decreases to 1/e of its initial value. The
modulus of decay is obviously equal to 2/p. A third constant is
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used frequently in electrical circuits and acoustic devices and is

known merely as Q. It is given by

« - f (4-5)

A circuit with high Q is only slightly damped. Its energy
dissipation is low, and its resonance is sharp, as will be shown
later.

A damped oscillator is not a conservative system. Initially

it has a certain potential and kinetic energy, but this is event-
ually used up in overcoming the damping resistance. If one
wished to include the sources of the damping resistance in the
system under consideration, there would be conservation of

energy in the whole system; but this is not usually convenient.
It is usually most convenient to regard the work done against
the damping force as simply a dissipation of energy.

The energy of the oscillator is the sum of the potential and
the kinetic energies,

„,. mr „ ,
m aW = -j x 2 + ^ x2

(4-6)

When the~damping is neglected, p = 0, this sum is constant, and
a decrease in x 2

is accompanied by an increase in x 2
. When

p > 0, equation (4-2c) can be used to express the energy as a
function of the time. This leads to

W = ^ C 2e~pt Lo 2 + ^ cos 2
(a> t - <p)

+ pw sin (o) t — <p) cos (co £ — <p) (4-7)

and shows that the energy does not decrease steadily, as would
be suggested by the exponential alone, but in a manner related

to the oscillations. Energy is dissipated only when the particle

is moving. The rate of dissipation falls to zero at the extreme
excursions where the particle stops and starts back.

Problem 1. Show that equation (4-2) is a solution of the differen-

tial equation (4-1). Show also that (4-2a), (4-26), and (4-2c) are
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different forms of (4-2) for the underdamped case, and express the

constants C and <p in terms of A and B.

Problem 2. Evaluate the arbitrary constants of (4-2&) in terms of

the initial position and velocity of the particle. Sketch the motion

as a function of the time when the initial velocity is zero.

Problem 3. Show that the time between successive maxima of

displacement is T.

Fig. 4-2.—The displacement as a function of the time for a critically damped oscillator.

Problem 4. Work out the rate of dissipation of energy against the

damping force of an underdamped oscillator, and show that it is equal

to the rate of decrease of total energy of the oscillator.

b. Critically Damped Motion.—When p
2 — 4r = 0, the

motion is said to be critically damped. In the critically damped

case the auxiliary equation has equal roots, and the solution

can be writter

x = (A +'Bt)e-pt/2 (4-8)

Figure 4-2 illustrates this motion for the case in which

the particle starts from the origin with an initial velocity.

It attains a maximum displacement and then approaches the

equilibrium position asymptotically. Under these conditions

the curve never crosses the axis. If the particle starts with an

initial displacement and a sufficiently great velocity toward

the origin, it will cross the axis once and then return to it

asymptotically from the other side.
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Problem 5. Evaluate the constants in equation (4-8) in terms of

the initial conditions. Find the time and magnitude of the maximum
displacement when the particle starts from the origin with an initial

velocity.

c. Overdamped Motion.—When p 2 — 4r > 0, the motion is

said to be overdamped. This is the case in which the damping
force is dominant, and in extreme cases the restoring force can

be neglected altogether. The two roots of the auxiliary equa-

tion, «i and a 2 , are real and negative, and the solution can be

used directly in the form of equation (4-2).

Problem 6. Consider an overdamped oscillator that starts from
the origin with an initial velocity. Find the time at which the maxi-

mum displacement occurs, and find its value.

Problem 7. An overdamped oscillator has an initial displacement

x and an initial velocity x . For what values of x and x will the

particle pass the origin before coming to rest?

Problem 8. Write and solve the differential equation for a damped
motion in which the elastic restoring force is neglected entirely. Show
how this solution is related to equation (4-2).

2. Forced Vibrations.—In most cases of practical interest,

the vibrating system is acted on by an outside force. This is

the case of vibrations in the mounting of a machine containing

an unbalanced rotating part. It is also the case of excitation

of an electrical resonant circuit by electromagnetic waves.

In these two examples, the external force is periodic in time,

and this, in fact, constitutes the most important case because
of the phenomenon of resonance. When the period of the oscil-

lating system and the period of the external periodic force are

nearly the same, the force is most effective in stimulating oscil-

lations. The amplitude of the motion then builds up until

the work done by the force is dissipated against the damping
resistance. When the periods of the force and the oscillation

differ widely, the force does little work, for part of the time
the motion is in the direction of the force and part of the time
against it.
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If the external force acting on the oscillator is mF(t), the

equation of motion is

% + v% + ™-*® ^
F(t) is represented as a function of the time only, for this is

the only case that is properly called a forced oscillation. If

the force is a function of position or of velocity, the motion is of a

completely different character.

Equation (4-9) is a nonhomogeneous linear differential

equation. The general solutions of equations of this type were

discussed in the previous chapter. The interest here lies in

investigating the properties of the solution under various

circumstances.

Problem 9. Show that a constant force acting on an oscillator is

equivalent to a displacement of the origin.

Problem 10. Consider an oscillator that starts from the origin

with an initial velocity x and is subject to an external force mF(t).

F(t) = for < t < th and F(t) = F for t > h. Find the motion.

Problem 11. Find the motion of an oscillator acted on by a force

proportional to the time. Evaluate the arbitrary constants if the

velocity and the displacement are zero at t = 0.

a. Harmonic Forces.—Most of the important properties of

forced oscillators can be derived by a consideration of sinusoidal

forces. This is because the forces in many practical cases can be

closely approximated by a sine or cosine function of the time.

In addition, as will be shown later in a discussion of Fourier

series, any periodic function of the time can be expressed as a

sum of sine and cosine terms.

If F(t) in equation (4-9) is given by F sin cot, a particular

integral of the equation is given by

x =

with

F sin {oit - e)
(4-10)

[(r - co
2
)
2 + p

2w 2
]*

tan e = -^-2
(4-10<z)

r — <j)
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where e is between and ir. This shows that the motion of the

oscillator under the influence of the harmonic force is a sinu-

soidal motion with the frequency of the force. The motion is

out of phase with the force by the amount of the phase lag e,

and the amplitude depends upon the relationship between the

frequency of the force and the constants of the oscillator.

The amplitude for very small and very large values of co

is easily understood from physical considerations or from a con-

sideration of the differential equation (4-9). When co —» 0, both
the second derivative and the first derivative become negligible

compared with the term rx. Hence the equation is effectively

rx = F sin cot (4-11)

and the solution is clearly

F
x = y sin cot (4-1 la)

This same result is obtained when co is set equal to zero in equa-
tions (4-10) and (4-10a). Physically it represents a displace-

ment such that the restoring force just balances the slowly
varying external force.

For a very rapidly varying force, the second derivative is

dominant, so that the differential equation approaches

d^x
-^ = F sin cot (4-12)

of which a particular integral is

F F
x = - AI sin cot = —2 sin (cot - ir) (4-12a)

Here again this agrees with equations (4-10) and (4-10a) when
co —> co

. Physically it means the displacement is so small that
the restoring force is unimportant; the velocity stays so small
that the frictional force is negligible; and the rapidly varying
external force is just equal to the mass multiplied by the
acceleration.

It is also possible to give a physical interpretation to the
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case in which co = Vr. In this case the acceleration is just

equal to the restoring force divided by the mass, so that the

particle moves as though there were no damping whatever. The

frictional resistance is then balanced by the external force, so

that the amplitude can be obtained from the differential equation

^=^0 sin co* (4-13)

A particular integral of this equation is

- = -© coswi =
(S)

sin
(
wi -9 (4-13o)

This is the form taken by equation (4-10) when co
2 = r.

Figure 4-3 shows the amplitude as a function of co for several

values of the damping coefficient, and Fig. 4-4 shows the phase

lag €. The phenomenon of resonance is shown by the sharp

maximum in the amplitude when the damping is small and by

the corresponding rapid change in e as co passes through Vr.

This maximum occurs in the neighborhood of Vr, which is

the angular frequency of the undamped oscillator, but not

exactly at this frequency. Neither does it occur at the fre-

quency of the free damped oscillator co . However, these

differences are small when the damping is small.

Problem 12. Find the frequency wm at which the amplitude of a

forced oscillator is a maximum.
Problem 13. Find the frequency at which the maximum velocity

of a forced oscillator has its greatest value.

Problem 14. Show that the frequency wc , at which the amplitude

of a forced oscillator has l/\/2 its maximum value, satisfies the

relationship

co c
2 = coro

2 ± po> (4-14)

Although equation (4-10) is a particular integral of equation

(4-9), it is not the general solution. It cannot be fitted to

arbitrary initial conditions. The general solution is obtained

by adding the general solution of the homogeneous equation.

Hence for an oscillator subject to a sinusoidal force

^ f . F sin (cot — e) ,. . _ N
x = A*T> + Boe-' +

[(f ^ M^ + p^]t
(4-15)
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Since the real parts of ai and a2 are negative, the contribution
of the general solution eventually disappears and the steady
motion is that of the particular integral. The contribution of

D.

E

X&C \2

\\,p
\Avf =0.5

\\ ''£-/c

?.o

CO

Vr
Fig. 4-3.—The amplitude of a damped oscillator, driven by a sinusoidal driving force,
as a function of the frequency of the driving force.

the complementary function is hence called a transient. It is

often important to know the transient behavior of an oscillator,

since the time necessary to build up the oscillation to its steady
state may be of importance.

To get the maximum response at resonance it is desirable

to make p as small as possible, but with a small damping the

transient dies out slowly and some time is required for the
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steady state to build up. At the frequency of maximum

amplitude

(4-16)
F ~~

pcoo

At the start of the motion the transient term is just equal and

opposite to the term describing the steady state, so that the

resultant is zero. As the transient dies out, the resultant builds

Fig. 4-4.—The phase lag of a forced oscillator.

up, so that the rate of growth of the oscillation is just given by

the rate of decay of the transient term of the general solution.

The time necessary for the transient to decrease to e~K of its

original magnitude is

r = — (4-16o)
V

Hence the average rate of growth of the amplitude, is

Wr " 2^ <"*>

and is independent of the damping, except as p is contained in

w .
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Problem 15. Evaluate the arbitrary constants of equation (4-15)

when the particle starts from rest at the origin.

b. Energy Absorption.—In the steady state, the external

force is doing work on the oscillator at the same average rate

as that at which the oscillator is working against the damping
force. During each cycle the work done by the external force

is just equal to the work done against the resistance. The work
is not always done directly against the damping resistance,

however. It is stored as potential and kinetic energy of the

oscillator during part of the cycle and dissipated during another

part. The energy of the oscillator is not constant during the

cycle, except when the force has the frequency of the undamped
oscillator. Usually the oscillator, even though it is moving with

simple-harmonic motion, does not have a constant energy

because its frequency does not correspond to its restoring force

and mass.

Problem 16. Show that the energy of a forced oscillator is con-

stant if the force has a frequency corresponding to the free oscillator

without damping.

Problem 17. Compute the energy of a forced oscillator as a

function of the time.

Problem 18. Compute the rate at which work is done on a forced

oscillator by the damping force.

c. Vibration Insulation.—It is often necessary to protect a

sensitive instrument, such as a galvanometer or an interferom-

eter, against vibrations from external sources. This can be

done by suspending a heavy base on springs and possibly insert-

ing some damping between the base and the support. Figure

4-5 indicates schematically the arrangement. In this figure

only vertical motion is considered, and the instrument base is

supported from the floor. The floor is then supposed to move
vertically with a sinusoidal motion. The springs and the damp-
ing mechanism both operate by virtue of a difference between

the displacements of the floor and the base. The object of

the mounting, of course, is to reduce as far as possible the motion

of the base.
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Let x be the vertical displacement of the floor from its

equilibrium position, and let x be the corresponding displacement

of the instrument base. Then the equation of motion is

m%--*(%-%-«?-*> <4-i7>

For convenience let x — Xo = X. Then

m + q-rr + kX = —md2X
dt 2 "" y

dt

Inslrumenf base

d2X

~di*
(4-17a)

Fixed reference level

Fig. 4-5.—Schematic illustration of an instrument base mounting designed to isolate

the mechanism from vibrations of the floor.

If Xq = A sin oit

d*X dX .

~dF + p IT + rX = Ao) sm "* (4-18)

By the methods already discussed it can be shown that the

steady-state solution of equation (4-18) leads to

x _ [r
2 + y^co 2

]*

A sin {pit — e') (4-19)
[(r - co

2
)
2 + p

2
co

2
]*

The object of the design is to make x/A as small as possible.

A detailed study of equation (4-19) shows that r should be made
as small as possible to protect against a given frequency oj.

In fact x/A > 1 if co
2 < 2r. For large co the damping is of

little use and tends to increase the transmitted motion. For

co
2 < 2r the damping is helpful.
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Show that equation (4-19) follows from equationProblem 19.

(4-18).

Problem 20. Show that, for o 2 = 2r in equation (4-19), x/A = 1

and the vibration mounting is useless.

Problem 21. Show that for « 2 = r the motion of the base is

greater than that of the floor but that the damping is helpful in keeping
it from attaining very large values.

Z4

Q-OKRRRKRRKKTM^)

-*~x

Fig. 4-6.—Schematic drawing of two coupled pendulums.

Problem 22. Show that, for co
2 > 2r, x/A < 1 and that damping

is detrimental.

3. Coupled Oscillators.—If two or more vibrating systems
are connected in such a way that they influence each other, the
differential equations of motion are simultaneous linear equa-
tions with constant coefficients. The method of treatment in

this case can be illustrated by the following problem:
Consider two simple pendulums of length I and mass m,

Fig. 4-6. Let the bobs be connected by a massless spiral spring

whose force constant is a. This fiction of massless springs is

customary in mechanical problems and simply means that the
inertia of the spring is not to be taken into account. The
spring serves merely to represent a force between the two
masses, which is proportional to the difference between their
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actual separation and their separation in the normal rest

position. Let x be the displacement of the left-hand pendulum

from its position of rest, and let y be the displacement of the

other from its position of rest. Both displacements are

measured to the right and are assumed to be so small that the

motion of a pendulum alone can be treated as simple harmonic.

The natural length of the spring is equal to the distance between

the vertical positions of rest. Then the equations of motion

are

d2x max , N \m -TTi =
j

a{x - y) f

72

l

(4-20)
d 2
y mgy

\

To find a solution of these equations, let x = Ae™*, and let

y = Be™*. This substitution represents a motion in which

both masses move with simple-harmonic motion and with the

same frequency. Advantage has been taken of the fact that

the motion is undamped, and the exponents have been written

so as to be pure imaginaries when co is real. The substitution

of these forms into the differential equations gives a pair of

algebraic equations for the determination of A and B.

- (mo: 2 - Y ~ a
)
A ~ aB = °

-aA - (ma>* - ^ - a) B =
(4-21)

Both these equations must be satisfied if it is to be possible to

find a solution of the form assumed, and they can be satisfied

by values different from zero only if they are not contradictory.

The two equations are compatible only if the determinant of

the coefficients is equal to zero. This determinant contains the

undetermined quantity co; and, by a proper selection of the

values of co, it is possible to ensure the compatability of

the equations. This condition then fixes the frequency of the

vibration. The expansion of the determinant gives

(mco 2 - Y)
2

~ 2a(mco 2 - ^) + a 2 - a2 = (4-22)
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The values of co that satisfy this equation are

Wl2 =
f
+ m and Wl *

=
f

(4"22a)

Including both the positive and the negative roots of co
2
, there

are really four values of co for which it is possible to write a

solution in the form assumed. For each value of co, the cor-

responding ratio between the coefficients A and B is given by
equations (4-21). For co = + coi, A = —B; while for co = ±co 2 ,

A = B. Hence the general solution of equations (4-20) is

x = Ate™** + A 2e-* 1 ' + A 3e
io> * t + A^er1^

\ , .

In this solution there are the four arbitrary constants that are

to be expected in the solution of two second-order differential

equations so that these solutions can be adapted to an arbitrary

set of initial conditions.

It is important to understand the significance of equation
(4-22). Only when this equation is satisfied is it possible to

satisfy simultaneously the two equations (4-21), and only when
these two are satisfied is it possible for the assumed exponential

forms to satisfy the differential equations. Equation (4-22)

gives the values of co for which a solution can be found in the
form assumed. In the example treated, there are four usable
values and consequently four different solutions. Each of

these is a particular solution of the problem, while the sum of

them, each multiplied by an arbitrary constant, is the genera
solution.

When the energy of this system of coupled pendulums is

written down, care must be taken to include the potential energy
of the coupling spring in the proper way. The kinetic energy is

simply the sum of the energies of the two masses.

T =
2 * +

2 y (4-24)

The potential energy can be visualized most simply as con-
sisting of two terms representing the potential energy of each
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particle in the gravitational field and a term representing the

energy stored in the spring. Hence

V = if** + If
y2 + \

{X ~ V)
" (4'24a)

A more formal but still instructive way to arrive at the

potential energy is to consider the work necessary to move the

system from its position of equilibrium to its final position.

First hold the right-hand pendulum fixed and displace the left

hand one by the amount x. The work done is

21

Then, holding the left-hand mass at x, move the right-hand one

to y. The work is

W2 = I
I
y y + a(y - x) I dy = ^

y

2 + \y
2 - axy

The sum of these two terms is equal to the potential energy V
of equation (4-24a).

Problem 23. Evaluate the constants in equations (4-23) in terms

of the initial positions and velocities.

Problem 24. Express the solution (4-23) in trigonometric form.

Problem 25. Find the initial conditions for which A\ and A 2 are

zero and also those for which A 3 and A 4 are zero. A vibration under

either of these conditions is a "normal vibration."

Problem 26. In the case where a/m is small compared with g/l,

express the motion of each pendulum as a simple vibration with a

variable amplitude.

Problem 27. Treat the case in which the masses of the two

pendulums are different.

4. Normal Coordinates.—As was shown in Prob. 25, it is

possible to set this system of coupled pendulums vibrating in

such a way that the vibration takes place with one frequency

only. From equations (4-23) it is possible to show that

(x + y) = X = 2A 3e
w + 2A ie-

i°*

(x - y) = Y = 2A 1e
i^t + 2A 2e-

i» lt i ^4-25^
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Each of the quantities X and Y varies harmonically, but with
its individual frequency. When X = and Y is vibrating,

there is one normal vibration excited; when Y = and X is

vibrating, the other normal vibration is excited. In general,

both are excited simultaneously. The quantities X and Y
are called the normal coordinates of the system, and they are

just as satisfactory as the original x and y for specifying the

configuration. These normal coordinates have in addition,

however, the advantage that they are entirely independent
of one another in their vibration.

In general, normal coordinates are linear combinations of

the ordinary coordinates. In the simple and symmetrical case

of the two identical pendulums the normal coordinates are

simply the sum and the difference as shown in equations (4-25).

In other cases such as that of Prob. 27 the linear combinations

are less simple. In that problem

Xl = * + m x
V*

(4-25a)

Y x = xi - 2/1 J

constitute the normal coordinates. In these simple cases such

coordinates can be obtained from the general solutions by
inspection.

Problem 28. Make the transformation to the coordinates X and Y
in the differential equations (4-20). Write the solutions of the trans-

formed equations.

Problem 29. Express in terms of the normal coordinates the

energy of the system of two coupled pendulums shown in Fig. 4-6.

Problem 30. Treat the problem of two coupled pendulums when
each mass moves against a frictional force that is proportional to the

velocity.

Problem 31. Three equal masses are confined in a frictionless

tube, which is in a horizontal position. The masses are separated

from each other and from the ends of the tube by four springs of the

same length and the same force constants. Find the motion of the

masses.

Problem 32. Find the normal coordinates for the above problem.
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From the above treatment, the following properties of normal
coordinates can be tabulated:

1. Normal coordinates are coordinates in which the equations

of motion take the form of a set of linear differential equations

with constant coefficients and in which each equation contains

one dependent variable only.

2. Normal coordinates are coordinates that are independent

of each other in the sense that one can be set into vibration while

the others remain at rest. This fact can, of course, be derived

from the general solution of the equations mentioned in item 1.

A vibration in which only one normal coordinate is vibrating

is called a normal mode of vibration.

3. Normal coordinates are coordinates in which the total

energy of the (undamped) system can be expressed as a sum of

the squares of the coordinates multiplied by constant coefficients

and a sum of the squares of the first derivatives of the coordinates

multiplied by constant coefficients.

Normal coordinates do not otherwise differ from arbitrarily

chosen coordinates and can be used for the description of the

system in the same manner as the original ones. When there

are only two coordinates, it is sometimes convenient to plot the

configuration of the system as a point in an x-y plane. This

point then gives the value of the two coordinates and so com-
pletely defines the system. The motion of the system can then

be described by an orbit in this plane.

5. Oscillations under an External Force.—In systems of two
and more degrees of freedom, an external force can be applied

in a variety of ways. In the problem of the two pendulums if

the same periodic force is applied to both of them the normal
coordinate X will be set into vibration. If the force is applied

to the two pendulums in opposite directions, the coordinate Y
will be excited. If the force is applied to one pendulum only,

both normal modes of vibration will be stimulated.

As an illustration, consider the case in which both pendulums
are subject to a damping resistance equal to mp times the

velocity, and let a force mF sin (at act on the left-hand pendulum.

The problem can be treated in several ways. One way is to
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write down the differential equations and substitute an exponen-

tial. Perhaps a simpler way is to transform the differential

equations directly to normal coordinates. This leads to

d2X . dX tf v F . .

d*Y dY (g 2a\ F (
(4-26)

= -^ sin (at

These equations are of the form already treated, and the solu-

tions can be written down at once.

X =

Y =

%F sin (cat — e)

[(?
- w8

)

2

+ H'
^F sin (cat — e')

(4-27)

[(*+£—y-^
with

pea , , , pw
tan e =

{g/l) _ ^ and tan e -
{g/l) + (2fl/m) _ ^

One normal coordinate has its resonance at one frequency and

the other at a different frequency.

The motion of either pendulum can be obtained by taking

the sum or difference of the normal coordinates. Each indi-

vidual mass shows resonance at two frequencies. The magni-

tude of the oscillation as well as the phase can be worked out

from equations (4-27).

Problem 33. Show that equations (4-26) follow from the state-

ment of the problem.



CHAPTER V

CALCULUS OF VARIATIONS

The Newtonian equations of motion, as postulated in Chap.

II, have a very simple form; the force along each coordinate

axis is represented by a single letter, and its dependence on the

coordinates is not specified. When the functional form of the

forces is specified in order to give the equations of motion for a

specific problem, a good deal of complication may result, and

most problems can best be handled by introducing a coordi-

nate system particularly adapted to the situation. Frequently

the direct transformation of the equations of motion to the new

coordinate system is a matter of some difficulty. Even the

transformation to plane polar coordinates, carried out in Chap.

II, is laborious. If, however, the equations of motion are

written in the form of a variation principle, which is independent

of the particular coordinate system used, the transformation to

various systems can be much simplified. This method of

writing the equations of motion will be considered in the next

chapter. The present chapter will deal with some of the more

elementary methods of the calculus of variations that must be

used in dealing with variation principles.

1. The Variation Problem.—The standard problem of the

calculus of variations is that of finding the form of the function

V = y(x) sucn that a given integral

/ =-/X^'i)* 5 (5-1}

shall have a maximum or a minimum value. The function <i>

is given, and in many cases the limits x x and x2 are prescribed.

The only thing that can be changed in the attempt to make i"

larger or smaller is the form of the function y. In some cases

the limits of integration may not be fixed, and then they, too,

can be varied.

87
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The following three examples of variation problems will

serve to illustrate the methods of the calculus of variations and
the types of problems that can be treated.

a. What is the shortest line between two points in a plane?

To put this problem in the standard form indicated above, take

x and y axes in the plane, and let (#1,2/1) and (#2,2/2) be the two
points between which the line is to be drawn. The line con-

necting the points will be represented by the function y = y(x).

The length of the line between the two points is then given by
the integral

L = l^ id*i+d^ = IA1+ (-£)} dx (5-2)

The problem is to find the form of y as a function of x that will

make the integral L a minimum.
b. Another classical problem is that of the brachistochrone.

Given two points in a vertical plane, the coordinates of which are

(#i,2/i) and (#2,2/2), what is the curve along which a particle

will slide from one to the other in the shortest time? For
simplification let the upper point be at the origin of coordinates

so that #1=2/1= 0, and let the x axis be horizontal. Then
the speed of the particle is a function of y only and is given by

v = (-2gyy (5-3)

when the initial velocity is assumed to be zero. The time
occupied in passing over an element of the curve is

* - (^i?)
J

and the whole time is

f* 2 |~1 + (dy/dx) 2V
7 , N

' -
Jo [ ~29y \

<** («)

The problem is to make this integral a minimum by finding the

proper form for y as a function of x.

c. A modification of the brachistochrone problem involves

a case in which the ordinate of the curve is not fixed at both
limits of integration. A special case is the problem of finding
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the curve down which a particle will slide in the shortest time

from a given point to a given vertical line. Since the point at

which the curve meets the vertical line is not specified, the end
point of the curve is not fixed and may be changed in the attempt

to find a curve for which the time is a minimum. The integral

for this problem is the same as for the previous one. The
limit of integration x2 gives the position of the vertical line,

but the value of y2 must be determined as part of the solution.

The mathematical form of equations (5-2) and (5-4) in

which these problems are expressed is valid only when a num-
ber of conditions are satisfied. In particular, the two limits

X\ and x 2 must not coincide. If they do, the axes should be

selected in some other way. For a detailed discussion of these

restrictions reference should be made to a standard treatise

on the calculus of variations.

2. Extreme Values of Ordinary Functions.—The problem of

finding the maxima and minima of functions of one or more
independent variables is treated in the ordinary differential

calculus. To determine whether a certain value of a single

independent variable x gives a maximum or minimum value to

the function y = y{x), the value of the function for x = x

is compared with the values of the function for neighboring

values of the independent variable. To find the values of the

function for neighboring values of x, it is convenient to use a

Taylor's expansion. This gives

y{x) = y(x ) + (x — x )y'(x )

+ ±(x - x )*y"(x ) + • • • (5-5)

If y(x ) is a maximum or a minimum value, the second term in

this expansion will vanish; and this requires that the first

derivative of y at the point xQ shall vanish. The vanishing of

the first derivative does not distinguish between a maximum and

a minimum, nor is it a sufficient condition for either. It is,

however, a necessary condition.

In dealing with a function of one real variable, there is no

uncertainty as to what values of the independent variable must

be considered. The independent variable can be only increased
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or decreased, and the first derivative is uniquely defined. In

dealing with a function of two or more independent variables,

however, the situation is already a little more complicated.

Such a function may have a maximum with reference to some

values of the independent variables and at the same time have

a minimum with respect to others. In such a case a function

has a true, or absolute, maximum only when it is greater at a

given point than at any other point in its neighborhood.

An example of this situation is the function

y(x,z) = (x — Xo)
2 — (z — zo)

2 (5-6)

The point [x = x , z = z ) is one at which the function has a

stationary value; the first derivatives with respect to x and

with respect to z are zero at this point and are zero no matter

how the x and z axes are rotated. However, this is clearly

neither a true minimum nor a true maximum. It is a minimum
with respect to points on the line parallel to the x axis through

z and is a maximum with respect to points on the line parallel

to the z axis through x . At all points along the lines

X — Xo = ±(Z — Zq)

the function has the constant value zero. Furthermore, any

point whose z coordinate is z Q gives to the function a maximum
value compared with those points having the same value of x

but different values of z, but at no point does the function have a

true maximum. This function serves to illustrate two points.

1. The vanishing of the first derivative in all directions is

only a necessary and not a sufficient condition for the existence

of a maximum or a minimum. At the point (x ,y ) the first

derivative vanishes, but this point is neither a maximum nor a

minimum. However, at this point the function may be said

to have a stationary value, and the vanishing of the first deriva-

tive may be taken as both necessary and sufficient for the

existence of such a value. It may be taken as the definition of

a stationary value.

2. The vanishing of the first derivative with respect to

only one of the independent variables is not sufficient even for the
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existence of a stationary value. At all points along the line

x = x , dy/dx — 0, but the function does not have a true

stationary value. It has a stationary value with respect to

x only. Hence a necessary and sufficient condition for the

existence of a stationary value is that the first derivative vanish

in all directions.

3. Extreme Values of an Integral.—In the problems of the

calculus of variations the dependent variable is the value of

the integral, and the independent variable is the form of the

function that appears as an argument in the integrand. If a

given form of the function y = y{x) gives the integral a minimum
value, any neighboring function must give the integral a value

equal to or greater than the minimum. To make such a state-

ment precise, it is necessary to define what is meant by neighbor-

ing functions. This can be done as follows : Let y = f(x) be

the function for which the integral has its extreme value. Let

rj(x) be another function of x that is bounded, continuous, and
has a continuous first derivative. Then it is convenient to

define

V = f(x) + arj(x) (5-7)

as a family of functions in the neighborhood of f(x). a is a

parameter that may be given any positive or negative value, and
the functions of the family may be taken as close as desired to

fix) by giving to a a sufficiently small value.

If the integral has a maximum value when its values for

only certain forms of the function rj(x) are considered, it is said

to have a relative maximum. To have an absolute maximum
it must have a value larger than or equal to the value given

when any form of the function rj(x) is used.

If the integral / is evaluated for the family of functions

represented by equation (5-7), / will be a function of a. If
;

then, the integral is to have an extreme value when y = f(x),

it is necessary that (dl/da)a=0 = and that this be true for all

functions r){x).

Problem 1. Consider the family of curves y = x + a sin nx,

with n an integer, that lie in the neighborhood of the function y = x.
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Show by actual evaluation that the integral of (dy/dx) 2 between x =
and x = 2t is smaller for y = x than for any other member of this

family.

Problem 2. Consider the family of curves

y = Ax + B sin nx + a sin (n + 2)x

that lie in the neighborhood of y = Az + J3 sin n:r. Show that

f = / (dy/dx) 2 dx is less for ?/ = Az + J5 sin nx than for any other

member of this family but that for the curves y = Ax + (B — a) sin nx

it can be still less.

Problem 3. Evaluate the integral/ = / [(dy/dx) 2
-{- Ayjdx for

y — x + x 2 + «[a; 3 — (xi/X)], and show that the minimum value

occurs for a = and that dl/da = when a = 0.

It is customary in the calculus of variations to deal with

variations of the integral and the quantities in the integrand

rather than with their differential quotients. The variations are

designated by the sign 8. With the family of functions defined

by equation (5-7),

by = arj(x) and by' = ari'(x) = ^ (by) (5-8)

The last of these equalities is true because

fa (y + $y) = y' + 8y' = faly + «??0*0] = v' + <xt\'{x)

Each of these variations is a function not only of x but also

of a and is in fact proportional to a. For the function

y = f(x) + aril (x),

the integral will also have a value that depends on a, although

it is not generally a linear function of a. Under suitable

assumption as to the form of the integrand, the integral can be

expanded as a function of a by differentiating with respect to

the parameter a under the integral sign. This leads to

I $(y + by,x,y' + by')dx =
/ $(y,x,y')dx

J XI J XI

+
'I'J XI L%

1?(aj)+V ,
'
/(a;)

.

<&+••• (5-9)
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If the integral has an extreme value for a = 0, the first derivative

with respect to a will be zero and the second term in this expan-

sion will vanish. The term containing a is called the first

variation of the integral.

A necessary condition for the existence of an extreme value is

then that, for any value of a,

51 = (5-10)

This condition is a necessary condition for a maximum or a

minimum. It is not the only necessary condition, nor is it at all

a sufficient condition. It is, however, the condition that is

of importance in the variation principles of mechanics. Such

principles are concerned with the vanishing of the first variation

rather than with the existence of a maximum or a minimum.
For further discussion of the general variation problem, refer-

ence should be made to a treatise on the calculus of variations.

4. The Euler-Lagrange Equation.—The condition in equa-

tion (5-10) requires that

[
X1

rd<f> d<£ 1

for all suitable functions r)(x). A function is suitable if it is

continuous, has a continuous first derivative, and satisfies the

boundary conditions. If the values of y\ and y 2 are specified

in the problem, rj(xi) and r?(z 2) must both vanish, since there is

no point to considering curves that do not connect the specified

points. If the values of y\ and y 2 are not specified, no such

restriction can be imposed on rj(x)
f
and equation (5-11) must hold

whether rj(x) vanishes for x = Xi and x = x2 or not (see Fig. 5-1).

With these restrictions it is possible to carry out the second

integration, by parts, and

A [-dy-
- Txm v(x)dx + w v(x)

I
=

° (5_12)
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This condition can be satisfied for almost any y(x) if the rj(x)

is properly selected; but, to be sure that it is satisfied for any
7}(x) that could be used, it is necessary that {b$/ by')r){x) =
at Xi and x2 and also that

= (5-13)
d_ a* _ a*
dx by' by

for all values of x from x\ to x2 . Equation (5-13) is the Euler-

Lagrange equation of the variation problem. It is always a

y(x)+a.r>(x)^

pCx),

I
\

y2

0^2xt

Fig. 5-1.-—Sketch indicating the way rj(x) is added to y(x) to give a function which
satisfies the boundary conditions at x = xi and x = xt, but which differs from y(x)
at other points.

necessary condition for the existence of an extreme value of

the integral. If the values of y are specified at x\ and x 2 , a

condition on b^/by' at these points is not necessary, for all

suitable r\ (a?) 's will vanish there.

Problem 4. Show that, if $ = (dy/dx) 2
, y = Ax + B sin nx,

and rj(x) = sin (n + s)x, 81 = even though this form of y does not

give the integral of <£> from to 2ir a stationary value.

As an illustration of the use of the Euler-Lagrange equation

consider the integral in equation (5-2). In the notation of

equation (5-13)

6»$ _ <3<j? y'

by
~

d d<£ _ d 2y 1

dxby'~dx 2
(1 + y' 2Y

$ = (1 + y'*)\
by' (1 + y' 2¥

=
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Thus it is necessary that the second derivative of y with respect

to x shall be zero. This leads to a straight line whose equation

contains two arbitrary constants which can be adjusted to make

the line pass through the desired points.

Problem 5. Find the curve between the points (x = 0, y = 0)

and (x = xi, y = yi) for which the integral of

-»(£)'-®® + i®'

has a stationary value.

Problem 6. Given two points and a line that are coplanar, find

the form of the curve between the two points, and lying in the plane,

that will generate a surface of minimum area when rotated about the

straight line as an axis.

Problem 7. Find the curve connecting two given points down

which a particle will slide in the shortest possible time.

Problem 8. Find the curve down which a particle will slide in the

shortest possible time from a given point to a given vertical line.

5. Variation Problems with Several Dependent Variables.—
The common case of variation principles in mechanics is that in

which the integrand of the integral whose stationary value

is sought contains one independent variable but more than one

dependent variable. In this case it is necessary to admit arbi-

trary, independent variations of all the dependent variables.

The first variation is then

In the case of fixed limits, the partial integration gives

[** [Yd* d d$\ .

+(£-iS>+---]* (5-14)

Since the variations of the different variables are independent,

the vanishing of this expression requires the separate vanishing

of the quantities in parentheses. This gives a set of simultane-
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ous differential equations for the determination of the desired
functions.

As an example, consider the problem of determining the
shortest line between two points in three dimensions. In
Cartesian coordinates the integral is

L /J
2

(1 + y'» + *'»)* dx

The two simultaneous Euler-Lagrange equations are then

jl_ 2/ d z'

dx (1 + 2/'2 + 2'*)*
=

fa (1 + y>* + s'2)i =

The solution of these gives y and z as functions of x and four
arbitrary constants, which can be evaluated to make the curve
pass through the desired points.

Problem 9. Find x and y as functions of t so that the integral

has a stationary value. Assume that x and y are given at t x and fe.
Problem 10. Find the differential equations whose solution gives

x and y as a function of the time such that the integral

1 =
L ft I©)

2

+ (I)]
- a(" 2 + y2) - h*y) dt

has a stationary value. Take the end points as nxed.

6. Problems with Auxiliary Conditions.—In some cases it
is desired to find the curve along which a given integral has
an extreme value while at the same time certain relationships
exist between the variables. For example, it might be desired
to find the shortest line that connects two points and at the same
time lies on a given surface. The problem of the shortest line
between two points in three dimensions is one involving two
dependent variables. If it is required that the line lie in the
surface defined by g(x,y,z) = 0, a straightforward procedure is
to use this relationship to express one of the variables, say y,
in terms of the other two. The variation problem is then
reduced to one of a single dependent variable,
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To illustrate the procedure for the case of two dependent

variables y and z and a single condition, let ${x,y,z,y',z') be the

function whose integral between xi and x2 is to be given an

extreme value under the restriction that g{x,y,z) = 0. The

first variation is

«-nffi-iS)* +(s-i©*]* <"5»

This integral must vanish if the integral i" has an extreme value.

However, the vanishing of the integral does not require the

independent vanishing of the two expressions in parentheses.

by and dz are not independent but are connected by the equa-

tion g(x,y,z) = 0. From this equation it follows that for any-

given value of x

£*--£* (5-16)

so that 8z can be expressed as a product of by and a function of

x. With this value of by the expression for the first variation

becomes

/*» fd* d d* \(d$ d d$\ /dg~\ dg\
81 =

Jmi \^-TxW~ )\Bi -TxM)/Tz\Ty\ 8ydx

-i:[%-iw-™z]»*-° (5-i7)

Since by is now entirely arbitrary and is not subject to any

restrictions due to the auxiliary condition, equation (5-17)

requires that

TxW"^ + Kx)
^v

= (5 8)

The function \{x) is also involved in the relationship

S a? - Tz + x(x)
ai

=
° (5'18a)

Equations (5-18) and (5-18a) are those obtained by writing the

Euler-Lagrange equations for a problem in which the integrand

is 4> — \(x)g(x,y,z) and no additional conditions need to be
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considered. However, in this process an additional function
\(x) has been introduced so that three functions y(x), z(x),

and \(x) are to be determined by means of three equations,

(5-18), (5-18a), and the auxiliary equation g{x,y,z) = 0.

The rule for treating a variation problem with algebraic

auxiliary conditions is to form the function F = <3> + 2A^
and to write the Euler-Lagrange equations for a stationary value
of F. These will be of the form of (5-18) and (5-18a) and com-
bined with the equation of condition will serve to determine the
dependent functions and the auxiliary functions \(x).*

Problem 11. Find y and z as functions of x such that the first

variation of /
*'

{y' 2 + z'
2 — ay)dx is zero and z = by. (b is a constant.)

Problem 12. Find y and z as functions of x such that the first

variation of
j

2

(y' 2 + zn — az 2)dx is zero and z = b + cy.

7. Isoperimetric Problems.—Sometimes the auxiliary condi-
tion in a variation problem is not a simple relationship between
the variables, such as was treated in the previous section, but is

the requirement that a certain integral shall have a predeter-

mined value. Such problems are called isoperimetric problems
because of their relationship to the classical problem of finding

the closed curve of given perimeter that encloses the maximum
area. The general problem can be formulated as follows:

Find the form of y as a function of x such that the integral

1 =
Xr ®(x>y>y')d% (5-i9)

has a stationary value with respect to those functions for which

S = )2 <r(x,y,y')dx (5-19a)

has the prescribed value £ . We shall consider here only the

case in which y(xi) and y(x2 ) are prescribed and not subject to

variation. The generalization of the problem to include

more than one dependent variable will also not be explicitly

considered.

* The conditions under which a problem can be treated in this way are dis-

cussed by Forsyth, "Calculus of Variations," p. 433, Cambridge University Press,

London.
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As in the case of algebraic conditions, it is necessary to

find a family of comparison curves that satisfy the auxiliary

condition, i.e., that for which S has the value SQ . Let y(x) be

the function that represents the desired solution of the problem,

and let £(x) and r\{x) be two different functions of x that vanish

at Xi and x2 . Then

y + 8y = y + a£ + Pv

represents a two-parameter family of curves that includes the

curve y when a = |3 = 0. The integral S along one of these

curves is a function of a and and can be expanded in terms of

them.

S(a,0) = So + aS« + 05, + •
•

where

f *2 p 2 /do- d d<r\
S„ =

]x
a(x,y,y>)dx 8. = ^ [^ - ^ gp) «*)<&

The requirement that S(a,f3) = So constitutes a relationship

between a and j8 that for small values of a and j8 can be approxi-

mated by ]8 = -(Sa/SB)a. Thus if fy = <*[£ - (Sa/SB)ri\, the

family of curves y + oy satisfies the auxiliary condition for

small values of a.

If, with respect to this family of curves, the integral has

an extreme value when a = 0, it follows that

«-«/;(g-£?)(«-io*-» ™
Let

[»/d& d d*\ , ., T

}xA^y-TxWr {x)dx = h

Equation (5-20) can then be written

81 = a L{dj-te w) mdx - a5 5" (5"21)

r^ra* <z a* i8 /do- a d<r\] . _= a
} xA^~TxW~^\d~y ~TxW)\ mdx ~ °
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The ratio Ip/Sa is fixed as soon as i)(x) is selected because of the
definitions of la and Sp. But, in addition, equation (5-21)

could be written

la
I« - j- Sa = (5-21a)

and since /„ and Sa can depend only on £(x) while I8 and Sa
depend on r)(x), it follows that Ia/Sa is a constant independent
of r)(x). Equation (5-21) then also states merely that /«/£«
is also a constant, independent of £(x).

The formulation of equation (5-21) may be expressed in a
simple rule. If the function F = $ + \<r is formed, a neces-

sary condition for a stationary value of I =
J $ dx with a

prescribed value of S = £*'
<r da? is

together with the equation 5 = S . These two equations serve
to determine y(x) and the value of the constant A.

To illustrate this method, consider the problem of finding

a curve passing through the points (x = 0, y = 0) and (x = a,

y = 0) for which the integral I = § J* (dy/dx)*dx has a

stationary value at the same time that
/ y

2 dx = S .

Following the rule outlined above leads to the function
F = %(dy2/dx) + \y 2

, and equation (5-22) then takes the form

d2
y^ - 2\y = (5-23)

The general solution of this equation is

y = Ae^* + Be~^* (5-23o)

The fact that the curve passes through the origin requires that
B = —A, and the passing through (x = a, y = 0) requires that
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This fixes the value of V2Xa as one of the series niri where n

is an integer. Only the case with n^O leads to a useful

solution. With the conditions at the end points the solution

(5-23a) becomes

y = A sin (5-236)

where A is a new constant proportional to the original A. To

evaluate A use must be made of S .

A 2 f sin2— dx = So = Ao 2
% (6-23c)

Jo a *

This illustration is an example of a case in which there is an

infinity of solutions giving stationary values.

It is to be noted that all the discussion in this chapter has

referred to necessary conditions for a stationary value. If

the solution in question represents a stationary value, the

Euler-Lagrange equation will be satisfied. The question of the

sufficiency of the conditions, of whether the satisfaction of the

Euler-Lagrange equation guarantees a stationary value, is

discussed in treatises on the calculus of variations.

Problem 13. The ends of a uniform string are fastened at given

points. Find the equation of the curve in which it must hang in order

that its center of mass be as low as possible.

Problem 14. A fence of length L is to be built so as to connect two

points on a straight wall that are a distance 2a apart. Along what

curve should the fence be built to enclose the maximum area? Con-

sider only the case in which L < ira.



CHAPTER VI

HAMILTON'S PRINCIPLE

Hamilton's principle is a variation principle ; it is equivalent

to the Newtonian equations of motion and can be derived from

them. Instead of describing the motion of a particle directly

in terms of its acceleration, this principle describes the path

in terms of a quantity whose integral along the path has a

stationary value compared with other possible paths. From
the statement that the variation of a certain integral is zero

can be derived the differential equations that describe the

motion. This principle provides a statement of the Newtonian

equations that is independent of the coordinates used and from

which the differential equations can be obtained with a minimum
of effort. The variation principle is of little or no assistance

in solving the equations, but it does provide a convenient means

of writing them in any desired coordinates.

Hamilton's principle is not the only variation principle that

can be used for mechanical problems. Others, notably the

principle of least action, can be, and often have been, used.

However, in this chapter only Hamilton's principle will be

treated.

1. Derivation of Hamilton's Principle from Newton's Laws.

Consider a mechanical system of n particles whose coordinates

are xh yh zh x2 , y 2 , z 2 , . . . ,xn,yn,zn . The motion of the system

is known when the value of every coordinate is known as a

function of the time. Suppose the system moves from a cer-

tain configuration given by xi, . . . , zn' at the time %' to

another configuration given by Xi" ,
y^", . . . , zn" at the time

t" . During all of the motion between these two configurations

the Newtonian equations of motion will be followed, and the

acceleration of each particle will be given by the total force

acting on it. This motion can be described by expressing each
102
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coordinate as a function of the time. There are then 3n depend-

ent variables depending on the one independent variable t.

These functions can be written

Xi = Xi(0, 2/1 = Vl(t), • • • , Zn = Zn{t) (6-1)

Now consider some other way in which the system might have

moved from the initial configuration to the final configuration

in the same amount of time, t" — t' . This new motion is to

be one that satisfies the geometrical conditions, or the con-

straints, of the problem. It will not, however, satisfy the

equations of motion. If this new motion is just slightly dif-

ferent from the original motion, the coordinates, as functions of

the time, can be written

x x {t) + 8xt(t)
t 2/i(0 + 8y x (t), . . . , zn (t) + 8zn (t)

The variation of a coordinate x is a function of the time and is

the difference between the x coordinate of the comparison path

and that of the true path. It is to be assumed that the true

path is a continuous function with continuous first derivatives,

as it must be to satisfy Newton's equations. Similarly, the

comparison paths must be functions of the time that are con-

tinuous and have continuous first derivatives. It is also

specified that the true path and the comparison path lead from

the same initial configuration to the same final configuration in

the same time. On this account,

dXl (f) = 8xt(t") = 8y x {t') = 8Vl {t")

= 8zn (t") = (6-2)

The true path was originally defined in terms of the New-
tonian equations of motion. The object now is to translate

this definition into a definition in terms of the properties of this

path compared with these various other possible paths. For

the true path there are the 3n equations

Q> X{ —7.

mi
"at?

=
*

The quantity X,- may be a function of the coordinates, a func-

tion of the time explicitly, or both. It may be considered,
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however, as a function of the time only, since the dependence on
the coordinates is a dependence upon the positions of the

particles and these are uniquely determined by the time along

any path that may be considered. If, now, each component of

the force X{ is multiplied by the variation of path in the direction

of the force and all the resulting equations are added together,

the result is

8U = V (Xi 8xi + Yi dVi + Zi 8zt)

V (d%x* x _i_
d*V* £ _l_

**« *\ ta o^

i

= \ m%\ jt
fa 8xi + ^ 8yi + zt 8zt)

— Xi 8xi — yi dyi — Z{ 8zt

The quantity 8U is defined by the first equality in equation

(6-3). It is the work done by the forces of the system during

the infinitesimal displacement 8xi} . . . , 8zn and is a function

of the time and the independent coordinates of the system. If

the forces do not depend explicitly on the time, 8U can be
expressed as a function of the coordinates only. The last part

of (6-3) represents the variation of the kinetic energy 8T.

Hence the equation can be written

8T + 8U = V mi jt
(xi 8xi + Vi 8Vi + zt 8Zi) (6-4)

In all these expressions t is the independent variable. If both
sides of (6-4) are integrated with respect to this independent
variable between the limits t' and t" , the result is

ff (8T + 8U)dt = 8 ff Tdt+ ft

!" 8Udt = (6-5)

The integral of the right-hand side of (6-4) is zero because all

of the variations are zero at both limits. Equation (6-5) is a
property of the path that satisfies the equations of motion, and
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this property furnishes a way of defining the true path of the

system.

In the special case in which the forces are conservative, i.e.,

when they can be derived from a potential energy, 8U is the

negative of the variation of the potential energy, so that

8
ft"

(T - V)dt = 8 If L dt = (6-5a)

The quantity T — Vis denoted by L and is called the Lagrangian

function or the kinetic potential of the system. The Lagrangian
function can be expressed in any convenient coordinates, and
the variation principle will still apply.

Hamilton's principle, then, states that for the motion of a

mechanical system

rt"
5
jt

, L{q 1} ?2 , . . .
, qn , qh q2 , . . .

, qn , t)dt = (6-6)

In this equation the q's represent the coordinates necessary

to specify the configuration of the system. The time appears

explicitly in the Lagrangian function only in case the forces are

explicit functions of the time, or the coordinates used are in

motion. In the simple conservative cases the Lagrangian

function depends upon the coordinates and their first derivatives

only. If, as has been assumed, the coordinates are all inde-

pendent, the treatment of the previous chapter shows that the

path is described by the set of differential equations

dtWi'dq^ (6"7)

The coordinates in the Lagrangian function may be independent
from the beginning, as in the case of the free motion of particles

under their mutual forces. On the other hand, the particles

may be constrained to move upon certain lines or surfaces.

In this case the original Sn coordinates can be reduced in num-
ber, by the use of the equations that express the constraints,

until a smaller number of independent coordinates is left. The
use of equation (6-7) as it stands implies that this latter process

has been carried out, if necessary.
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The Euler-Lagrange equations for Hamilton's principle

[equation (6-7)] are usually called simply Lagrange's equations.

They contain nothing more than was contained in the original

Newtonian equations, but they have the decided advantage

that the coordinates may be of any kind whatever. It is

necessary only to write the potential and the kinetic energies in

the desired coordinates, to obtain the equations of motion by

simple differentiation. This is usually much simpler than

transforming the differential equations themselves.

Although Lagrange's equations have been obtained here

from Hamilton's principle, they can also be obtained directly by
transformation from Newton's equations. This serves to

emphasize the fact that Lagrange's equations and Newton's

equations are entirely equivalent, and the more convenient

form should be used.

From the form of the Lagrangian function it is often possible

to obtain one or more integrals of the motion. If a particular

coordinate qs is not contained in the Lagrangian function,

equation (6-7) shows at once that

-ir— = const. (6-8)
oqs

For this reason it is usually desirable to make such transforma-

tions of coordinates that as few as possible appear explicitly in

the Lagrangian function. By this process the conservation

of momentum and of angular momentum can be established

for those systems in which they hold.

2. Illustration of Lagrange's Equation for Conservative

Systems.—To illustrate the use of equation (6-7), consider a

particle moving in a plane and attracted toward the origin of

coordinates with a force inversely proportional to the square

of the distance from it. With plane polar coordinates one has

simply

V = - - and T = % (r
2 + r 2 2

)
r 2

From this

L=T-F = f(r 2
-f r 2 2

) + -
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and the derivatives are

dL j dL a, k
-z- = mr and -=— = mrv2 — —
or or r2

which give for this equation of motion

m -T-x - mrd 2 + — =
at 2 r 2

For the other equation in the variable 6,

__ = mr2Q an(j = o
dd o6

so that this equation of motion is

»|(r.*)-0

These are the equations of motion obtained in Chap. II by the

much more laborious process of changing the variables. The
last of these is an illustration of the use that can be made of

the absence of a coordinate from the Lagrangian function.

Since 6 is not explicitly present in L, the derivative of L with

respect to 6 is a constant.

Problem 1. A mass m moves on the x axis under the influence of

the force X — —mco 2x.

a. If the motion of the particle is given by x = A sin wt, find the

time integral of the Lagrangian function from t = to t = 7r/4co.

b. Consider also the different motion given by the equation

x = A (sin wt — a sin 4co£). This motion coincides with the previous

motion at the times t = and t = 7r/4co. Find the time integral of

the Lagrangian function between the same limits for this second motion.

Problem 2. Find the differential equations of motion, in spherical

polar coordinates, for a particle attracted toward the origin with a

force that is a function of the distance only.

Problem 3. A particle moves on the surface of a sphere under the

influence of gravity. Use spherical polar coordinates, and find the

differential equations of motion.
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Problem 4. Find the differential equations of motion for a free

particle in cylindrical coordinates.

Problem 5. A particle slides along a wire bent into the shape of a

circular helix whose equation is z = ad. The particle is also attracted

toward a point on the z axis with a force proportional to the distance

from it. Write and solve the equations of motion.

Problem 6. A mass m is lying on a smooth table and is attached

by a cord of length I, which passes through a hole in the table, to a

mass M suspended beneath. Write the differential equations of

motion. If m is given an initial velocity perpendicular to the cord,

find the minimum velocity that will keep M from descending. Con-
sider M to move in a vertical line only.

3. Problems Involving Constraints.—As was stated above,

the paths with which the true path is to be compared, in apply-

ing Hamilton's principle, are those which satisfy the constraints

of the problem. In the preceding problems it has been assumed
that either there are no constraints to begin with or the number
of coordinates has been reduced until those remaining are all

independent. In the case of the particle moving on the sur-

face of the sphere, if only two angular coordinates are used,

they are independent, and so the constraint is said to have been
removed. If Cartesian coordinates are used for this problem,

an additional condition must be introduced to confine the

motion to the sphere. It is often inconvenient to reduce the

number of coordinates, and a better way is to treat the equa-

tions connecting the coordinates as auxiliary conditions, by a

method similar to that described in the previous chapter.

The relationships between the coordinates, which may
include the time, may be written in the form

<f>s(qi, 02, ...
, qn, t) = (6-9)

In the preceding chapter it was shown that such an auxiliary

condition can be taken into account by including it in the inte-

grand of the variation problem. Hence the variation principle

can be written

5 ff (L + ^ \4>.) dt = (6-10)
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The corresponding Lagrangian equations, since the <f>'s do not

contain the velocities, are

aS-(£ + I>&)- (6"n)

In dealing with equations of this kind, it is important to

remember that X is an unknown function of the time. In simple

cases it may turn out to be a constant, but this cannot be

assumed in solving the equations.

As a simple illustration of this method, consider a bead that

can slide without friction on a straight wire. Let the wire

make an angle with the horizontal whose tangent is a, and then

take the x-y axes in the vertical plane containing the wire. Let

the x axis be horizontal. Consider the force of gravity and an

attraction toward the y axis equal to k times the distance from it.

The kinetic energy is (ra/2)(z2 + #
2
), the potential energy

is (k/2)x 2 + mgy, and the equation of constraint is

y — ax — b =

The variation equation is then

5 f fe Or
2 + y

2
) - \ x 2 - mgy + \(y -ax- b)

J
dt =

From this the two differential equations of motion are

mx + kx + a\(t) =
my + mg — \(t) =

The function \(t) can be eliminated between these two equations

to give

m(x + ay) + kx + amg =

The equation of constraint gives y = ax, and therefore an equa-

tion in x alone can be written

w(l + a 2)x + kx + amg =

The solution of this differential equation is immediately obvious

as

amg
x = r— + *-[(i¥b)'H
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From the equation of constraint, y is just ax + b, and \(t)

can be determined from either differential equation.

\(0 -+tng- i^5 sin [(j^i)' * - .]

Problem 7. A mass m is fastened to one end of a string that passes

over a fixed pulley. From the other end of the string is suspended a

second pulley, and over it passes a string supporting masses Wi and ra2 .

Use Lagrange's equation involving constraints to find the motion of the

system.

Problem 8. Solve Prob. 5 by the use of Lagrange's equation with

constraints.

Problem 9. Show, by carrying out the substitutions, that equa-

tion (6-11) can be obtained by eliminating some of the independent

variables in Hamilton's principle through the equations of constraint.

Problem 10. A smooth wire is bent into the form of an inverted

cycloid. Find the motion of a particle sliding on this wire under the

influence of gravity.

4. Problems with Nonconservative Forces.—In the problems
thus far treated it has been possible to express the forces in

terms of the derivatives of a potential energy. This is not

always possible, and systems in which it is not are called non-

conservative systems. When a system is nonconservative, it is

frequently because not all the bodies that act on each other are

included as belonging to the system under consideration. In

such cases, the forces due to the neglected bodies must be
known as functions of the time and the positions and velocities

of the particles that are included.

It is possible to use Lagrange's equations in arbitrary

coordinates as equations of motion for nonconservative systems

by including a generalized force term on the right-hand side.

If the coordinates to be used are q if q2 , . . .
, qn , the work

done by the forces of the system when these coordinates are

changed by small amounts can be written

SU = Qi fiffi + Q 2 8q2 + • • • Qn 5qn (6-12)

BU has the dimensions of work; but since the q's may not all

have the dimensions of length, the Q/s will not necessarily
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have the dimensions of force. With the Q/s as denned in

equation (6-12), the Lagrangian differential equations of motion

are

stf-It-* (6"13)
dt dqi oqi

In this equation, the function L contains the kinetic energy

and the potential energy due to any conservative forces that

may be acting. The remaining, nonconservative forces are

described by the quantities Qt .

Consider a particle constrained to move in a plane under the

influence of an attraction toward the origin proportional to

the distance from it and also of a force perpendicular to the

radius vector. This latter force is inversely proportional to

the distance of the particle from the origin and has the counter-

clockwise sense. The Lagrangian function is

L = |(r 2 + r 2 2
) -|r 2 (6-14)

when plane polar coordinates are used. The nonconservative

force does work only when the angle 6 is changed and

SU = -rdd = b8d (6-14o)
r

where b is the constant of proportionality. The equations of

motion are then

mf — mrd 2 + ar =

mj
t

(r*0)=b (6-146)

This is an illustration of the way in which the variation 8U can

be defined without the necessity of having a single-valued

function U.

Problem 11. Write the differential equations of motion for a

particle moving around an attracting center and opposed by a resist-

ance proportional to the velocity.

5. Hamilton's Canonical Equations of Motion.—For many

problems the methods just described serve to put the differential
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equations of motion into the best form for integration. For
some cases, however, and especially for general considerations,
it is more convenient to use a system of Qn partial differential

equations of the first order, instead of the Sn equations of the
second order. These can be obtained as follows :

Let

dL
Pi = Mi (6-15)

Then let

H = ZpiQi - L = H(p,q,t) (6-16)

Since L is a homogeneous quadratic function of the g/s, equa-
tions (6-15) are linear in the q/s and can be solved for them in
terms of the p/s. With these solutions, the function H can be
expressed as a function of the p/s and q/s. The differential of
H can then be written in terms of either set of variables

:

I

dL
7

-dt
dtdH = ^ Vi dqi + ^ qi dVi - £g^. -^~dqi -

dH \<dH.
,
dH ,

Since the two forms of H are equal to each other for all values of
the variables, the coefficients of the corresponding differentials

must be equal. The coefficients of dq{ add to give zero because
of the definition of the p/s. There result, then, the equations

qi
dpi dqi dq{ dt ~dt

By Lagrange's equations, pt = dL/dqi} and therefore the equa-
tions are

. dH dH
qi = dpl Pi= ~Wi

(6"18)

The advantage that the Hamiltonian equations (6-18) have
over the Lagrangian equations is that they contain 6n inde-
pendent variables. All these can be transformed in the effort to
get the equations in a form suitable for solution. Transforma-
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tions of these variables that leave the form of the Hamiltonian

function unchanged are called canonical transformations.

If a canonical transformation can be found such that the

transformed Hamiltonian function is independent of one or more

of the new coordinates, an integral of the equations is immedi-

ately obvious. The momenta conjugate to the missing coordi-

nates are constant. The general procedure in solving the

Hamiltonian equations is to find such a transformation that

the new Hamiltonian function depends on momenta only.

A general method for doing this is provided by the Hamilton-

Jacobi partial differential equation, but the discussion of this

equation is too extended to be given here.

Problem 12. Show that, if the Lagrangian function does not

contain the time explicitly, the Hamiltonian function is equal to the

total energy of the system.

Problem 13. Show that, if the Hamiltonian function does not

contain the time explicitly, it is constant.

Problem 14. Write the Hamiltonian function and the equations

of motion for a simple-harmonic oscillator. Then transform to the

new variables a and <p'by the equations

= (-)
1

sin <p and p = (2raaco)* cos <p (6-19)

Demonstrate that this is a canonical transformation by showing that

the form of the equations of motion is unchanged. Solve the equa-

tion in these variables.

6. The Pendulum.—In Chap. II the simple pendulum was

treated with the limitation that only very small swings were

considered. With that restriction it was shown to have a

sinusoidal motion with a frequency independent of the ampli-

tude. However, it is also possible to treat the pendulum with-

out this restriction, and the treatment provides an illustration

of some of the methods used in more complicated cases.

Consider a pendulum composed of a mass m attached to

the end of a light rod of length a. The other end is pivoted so

that the mass can move freely in a vertical plane, in circles

around the pivot.
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a. The Differential Equations of Motion.—The differential

equations of motion can be written in various ways. The most
obvious way is to apply Newton's equations directly. Let the

origin of the coordinates be taken at the pivoted end of the rod
with the x axis horizontal and the y axis vertical. The forces

acting on the mass m will be the tension in the rod directed

along the rod and the force of gravity directed vertically down-
ward. Taking components of these forces along the x and y
axes, the equations of motion are

K
mx = x

a

K
my = — ~-y — mg

(6-20)

These are relatively simple to write down, but they contain the
tension K, which is an unknown function of the time and must
be so treated in solving the equations. The approximate
treatment, valid for small swings, consists in assuming that y is

constant so that y = 0. This gives a constant value for K
from the second equation, and the first one can be solved with
this constant K.

This is also a case in which Lagrange's equation with con-

straints can be used.

m
T = g O 2 + V

2
) V = mgy x 2 + y

2 - a 2 =

From equation (6-11), it then follows that

(6-20a)
mx — 2\x =

my — 2\y + mg =

In these equations the function 2A replaces —K/a of equations
6-20. This illustrates a general principle that the undetermined
functions X of equation (6-11) represent forces exerted by the
constraints.

The most effective use of Lagrange's equation comes when a
transformation of coordinates is made in the Lagrangian func-
tion. For the problem of the pendulum take polar coordinates
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5

(r,0) with the negative y axis corresponding to = 0. The

kinetic and potential energies can be written directly in these

coordinates or transformed from the above expressions.

m
L = ^ (r 2 + r 2 2

) + mgr cos

= r2 - a 2 =

If account is taken of the constraint, the Lagrangian function

becomes

L = -o « 2 2 + mga cos

and there is only a single differential equation of motion

+ - sin = (6-206)
a

If, instead, Lagrange's equation is used to take account of the

constraint, there is an additional equation

f - rd 2 - g cos - 2 - r =

for which X may be determined as a function of the time. Since

r = a, this leads to

6. Solution of the Equation of Motion.—It is convenient to

write equation (6-206) in the form

n ft ft

+ 2
g- sin 5 cos o = (6-21)
a Z Z

and this will be taken as the equation of motion.

The Hamiltonian momentum is

p = ma*6 (6-22)

and the Hamiltonian function is

7,2 ft

H = 2^"2 + 2raga sin2
^ - mga (6-23)
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Since this does not contain the time, it is a constant, in this

case the energy, and may be set equal to C — mga. Then it

follows that

p = 2ma° («)' (JL. _ siu2
|J

(6.24)

Some of the properties of the motion can be obtained directly

from equation (6-24). Since p must be real, only those values

Fig. 6-1.—Some phase orbits of a pendulum.

of 6 are permitted for which sin 2 0/2 < C/2mga. The limiting

case defines the maximum swing, so that the amplitude a is

given by
. a.
sm

2
= f-^-Y\2mga/ (6-25)

If C < 2mga, there exists this limiting angle a, and 6 oscil-

lates between a. and —a. In the other case (C > 2mga) the

pendulum turns clear over. Figure 6-1 shows p as a function of

6 for various values of C/2mga. The lines in this figure may
be regarded as orbits described by a point representing the

position and momentum of the pendulum. The point describ-
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ing an orbit of this kind does not move with constant velocity in

this p-6 plane. Its velocity must be obtained by further

integration of equation (6-24).

To find the period of the motion, p in equation (6-24) is

replaced by its value in terms of 0. Then

2 (^Y dt = , .
2 /0

dd
.

2 fl /ONx (6-26)
\a/ (sm 2 a/2 — sm 2 0/2)*

v '

To integrate this for the case of oscillatory motion (sin2 a/2 < 1)

let

sin 0/2
sm <p = t^ (6-26a)^ sin a/2

Then

(£)' {t - U) - /." (1 - sinW2 sin' y)» " F ($' *) (6-26fc)

This integral gives the time during which the angle <p increases

from to (pi and increases from to the corresponding value

of as given by equation (6-26a). When the integral is carried

out to <pi = ir/2, = a and the time is a quarter period of oscil-

lation. Hence, if T is the full period,

T = 4 c^y r &w Jo (1 ~ sin2 a/2 sin2 $0*

*©''&?) (6-27)

F[(a/2), <p] is an elliptic integral of the first kind whose values can

be found in tables. For a/2 —* ir/2 the period T approaches

infinity. This corresponds to the situation shown in Fig.

6-1 for C/2mga = 1. The orbit crosses the axis as a straight

line so that the representative point never actually reaches the

singular point = tt, p = 0.

If C > 2mga, the mass has enough kinetic energy at the

bottom of its swing to carry it clear around. In this case

equation (6-266) becomes

_ /2mV T dfij2
1 " U ~

V C )
a

Jo [1 - (2mga/C) sin 2 0/2]*
(b"28)
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This again is an elliptic integral of the first kind that can be

looked up in the tables. When 6 = ir, the time is that neces-

sary for a half revolution, so that if T is the time for a full

revolution

T - On (*™\* f d6/2

\C J Jo [I ~ (2mga/C) sin 2 0/2]*

= 2a *(*?) (6-29)

2.00

o
30 I50°I80° 2mga90°

Angle cc

Fig. 6-2.—Period of a pendulum as a function of its amplitude. For a pendulum that

makes a complete rotation, the period is expressed as a function of the energy.

where sin 2
/3 = 2mga/C. The value of T as a function of C/2mga

is shown in Fig. 6-2. For the oscillatory case the magnitude

of the amplitude is indicated also.

Problem 15. Obtain an approximate expression for the period of a

pendulum with finite amplitude by expanding the integrand in equa-

tion (6-27) in powers of sin 2 a/2.

Problem 16. Show that for small values of the amplitude the

orbit of the representative point in the p-d plane is an ellipse and that

for the limiting case of a = ir the orbit is such that p is proportional to

cos 6/2.

Problem 17. Show that in the limiting case of C/2mga —» <*>

the period given by equation (6-29) is just that to be expected when
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gravity is neglected and the pendulum turns uniformly with its initial

angular velocity.
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CHAPTER VII

THEORY OF VIBRATING SYSTEMS

In Chapter IV the vibrations of some systems of two and
three degrees of freedom were studied and were expressed in

terms of normal coordinates. In this chapter a similar treat-

ment will be given to some systems of many degrees of freedom

and to continuous strings. These last may be considered as

vibrating systems with an infinite number of degrees of freedom.

1. General Theory of Normal Coordinates.—Because

Lagrange's equation can always be used as the form of the

equations of motion, the problem of treating a general vibrating

system starts with the problem of writing the kinetic and
potential energies. A vibrating system will have some position

of equilibrium, and it is usually convenient to take the coordi-

nates in such a way that they are all zero when the system is

in its equilibrium configuration. The potential energy can

then be expressed as a Taylor's series, which will be a power
series in these coordinates. The constant term in this series

can be set equal to zero by so defining the energy that it is zero

in this equilibrium position. The coefficients of the first powers
of the coordinates will be the first derivatives of the potential

energy with respect to the coordinates. These will be zero,

because the configuration is one of equilibrium. The first

coefficients, then, different from zero, are those of the quadratic

terms, and they will all be positive if the equilibrium is stable.

If all the forces are harmonic, there will be no higher derivatives

;

and, in general, if only small displacements are considered, the

higher terms can be neglected. Hence the potential energy

will be a quadratic expression in the coordinates that, if the

equilibrium is stable, will be a positive definite expression,

i.e., it will never be negative and will be zero only when all

the coordinates are zero. It will also be possible to write the
120
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kinetic energy as a positive definite quadratic expression in

the time derivatives of the coordinates.

It is shown in works on algebra that it is always possible to

reduce any two positive definite quadratic expressions to a

sum of squares of quantities which are linear combinations of

the original variables. Hence, it will always be possible to

find such linear combinations of the originally selected coordi-

nates that the kinetic and potential energies can be written as

sums of squares of these combinations and their time deriva-

tives. The linear combinations for which this is true are the

normal coordinates of the problem. Thus it is always possible

to find normal coordinates for any system whose potential

energy can be expressed as a homogeneous quadratic function

of the coordinates.

Problem 1. Show that, if the potential energy of a system is a

sum of squares of the coordinates multiplied by constant coefficients

and if the kinetic energy is a similar sum of the squares of the time

derivatives of the coordinates, the differential equations of motion

are those for simple-harmonic motion.

Problem 2. Write the exact expression for the potential energy of

the system of two coupled pendulums connected by a spring, and

show how it satisfies the various conditions presented in the above

discussion of vibrating systems.

The methods of reducing the expressions for the potential

and kinetic energies to sums of squares are in essence just the

methods of Chap. IV.

2. Vibrations of a Loaded String.—In many cases the

actual determination of the normal coordinates is a difficult

matter because of the necessity of solving an algebraic equation

of high order to find the normal frequencies. One case, how-

ever, which can be treated is that of a number of similar particles

uniformly distributed along a string. This problem was first

treated by Lagrange and is of especial interest because of the

fight it throws upon the vibrations of a continuous string.

The system consists of n particles, each of mass m, uni-

formly distributed along a string of length (n + l)a. Let T

be the tension in the string. This tension is assumed to be
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the same at all points of the string and to be unaffected by the

small displacements of the particles. The string is to be fas-

tened at the end points and to have only a negligible mass.

Let yr be the displacement of the rth particle in a direction per-

pendicular to the string. All the displacements are to be taken
in one plane. The differential equations of motion can be
written down directly by considering the component of the

-a -4*- a >j

Fig. 7-1.—Specification of the coordinates used in describing the positions of the masses
on a loaded string.

tension directed downward as shown in Fig. 7-1. The rth

mass is pulled toward the axis by the force (yr — y^T/a due
to the tension on the left and by the force (yr

— yr+i)T/a due
to the tension on the other side. Hence

d2
y, T

1& = ^Tn (^-1 ~ 2Vr + Vr+l)
dt ma (7-1)

This equation can also be written down from the kinetic and
potential energies.

Problem 3. Write the Lagrangian function for a stretched string,

and show that it leads to equation (7-1). The potential energy can
be taken as zero when all the particles are in a straight line and to be
due to the work done in stretching the string against its tension.
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The set of differential equations can be treated as in Chap.

IV by substituting yr = A re
iat

. For the first equation this

leads to

(_
maco 2\ .

2
t~) Ai -^.2 = (7-2o)

since y represents the displacement of the fixed end of the

string and is zero. The next equation is

and the last equation will be

-An-! + f 2 Y~) A " =

since again, yn+1 must be taken as zero. The equation for the

normal frequencies is then

(7-26)

(7-2c)

c -1
-1 c -1

-1 c -1
-1 c -1

-1 c

= (7-3)

(n rows and
columns)

where

C = 2 -
maco2

For n = 1 the equation is simply C = 0. This gives the

frequency of a single particle at the center of a stretched string.

"
2T

(7-4a)or ma

For n = 2, C2 --1 = 0, and the values of w 2 are

2
T V
ma (

2
3M
ma 1

(7-46)
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For n = 3, C(C2 - 2) = so that

Wl2 = (2 - V2)—ma
2T7

co 2
2 = — > (7-4c)ma ' v '

<o 3
2 = (2 + V2) —v y ma

These solutions for small values of n are obtained by simply

expanding the determinant. In general, equation (7-3) is of

the nth degree in C, but because of its symmetrical form it can

be solved by a suitable change in variable.

For any value of C the determinant has a value that depends

upon C and upon the number of rows and columns in the deter-

minant. There is nothing else upon which this value can
depend. Let the value of the determinant with n rows and
columns be Dn , and let Dn-i, Dn-2 , etc., be the values of the

corresponding determinants with the smaller numbers of rows
and columns. These quantities, Dn , Dn-i, etc., are all functions

of C. Then, by expanding the determinant Dn in terms of the

elements of its first row, there can be obtained a relationship

between the determinants of the different orders.

Dn = CDB_i - D„_2 (7-5)

While evaluating the determinant, C is considered as a constant.

This equation connects the values of determinants of different

orders for the same value of C. The definition of C shows that

it must always be less than 2, and consequently a possible sub-

stitution may be C = 2 cos 6, where is a new quantity defined

by this relationship with C. If it can be shown in the end that

the n different roots of equation (7-3) lead to values of C greater

than —2, the substitution will be justified. With this sub-

stitution equation (7-5) becomes

Dn = 2 cos QDn-i - Dn-2 (7-6)

This is a difference equation for D as a function of n, and its

solution is

Dn = D sin (n + 1)6 (7-7)
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The solution of a difference equation is similar to that of a

differential equation in that it contains arbitrary constants.

The quantity D in equation (7-7) is an arbitrary constant that

can be evaluated from the known value of D\. Since

Di = D sin 20 = C = 2 cos 6
it follows that

D = -r±s (7-8)
sin

and

= rin (« + 1)9

sin

Equation (7-9) gives the value of the determinant in terms of

the quantity 0, which is a known function of C, and hence the

value of the determinant is given in terms of C.

From equation (7-9) it is evident that the values of for

which the determinant is zero are

e. =^ (7-10)

and hence the corresponding values of C are

C8
= 2 cos-^ (7-11)

n + 1

In equations (7-10) and (7-11) s is an integer that can take any

value from 1 to n. There are thus n different values of C and

correspondingly n different frequencies with which the system

can vibrate. These different frequencies will be designated by

the subscript s.

ar0—m) (7-i2)cos
2 =

ma

Since equation (7-3) has just n roots, it is clear that all the

roots have been found and it is not necessary to investigate

further the generality of the substitution for C or of (7-7) as a

solution of (7-6).

Problem 4. Show by substitution that equation (7-7) is a solution

of (7-6) for any value of D.
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Problem 5. Show that the normal frequencies for the cases of

one, two, and three particles are given by equation (7-12).

After the frequencies are known, the next step is to solve

the equations for the relative amplitudes A r . The first two

and the last of these equations are given by (7-2a), (7-26), and

(7-2c). The general equation is

-A*.! + CAr - Ar+i = (7-13)

This has just the form of equation (7-6) and therefore a similar

solution. The difference lies in the boundary conditions,

which require that A = An+1 = 0. If Ar
(s)

is the amplitude of

the rth particle when C = Cs ,

Ar
w = A^ sin—~1 and £r

<8 > = B^ sin—^ (7-14)
w + 1 n -f 1 '

The quantities -Br
{s) are the coefficients used with the negative

cos in the exponent. The 2n arbitrary constants Aw and Bm
provide the necessary number of arbitrary constants for a gen-

eral solution.

Problem 6. Write the general solution of the problem of three

equal masses on a stretched string.

Problem 7. In the case of three particles, evaluate the arbitrary

constants in terms of the initial conditions when all the particles start

from an initial displacement with zero initial velocity.

3. Normal Coordinates of a Loaded String.—With the

values of the coefficients given in equations (7-14) the general

solution of the set of differential equations can be written

n nXTSTT \^
A^ sin

j

e
w + > J3<"> sin

n

\ A TSTT
= > sin

1
[A<s)

ew + Bc«)e-*»««]

rsir
—,—r e,

—iu>st

^ sin ^fj Ys (t) (7-15)

8=1
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The quantities Ys (t) are functions of t only and are the normal

coordinates of the system. From their dependence on time it

appears that they satisfy the differential equation

^ + cos
2Fs = (7-16)

To express the kinetic energy in terms of these normal

coordinates, equation (7-15) must be differentiated, squared, and

summed over all values of r.

n n

V V •
TS^ • rCrK T> <7 1*1 -i*1\

yr° = ll sm ^T-i
sm ^TT Y-Y-

(7"17)

s = l <r = l

Then the kinetic energy

m O V* V^ . tstt . r<rir

n n n

rn \~\ rn

T
*..

r = 1 r=ls = l<r = l

ra V , m V V V •
rS7r

•
r<nr

-i> v=
2 1,

Vr
2 2/ 2/ 2/

sm ^+i sm ^Ti FsF*

mn + xx- Tv,
(7_18)

2 2 -l*
The sum over r in this equation gives zero except when a = s so

that only squares of the normal coordinates are left. In a

similar manner it can be shown that the potential energy

n

V = m(n
4

+ 1} V cos
2Fs

2 (7-19)

s = l

as is required of normal coordinates.

To express the normal coordinates in terms of the yr's,

multiply each yr by sin r<nr/(n + 1), and add them all together.

Then from equation (7-15)

.t^-m-S^m^m^ (7"20)

r =l r=l s=l

'

-
n
~V^ Y.{t)
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Here again, use is made of the fact that

Z/
"x" n + 1

"iXX
n + 1

r= l

rsir . raw
sin —-r-T sin—;—tt = when s ^ a

n

I
r = l

rsir . rcrir n + 1
sm ^+-i sm ^+i = ~^r when s = *

(7-21)

Problem 8. Illustrate equations (7-21) for the case n = 3.

Problem 9. Prove equations (7-21).

4. Forced Vibrations of a Loaded String.—If one of the
masses on a string is subject to an external force, the motion of

the system can still be described in terms of the response of

the normal coordinates. Let particle p be acted on by a force
Fp sin ait. The differential equation containing d 2

yp/dt
2 will

contain this force, but the others will remain as in equation
(7-1). If now each equation is multiplied by sin rsir/(n + 1)
and they are added together, the result is

~~2~ \W + C0s27
v

= Fp sin
^TFi sin ^ (

7~22)

The solution of this equation was worked out in detail in Chap.
IV. It can be concluded immediately that the response of a
normal coordinate Ys to a force applied to particle p is propor-
tional to sin psir/{n + 1). In the case of three particles and a
force applied to the center one, the normal coordinate with
s = 2 will not respond at all.

Problem 10. Consider three particles on a string with a sinusoidal
force applied to the central particle. Find the motion of each of the
particles as a function of the frequency of the force, and show that
there is a frequency at which the central particle does not move at all.

5. Approximation to a Continuous String.—If the length of
the string is held fixed and the number of masses is increased,
the loaded string approaches the string in which the mass is

uniformly distributed. The various quantities pertaining to
the loaded string also approach the corresponding quantities for
the uniform string. Equation (7-15) for the displacement of a
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particle can be expressed in terms of the distance of the particle

from the end of the string, rather than in terms of the number

r of the particle. This distance is x = ra, and the length of

the string is (n + l)a. Furthermore, the time dependence

of the normal coordinates can be expressed in terms of an

amplitude and a phase angle so that

n

y(x,t) = > Aw sin^ cos (ust
- es) (7-23)

s = l

Although this expression has a definite magnitude for all values

of x, it has significance for the loaded string only when x repre-

sents the position of a particle.

Problem 11. Show that co8 is proportional to s when s/(n + 1) is

small.

Problem 12. Show that if the length of the string is held constant

and n is increased, equation (7-1) approaches

dJy^TdJy (7_24)
dl* p dx2

where p is the mass per unit length and y is the displacement, as a

function of the time, of a point on the string whose coordinate is x.

6. Normal Vibrations of a Continuous String with Fixed

Ends.—The above problems show the way in which both the

differential equation and the solution for the loaded string

approach those for the continuous string as the number of

particles increases. It is possible also to treat the string as

continuous from the beginning. By considering the force on an

element of length as the sum of the tensions from the elements

on either side, the equation of motion can be derived in the

form of equation (7-24). The procedure in this derivation is

really no different from that of obtaining the equation for the

loaded string and passing to the limit. The use of elements

and derivatives is essentially this process of passing to the

limit. This one partial differential equation is equivalent to

the infinity of ordinary differential equations that would be

necessary if a different equation were written for each point
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on the string; and in fact it is this infinite set, since for each
value of x it is an ordinary differential equation in y as a function

of t.

In solving the problem with discrete particles, a substitution

was made to find a solution in which all the particles would
vibrate with the same frequency but with different amplitudes.
The sum of all such particular solutions, each multiplied by an
arbitrary constant, then gave the general solution. The
procedure for solving the partial differential equation is just

the same. In this case, however, the different amplitudes must
be expressed as functions of the coordinate x rather than of a
discrete index. Hence the substitution will be made in the form

y=f(x)4>(t) (7-25)

When this is substituted in the partial differential equation,
the result is the equation

V = J 7 (7"26)

The left-hand side of this is a function of t only, while the right-

hand side is a function of x only. These two sides can be equal
to each other for all values of t and all values of x, only if each
side is a constant. Let this constant be —p. Equation (7-26)

is then equivalent to the two equations

w = -V 4> and -^ = -p ff (7-26a)

The solutions of these equations are simply those for simple-

harmonic motion. When they are multiplied together to give

the expression for y, the result is

y = ( C sin J^ x + D cos J^- xj

(A sin Vpt + B cos Vpt) (7-27)

Equation (7-27) gives a value of y that will satisfy the partial

differential equation for any values of the five constants A
,

B
, Co, Do, and p. Of the first four, only three are independent
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as can be seen by combining the sine and cosine into a single

trigonometric function with a phase constant. However, in

addition to the differential equation, it is necessary to satisfy

the boundary conditions. The problem provides that the ends

of the string are fixed so that their displacement is always zero.

Hence, y = for x = and x = L, for all values of the time.

This requires then, either that <f>
shall be zero at all times,

which is a trivial case, or else that f(x) shall be zero at the end

points. When x = 0, sin Vpp/Tx is zero for all values of p,

but cos Vpp/Tx is not zero for any value of p. Hence the

boundary conditions can be satisfied only by making D = 0.

To satisfy the condition at the other end, it is necessary that

sin Vpp/TL = 0. This is true only for certain values of p,

which are given by the equation

V4 =^ (7-28)

where n is an integer. The second factor in (7-27) shows that

these values of p determine the frequencies with which the

system can vibrate. Hence this continous system can vibrate

with only a discrete set of normal frequencies just as systems

of discrete particles can vibrate with only certain normal fre-

quencies. The final result can be written

yn = sin -j- [A n sin J— -j- t + Bn cos ^|— j- tj (7-29)

where An and Bn are the arbitrary constants that determine the

amplitude and the phase of the vibration.

Equation (7-29) gives a particular solution of the problem.

In addition to being a particular solution this is also a solution

that represents a normal vibration, since all parts of the string

vibrate in phase. The time-dependent part of (7-29), or the

function <f>n, may be considered as a normal coordinate of the

system. Each normal coordinate is associated with one of the

permitted values of p and may be designated by the integer n

that fixes p. Since there is no limit to the number of possible

values of p, there is no limit to the number of possible normal
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coordinates. This is as it should be, since there is an infinity

of particles in the string and an infinity of coordinates is neces-

sary in order to locate them all. These normal coordinates

have the properties previously tabulated for such quantities.

The differential equations governing their variation are those
for simple-harmonic motion, such as the first of (7-26a). It is

also possible to set one into motion independently of the others

as in the solution (7-29). The manner in which the energy of a

string can be expressed in terms of the normal coordinates will

be treated later.

7. General Solution and Evaluation of Constants.—Equa-
tion (7-29) is a particular integral of the partial differential

equation that describes the motion of the string. To get the
general solution it is necessary to add all the particular solutions,

each multiplied by suitable arbitrary constants. These arbi-

trary constants are the An and the Bn of equation (7-29). Hence
.the general solution is

sin -£- ( A n sin J— -jj t + Bn cos J— -j- t) (7-30)

n = l

This solution contains an infinity of arbitrary constants, which
must be determined from the initial conditions. As initial

conditions there can be given the position and the velocity of each
point. These can best be given as functions of x. Suppose that,

at t = 0, y = g(x) and yQ = h(x). It then follows from (7-30)

that
00

„ . nirx
Bn sin -t—

and
) (7_3i)

^x) =
4jlY, nA

. nirx
sln T

= 1

If it is possible to find such values of An and Bn that these

equations are satisfied, the arbitrary constants will have been
determined.



THEORY OF VIBRATING SYSTEMS 133

The problem of finding the coefficients is thus reduced to

the problem of expressing the arbitrary functions g(x) and h(x)

as sums of sines and of finding the coefficients in these sums.

These functions g and h are also subject to the condition that

they are zero at x = and x = L. The theory of Fourier

series gives the method for finding the coefficients. To find

the coefficient Br , multiply both sides of the first of equations

(7-31) by 7r/L sin rirx/L dx, and integrate between and L.

00

L L g{x) sm
-L

dx= zlf Bn
Jo

Sm
"IT

smT dx =
2
Br

n = \

This gives

L f
L

g(x) sin^ dx (7-32)Br = T

The values of An can be determined in a similar way.

Problem 13. Explain and justify the steps leading to equation

(7-32).

Problem 14. Evaluate the constants A n 'm. equation (7-30) in terms

of g(x) and h(x).

Problem 15. A stretched string is displaced to the position given

by y = D sin 3irx/L and let go with zero initial velocity. Find the

subsequent motion. Is this a normal vibration?

Problem 16. A stretched string is pulled aside at the center to a

distance d and then let go. Find the subsequent motion.

Problem 17. A string is struck so as to give an initial velocity v

to the central portion for a distance s on each side of the center. Find

the subsequent motion.

8. The Energy of a Vibrating String.—The kinetic energy

of a vibrating string is simply the sum of the energies of all the

elements of length. Hence

2T = ll»W dx (7"33)

The potential energy can be obtained as the limit of the

expression for the potential energy of the loaded string, as the

number of particles increases. To find the energy of the loaded
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string, it is convenient to consider the string first in the equi-

librium position. Then the first particle is moved to its desired

position, and all the other particles are moved at the same time

to a displacement equal to that of the first particle. The work
done in making these displacements can easily be determined.

The only force on the first particle is due to the first segment of

string, while the only force on the last particle is due to the last

segment of string. The other particles experience no force.

The second to the last particles are then moved to the desired

position of the second particle. In this process, only the second

and the last segments of string exert any force, and the work
done can be easily calculated. By a continuation of this

process the particles can all be put into their desired positions,

and the amount of work necessary can be calculated. The
result gives for the potential energy

n+ l

V =
Ya X {Vr " Vr-l)2 (7'34)

In this expression T is the tension, y represents the displacement

of one fixed end of the string, which is, of course, zero, while

yn+i represents the displacement of the other end of the string,

which is also always zero. The inclusion of these two zero dis-

placements makes the notation a little simpler.

In the limit in which the number of particles becomes infinite

and the string becomes uniformly loaded, equation (7-34)

becomes

V = ^fo(W dX (7~34a)

Problem 18. Express the potential energy of a loaded string as

given in equation (7-34) in terms of normal coordinates Ys .

Problem 19. Express the potential energy of a continuous

stretched string in terms of the normal coordinates 4>n .

9. Forced Vibration of a Continuous String.—The problem
of forced vibrations can be treated by analogy with the case of a
loaded string and in terms of normal coordinates. Let a sinu-

soidal force be applied to a string with an amplitude that depends
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on position. It may then be written F(x) sin cat. The function

F(x) specifies the way in which the force is distributed over the

string. For a force applied at a single point, F(x) is zero except

at the point of application. If a more complicated dependence

on the time is involved, it can be built up of a series of sine

functions.

The differential equation of motion of the string is then

'0- rB sssF(x)sinw' (7'35)

If the solution is to be expressed in terms of the normal co-

ordinates,

y = \ sin -^— 4>n (7-35o)

» = i

Substituted in the differential equation, this leads to

00

T L$n +^ T<f>n) sin ~- = Fix) sin at (7-356)

» = i

If now both sides of the equation are multiplied by sin sirx/L

and integrated from x = to x = L, only one term of the sum
gives an integral different from zero and it follows that

S 2
7T

2 2 f
L STTX

P$s + -jr T<t>s
= j / F(x) sin -j- dx sin ut (7-36)

This shows that the normal coordinate 4>s will be forced to oscil-

late with the frequency co. Damping has not been considered

in this problem, but it will have the usual effect of causing the

transient motion to die out and the steady state to be only an

oscillation with the frequency of the force. The steady-state

oscillation of each normal coordinate will have an amplitude

proportional to the integral on the right-hand side of equation

(7-36), which is just the coefficient in the Fourier-series expansion

of the function F(x).

Problem 20. Find the steady-state motion of a stretched string

acted on by a force distributed as sin irx/L and varying sinusoidally
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with a frequency much lower than the fundamental natural frequency

<a\.

Problem 21. Show that a force applied at a point P of a string

will not stimulate normal vibrations having a node at P.

10. Expansion of Functions as Series of Orthogonal Func-
tions.—According to equation (7-30) the shape of a string at

any time is given by a series of sines of multiples of x in which

the coefficients are functions of the time. At the particular

time t = the coefficients are simply the B's. At other times

the coefficients are combinations of the A's and the B's. The
significance of this statement is that any function y(x), which
represents a possible displacement and position of the string,

can be represented as a series of sine functions of x. This is

merely a special case of the expansion of functions in series of

orthogonal functions. The evaluation of the constants in such

a series depends upon the property of the orthogonality of

certain groups of functions.

Two functions R\{x) and R2 (x) are said to be orthogonal to

each other in a certain range of the independent variable

a < x < b if / RiR2 dx = 0. If in a certain set of functions

Rx, R2 , . . . , Rn , • • • , each of the functions is orthogonal to

all the rest, the functions are said to form an orthogonal set.

If there exists no function, except zero, that is orthogonal to

all the members of the set, the set is said to be a complete ortho-

gonal set. With certain restrictions, which are usually of little

importance in physics, any arbitrary function can be expressed

as a series of the functions of a complete orthogonal set, with
suitable coefficients.

A function can be normalized by multiplying it by a con-

stant. When it is normalized f Rf dx = 1. Hence a set

of normalized orthogonal functions has the property that

J.
RiRj dx = Sa (7-37)

The quantity 8$ is a function of the subscripts. It is equal to

1 when i = j and is equal to otherwise.
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The orthogonality is essential to the determination of the

coefficients in a series, while the normalization is convenient.

Let

F(x) = AxRx + A2R2 + ' • ' AnRn + ' ' ' (7-38)

where the R's are the members of a complete set of normalized

orthogonal functions. To determine the value of the coefficient

An, multiply both sides of this equation by Rn , and integrate

between the limits a and b. Then, because of the normaliza-

tion and the orthogonality,

An =
f"
Rn(x)F(x)dx (7-39)

Thus the coefficients can always be determined by a single

integration. The investigation of the convergence of these

series is too elaborate to be undertaken here.

Between the limits and it the functions sin nx, with n

integral, form a complete orthogonal set. The functions

cos nx form a similar set. Between the limits —t and x, the

combination of these two sets gives a complete orthogonal set.

A series of such functions, valid between — ir and x is called a

Fourier series, after its inventor.

There are many sets of orthogonal functions. One is formed

of the functions Hne-
X^2

, where the Hn's are the Hermite poly-

nomials. These polynomials are

Hn = (2s)» -
n(n ~ 1}

(2s)—

+ n(n - l)(n - 2)(n - 3) {2x)n_ 4 . . .

(?_4())

As given in this form the functions are not normalized. They

can be normalized by dividing by the square root of the integral

of the square of the function from negative to positive infinity.

These functions are orthogonal for the whole range of the

variable x from — °o to + °°

.

Problem 22. Expand the function y = x, in a series of sines

between x = and x = t.
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Problem 23. If the function y(x) is such that y = for values of

x between — -k and and y — x for values of x between and w, find

the Fourier series for y(x).

Problem 24. Normalize the orthogonal functions that involve the

Hermite polynomials for n = 0, 1, and 2. Find the first two coeffi-

cients in the expansion of y = e~~
x2 in terms of these functions.

11. Vibration of a Nonuniform String.—The problem of

determining the vibration of a nonuniform string may be taken

as an example of a large class of vibration problems that are

more complicated than those thus far treated but about which

something can be learned by comparison with the simpler

problems. The partial differential equation of the motion is

This differs from equation (7-24) in that the density p is not a

constant but is a function of x. To find the normal vibrations

one proceeds in the usual way with the substitution y = f(x)<f>(t).

Substitution in the differential equations and the separation of

the variables give

^F = -V<t> (7-41a)

|s=-fp(*)/ (7-416)

The period of vibration of cf> is given by the constant p, and p
must have such a value that there exists a function f(x) which

satisfies the differential equation (7-416) as well as the boundary
conditions. Equation (7-416) is an example of the Sturm-
Liouville type of equation. It has no simple solution for an
arbitrary density p(x), but a number of its properties can be

determined with relative ease.

Since the density is always positive, the differential equation

shows that the second derivative of / will always have the oppo-

site sign to / itself. This means that the curve will always be

concave toward the axis so that the function will cross the axis

at a number of points. If p = 0, the only value of / that can

satisfy the boundary conditions is y = 0. This is, however, a



THEORY OF VIBRATING SYSTEMS 139

trivial solution. If then the value of p is allowed to increase,

the roots of the function come closer and closer together until,

if the function starts from the origin, the first positive root

coincides with the other end of the string. This is then the

smallest value of p that satisfies the conditions of the problem.

It gives the frequency of the fundamental vibration. As p

is again allowed to increase, there comes a value for which the

second root of / will coincide with the end of the string. The

process can be continued indefinitely to show that there is an

infinity of discrete values of p which satisfy the conditions of

the problem. In principle they could be determined by graphi-

cal integration and interpolation.

It is also possible to show that the various functions f(x),

when multiplied by p*(x), form an orthogonal set. Let /» be the

function associated with the value pi of p, and let ft be the func-

tion associated with the value pj. The differential equation for

fi is multiplied by//, the differential equation for// is multiplied

by/*, and the difference between the two equations is integrated

between x = and x = L. The integral of the two terms con-

taining second derivatives is equal to zero so that

(Vi - Pi) J
L
p(xM*)fi(x)dx = (7-42)

This shows that the functions are orthogonal unless pt = p^

For this case the integral can be made equal to 1 by suitable

normalization. This is a general method of proving the ortho-

gonality of functions from their differential equations.

Problem 25. Carry through in detail the proof of equation (7-42).

Problem 26. Use the method just indicated to show that the

sines and cosines of integral multiples of the independent variable are

orthogonal functions between —x and ir.

Problem 27. The differential equation for the Hermite poly-

nomials is

^ _ 2x ^= + 2nHn = (7-43)

From this show that the functions Hne~
xi/2 form an orthogonal set.
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Since the functions fj(x) in equation (7-416) must be zero

at both ends of the strifrg, they are adapted to an expansion in a
series of sines. Let

00

XTTTXAJ sin -£- (7-44)

r = l

The coefficients in this expansion must then be determined from
the differential equation. When the series is substituted, the
result is

oo oo

X AJ (i£) sinx - 1

X

AMx) sint =
° (7"44a)

r=l r=l

If this equation is multiplied by sin sirx/L and then integrated
from x = to x = L, the result is

oo

(S 2
7T

2\ V \^ i f^ T7TX STTX

2lJ ~ t 2j
Ar*

Jo
P^ Sin

~L
sinX dx = ° (

7_446
)

r = l

An equation of the form of (7-446) can be obtained for every
value of s, so that one has a set of simultaneous equations for

the determination of the constants AJ. These equations
will be compatible only for those values of p that make the
determinant of the coefficients equal to zero. Each value of p,
say pj} has associated with it a set of values of the coefficients

designated by the superscript j. Since there is an infinity of
equations and each equation contains an infinity of terms, the
determinant has an infinite number of rows and columns.
Although a general treatment is not possible, it is possible to
find approximate solutions for certain special cases.

In some cases the density can be expressed as a constant
density plus a variable part. Then, if p(x) = p + <r(x),

equation (7-446) becomes

00

A 3
- AV 2 pLp \ PV A j f

L
, v • rirx . stx .

8 \2L 2T~ )
~ T 2j I

a ^x'
sm

~L
sm

~T~
=

r = l

(7-44c)
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If a{x) is small compared with p , an approximation to the fre-

quencies can be obtained by neglecting all except the diagonal

terms of the determinant. This is equivalent to neglecting

quantities of the order of (a/p) 2
.

Problem 28. A small mass m is attached to the middle point of a

vibrating string. Find the first approximation to the frequencies of

vibration.

Problem 29. Show that a small mass attached to any point

on a vibrating string will not affect the frequencies or the forms of

those normal modes of vibration which have a node at the point of

attachment.

12. The Variation Problem for Normal Vibrations.—Some
useful results can be obtained from the treatment of equation

(7-416) as the differential equation for a variation problem.

If it is required to find the form of f(x) that gives the integral

a stationary value, while

S =
^ f

L

p(x)
-f2 dx = 1 (7-45a)

the Lagrangian equation becomes just equation (7-416) . Hence,

if some other method of solving the variation problem can be

found, the result is a solution of the differential equation.

Furthermore, by multiplying equation (7-416) by f{x) and

integrating between the limits x = and x = L, it can be shown
that the integral / gives the value of p.

Although it is not easy to get an exact solution of the varia-

tion problem, it is possible to get an upper limit for the smallest

value of p by this method. Since the lowest value of p cor-

responds to that function f(x) which makes the integral in (7-45)

a minimum, it is evident that the substitution of any other

function in the integral will give a value of p greater than the

true minimum value. Hence, it is possible by the trial of

several functions to find the one that gives the lowest and,

hence, best value of p. One method is to take a function that
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depends upon one or more parameters, and then by differentia-

tion with respect to the parameters to find those values which
give the lowest frequency. By a judicious selection of the func-

tions taken for trial, a very good approximation can be obtained

to the lowest or fundamental frequency.

Problem 30. Show that the Lagrangian equation for the variation

problem of equations (7-45) and (7-45a) is the differential equation

(7-416).

Problem 31. Show that the integral / of equation (7-45) is equal

to the corresponding value of p.

Problem 32. Consider a stretched string with a mass m attached

to its center point. Assume that the function f(x) for the fundamental
mode of vibration has the form

fix) = 1 (?)'

on the positive side of the origin, which is taken at the center, and is

symmetrical about the center. Find the value of n that gives the best

approximation to the frequency. Compare this result with the exact

result in the case where rn = 0.

13. Traveling Waves in a String.—Thus far the problem of

a vibrating string has been treated from the point of view of

normal coordinates, which represent a vibration of the whole
string. It is also possible to treat the propagation of disturb-

ances along the string. The general solution of the partial

differential equation (7-24) can be written

y = Fi(x - vt) + F2 (x + vt) (7-46)

This solution is similar to that in equation (7-27) since it satisfies

no particular boundary conditions. The constant v is equal to

(T/p) h
, while Fi and^2 are arbitrary functions of their respective

arguments. The generality of the solution is indicated by
the appearance of arbitrary functions instead of merely arbi-

trary constants such as occur in the solutions of ordinary dif-

ferential equations. The solution represents a disturbance of

the form of F x moving toward the positive values of x with the

velocity v and another disturbance of the form of F 2 moving with
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the same velocity in the opposite direction. If the ends of the

string are so far away that the disturbances cannot reach them

during the time in which the behavior of the string is observed,

the ends may be neglected and the string treated as infinite.

The description in terms of traveling waves is more suited to

this case than that of normal vibrations.

The traveling-wave point of view can also be used when

boundary conditions must be satisfied. If it is required that the

string be fastened at x = 0, the solution (7-46) must be sub-

jected to the restriction that Fi(-vt) = —F 2 (vt) for all values

of t. If, in addition, it is required that the other end of the

string at x = L is to be fixed, the functions F\ and F2 must be

periodic with the period L. When subject to these conditions,

the general solution is such that it can be interpreted as repre-

senting a disturbance reflected back and forth between the ends

of the string.

Although the functions Fi and F 2 are perfectly arbitrary,

they can be expressed, over any finite range of the independent

variable, as Fourier series. On this account it is sufficient for

many purposes to study the behavior of sinusoidal waves of

the form

2-7T 27T

y = siny - vt) and y = siny (x + vt) (7-47)

The constant X is called the wave length, since at a given time,

if x changes by X, the argument of the sine changes by 2ir. It

is clear in a similar way that v/\ is the frequency with which

any point of the string vibrates.

Problem 33. Show that in a string of length L the solution

y = A sm y- (x — vt) + A sin y- (x + vt)

where n is an integer, satisfies the boundary conditions. Express this

solution in the form of equation (7-30), and determine whether it

represents a normal vibration.

Problem 34. Consider a stretched string of infinite length whose

density has one constant value for negative values of x and another
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constant value for positive values of x. Assume that a train of waves
of the form (7-47) comes from the negative x axis and is partly reflected

and partly transmitted at the discontinuity. By applying the condi-

tions arising from the continuity of the string, match the solutions on
the two sides of the origin, and determine the relative amplitudes of the

transmitted and the reflected waves.
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CHAPTER VIII

VECTOR ANALYSIS

In the study of a physical problem it is usually necessary to

establish a system of coordinates in which the various material

bodies can be located. The positions of the bodies, expressed

in terms of these coordinates, are then the variables in the equa-

tions that state the laws of physics. Although these equations

contain explicit reference to the coordinates used, it is difficult

to believe that the relationships expressed should depend upon

the coordinates in any essential way. The laws of physics

should be relationships between physical things, and these

relationships should be true regardless of the language used to

state them. In fact, it has long been taken as an axiom that

the laws of physics must be expressible in a form that is the

same for all systems of coordinates.

The treatment of Hamilton's principle, in Chap. VI, has

shown one method of expressing the Newtonian laws of motion

in a form independent of any particular system of coordinates.

The use of vectors is another way in which this object may be

attained. A vector is independent of any particular coordinate

system and can be used for the representation of physical

quantities.

1. The Definition of a Vector.—Many physical quantities are

of such a nature that they cannot be completely specified by

single numbers but require in addition the specification of

directions. For example, although a mass is completely given

by a single number, a force is not completely, defined until both

its magnitude and direction are known. Quantities of this

kind, such as force, velocity, or momentum, are called vector

quantities. Quantities such as mass are called scalar quantities.

A vector can be defined as a line whose length and direction

represent the magnitude and direction of a vector quantity. To
145
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represent the direction unambiguously it is necessary to dis-

tinguish between the origin and the end of the vector. A vector

will be regarded as unchanged when it is moved parallel to itself.

If the point of application of a force is of importance, this is

regarded as an additional specification, and not as a property

of the vector.

A vector can be multiplied by a scalar to give a vector whose

direction is that of the original vector but

whose magnitude is the original magnitude

multiplied by the scalar. Multiplication by
— 1 interchanges the origin and the end.

Multiplication by a negative scalar is equiv-

alent to multiplication by — 1 and then by the

absolute value of the scalar.

Two vectors are equal when they have the

same magnitude and the same direction. A
vector equation always implies this kind of

equality between its two sides and so contains

more information than does a scalar equation.

If a vector is equal to zero, its length is zero

and its direction is indeterminate.

Vectors will be designated by letters in

boldface type, and the magnitude of the vector

will be represented by the same letter in

italics. Thus xa. designates a vector whose

direction is that of a and whose magnitude is xa.

2. Addition of Vectors.—The addition of vectors is so defined

as to satisfy as many as possible of the laws of addition of scalars

and also to be useful in representing physical relationships.

To add two vectors the origin of the second vector is placed at

the end of the first. The sum is then the vector whose origin

coincides with the origin of the first vector and whose end coin-

cides with the end of the second. Figure 8-1 illustrates this

relationship. These three vectors clearly lie in the same plane.

A number of geometrical theorems can be established by

means of vector algebra, using only addition and subtraction

of vectors and multiplication by scalars. Consider, for example,

Fig. 8-1.—Addition of

the vectors a and b to

form the sum a + b.
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the intersection of the diagonals of a parallelogram. In Fig.

8-2 the sides of the parallelogram are designated by a and b so

that the diagonals are a + b and a — b. The point of inter-

section is a fraction, say x, of the distance along a + b and
another fraction, say y, of the distance along a — b. Hence

x(& + b) = b + 2/ (a — b)

or

(x - y)a = (1 - x - y)b (8-1)

b

b
Fig. 8-2.—The sides and diagonals of a parallelogram expressed in terms of the vectors
a and b.

Since the vectors a and b are not parallel, this equation can be

satisfied only when both sides are zero. This requires

x = y = i

and thus the diagonals bisect each other.

Problem 1. If xa. + yb = and x + y = 0, show that a and b

have the same length and the same direction.

Problem 2. Show that the middle points of the lines joining the

middle points of the opposite sides of a quadrilateral coincide, whether

the four sides are in the same plane or not.

Problem 3. Show that the line drawn from one vertex of a parallel-

ogram so as to trisect the diagonal bisects the opposite sides.

3. Orthogonal Components of Vectors.—In a system of

Cartesian coordinates, any vector can be represented as the sum
of three vectors lying along the coordinate axes. Let i, j, and k
be vectors of unit length lying along the x, y, and z axes, respec-

tively. Then any vector a can be written

a = ax\ + ay] + aek (8-2)
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az , ay, and az are scalar quantities called the scalar components of

a, and the vectors axi, aj, and azk may be called the vector com-

ponents of a. These components are unique. No other triad

of numbers will serve as components of this vector along these

three directions.

A vector can be expressed as the sum of components along

any three noncoplanar axes and hence in terms of any three non-

coplanar unit vectors. The unit vectors i, j, and k, however,

are especially useful because of their orthogonality. For

practical computation with vectors it is nearly always necessary

to make use of these rectangular components.

Problem 4. Write the vector equation for the center of mass of a

number of particles. The vector representing a point is the vector

drawn from the origin of coordinates to that point. Show also that the

center of mass, defined in this way, is independent of the point chosen

as origin.

Problem 5. A group of forces acting at the point are represented

by the vectors OA, OB, OC, . . . , ON. Show that, if the forces are

in equilibrium, is the centroid of the points A, B, C, . . . , N. A
centroid is defined so that it is the center of mass, if unit masses are

placed at all of the points in question.

Problem 6. A person who is moving eastward at 3 miles per hour

finds that the wind appears to blow directly from the north. On
doubling his speed, it appears to come from the northeast. Find the

vector wind velocity.

Problem 7. If three vectors a, b, and c start from the same point

and end on the same straight line, find a relationship between them.

4. Multiplication of Vectors, a. The Scalar Product.—It

has been found useful to define two kinds of vector multiplica-

tion. The first kind gives the scalar product. The scalar

product of two vectors is equal to the product of their lengths

and the cosine of the angle between them.

a • b = ab cos (ab) (8-3)

In Gibbs* notation it is denoted by a dot between the letters

denoting the vectors and hence is frequently called the dot

product. Another notation, frequently used in Europe, encloses

the two letters in parentheses.
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The scalar product is of much use in physics. For example,
the work done by a force during a displacement is equal to the
scalar product of the force and the displacement.

It must be noted that the scalar product of two vectors is a
scalar, not another vector. From the definition it is obvious
that this product is commutative; the order of the factors is

immaterial. The distributive law is also obeyed.

Problem 8. Find the scalar products of the unit vectors i, j, and k
with each other.

Problem 9. Find the scalar product of an aribtrary vector a and
the unit vectors along the coordinates axes.

Problem 10. Show that the scalar product of two vectors, in

terms of their components, is

a • b = axbx -f- ciyby + azbz (8-4)

Problem 11. Show that the two vectors a = li + raj + wk and
b = Xi + fij — [(l\/ri) + (ra/i/n)]k are perpendicular to each other.

Problem 12. Show that the sum of the squares of the diagonals of

a parallelogram is equal to the sum of the squares of the sides.

b. The Vector Product.—The other kind of product of two
vectors is called the vector product. In Gibbs' notation it is

indicated by a small cross between the letters representing the
vectors, and therefore it is often called the cross product. The
definition of the vector product is given by the equation

a X b = ab sin (ab)e (8-5)

where e is a unit vector perpendicular to both a and b. The
sense of e is such that a right-handed screw would advance in

the positive direction of e if it were turned from a to b. From
this definition, and the specification of e, it is clear that

a X b = -b X a (8-6)

Thus the commutative law does not hold, and the order of the
factors is important in this product. The distributive law, how-
ever, does hold for this kind of multiplication.

The result of vector multiplication is a vector and therefore

has a direction as well as a magnitude. This distinction between
scalar and vector products is of importance in forming the prod-
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uct of three or more factors. It is impossible to form a scalar

product of three factors, since the product of any two of them is

already a scalar. The only possible interpretation of such a

product would be to multiply the third vector by the scalar

product of the other two. The result would then depend upon

the two that were selected for forming the first product. On
the other hand, it is possible to form a vector product of three

vectors, although it is necessary to specify the association of

the vectors.

Problem 13. Evaluate the products i X i, i X j, i X k.

Problem 14. Show that the vector product of two vectors can be

written in terms of their components, formally, as the determinant

a X b =
i j k
ax CLy az

bx by bz

(8-7)

Problem 15. Find the area of the triangle bounded by the vectors

a, b, and their difference.

Problem 16. Show that the vector product obeys the distributive

law of ordinary multiplication.

Problem 17. Show that the volume of the parallelepiped whose

edges are the vectors a, b, and c is given by the triple scalar product

a • b X c.

Problem 18. Show that

a- b X c =
ax ay az

bx by b z

cx Cy c z

(8-8)

Problem 19. Show that

a X (b X c) = b(a • c) - c(a • b) (8-9)

Problem 20. Show that, if a line passes through the centroid of a

number of points, the sum of the perpendiculars from the points to

this line is zero. These perpendiculars are to be treated as vectors

whose origins lie on the line through the centroid and whose ends are

at the various points.

Problem 21. Show that the work done by a force during the dis-

placement of its point of application is equal to the sum of the quanti-

ties of work done by the components of the force.

Problem 22. A fluid is flowing through a plane surface with a

uniform velocity q. If n is the unit normal to the plane, show that the
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volume of the fluid passing through unit area of the plane per unit

time is q • n.

5. Differentiation of a Vector with Respect to a Scalar.—If a

vector a is a function of the scalar variable t, then to every value

of t will correspond a certain length and direction of a. If the

value of t is changed slightly, the vector a will be changed slightly

and in general both the length and the direction will be changed.

If the difference between the two values of t is At, and the

difference between the two corresponding values of a is Aa, then

the derivative of a with respect to t is

5-SfS (8-10)

if this limit exists. This derivative is evidently a vector and

therefore has a direction as well as a magnitude. If the vectors

are referred to a fixed set of rectangular axes, the derivative

can be expressed in terms of its components.

da. . dax . . day , da2 ,oin

It is important to note that this form of the derivative is valid

only when the coordinate axes are fixed and do not change with

the independent variable. In some problems it is convenient

to use rotating axes, and in these cases the time derivative of a

vector, when expressed in terms of its components, must con-

tain terms representing the rates of change of the axes.

The extension of these statements to higher derivatives is

relatively obvious. The differentiation of sums and products

will be the same as for ordinary scalars, except that attention

must be paid to the order of the factors in the case of vector

products.

If r represents a vector from a fixed origin to a point moving

in a plane, the rate of change of r is often conveniently expressed

in terms of unit vectors along and perpendicular to its length.

Let ri be the unit vector in the direction of r, and let X be a unit

vector perpendicular to r. Then r = rri, and

dx dr di! , 10 v

dt=dt^ + r
Tt

(8"12)
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If r is confined to a plane and its direction is specified by the

angle 6,

dri dd

whence

dt ~ dt
6l

dr dr
,

dB A ,Q 1
_.

Problem 23. If r is any vector that is a function of the time t,

and if r • dr/dt = at all times, show that the length of the vector is

constant. Also show that, if r X dr/dt = at all times, the vector

has a constant direction.

Problem 24. If ri is a unit vector in the direction of r, show that

ri X drt = r X dr/r 2
.

Problem 25. Show that

d2r \d2r /M 2

l , f d2d . drde\. ,Q ...

W2 = [w2
- r \dt)\^ + Vdr2+2 didrt)

&i ®-u)

Problem 26. The equation r = a cos if + b sin t, where a and b are

arbitrary constant vectors, represents an ellipse. Express the equa-

tion of the ellipse in Cartesian coordinates. If a • b =0, show that

a and b are the principal axes of the ellipse.

6. Transformation Properties of Vectors.—When a rectangu-

lar system of coordinates is used, a vector can be completely

specified by its components. These components depend, of

course, upon the orientation of the coordinate system, and the

same vector may be described by many different triplets of

components, each of which refers to a particular system of axes.

The three components that represent a vector in one set of

axes will be related to the components along another set of

axes as are the coordinates of a point in the two systems. In

fact, the components of a vector may be regarded as the coor-

dinates of the end of the vector drawn from the origin. This

fact is expressed by saying that the scalar components of a

vector transform as do the coordinates of a point.

It is possible to concentrate attention entirely on the three

components of a vector and to ignore its geometrical aspect.

A vector would then be defined as a set of three numbers that
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transform as do the coordinates of a point, when the system of

axes is rotated. It is often convenient to designate the coordi-

nate axes by numbers instead of the letters x, y, z so that the
components of a vector will be ah a 2 , and a 3. The designation
for the whole vector is then a,- where it is understood that the
subscript i can take on the values 1, 2, or 3. A vector equation
is then written

di = h (8-15)

This represents three equations, one for each value of the sub-
script i.

The rotation of a system of coordinates about the origin

may be represented by the nine quantities yty, where yiy is the
cosine of the angle between the i axis in one position of the
coordinates and the j axis in the other position. These nine
quantities give the angles made by each of the axes in one posi-
tion with each of the axes in the other. They are also the
coefficients in the expression for the transformation of the
coordinates of a point. The cosines can be conveniently kept
in order by writing them in the form of a matrix

Tn' Ti2' yi3'

721' 722' y 2 3' (8-16)

731' 732' 733'

Of the nine quantities only three are independent since there
are six independent relations between them. Since yijt can
be considered as the component along the / axis in one coordi-

nate system of a unit vector along the i axis in the other,

7ii'
2 + 7i2'

2 + 7i3'
2 = ^ T"'

2 = * (8-17 )

j'

This will be true for every value of i. Similarly,

I 7*' 2 = (8-17o)

The components of a vector, or the coordinates of a point,
can be transformed from one system of coordinates to the other
by

en = 7ivav + n/ivav + 7i3'«3' = y»,-'Oy (8-18)
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The ay represents the components of the vector a in one system

of coordinates and the a* the components in the other. The
summation sign is omitted in the last term since it is to be under-

stood that a sum is to be carried out over all three values of any
index that is repeated.

Problem 27. Show that

7a' Jkj' = &* (8-17b)

where 8ik = 1 when i = k and 8ik = when i ^ k.

Problem 28. Write the components of the transformation matrix

when one system of coordinates differs from the other by a rotation

through the angle a about one axis.

Problem 29. Write the components of the transformation matrix

when one system of axes is obtained from the other by rotation through
120° about an axis making equal angles with the three coordinate axes.

7. Linear Vector Functions.—If a vector is a function of a

single scalar variable, such as the time, each component of the

vector is independently a function of this variable. If the

vector is a linear function of the time, each component is pro-

portional to the time.

A vector may also be a function of another vector. In

general, this implies that each component of the function

depends on each component of the independent vector. A vec-

tor is a linear function of another vector if each component of

the first is a linear function of the three components of the

second. This requires nine independent coefficients of propor-

tionality. The statement that a is a linear function of b means
that

«i = Cn&i + C12&2 + C13&3 \

a2 = C21&1 + C22b 2 + C23Z>3

I
(8-19)

a>z = C31&1 + C32&2 ~h C33O3 J

Using the summation convention as in equation (8-18), this

becomes

a* = Cijbj (8-19a)

A relationship such as that in equation (8-19a) must be

independent of the coordinate system in spite of the fact that

the notation is clearly based on specific coordinates. The
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components at and 6* are with reference to a particular coordinate

system. The constants C# also have reference to specific axes,

but they must so transform with a rotation of axes that a given

vector b always leads to the same vector a.

If the coordinate system is rotated about the origin, the

vector components will change so that

a» = yn'ay = Citfjvbv (8-20)

If both sides of this equation are multiplied by y^ and the

equations for the three values of i are added, the result is

Ivaiyay = a>v = (7i'*C</yy*0 &*' (8-21)

If the quantity yi'JCiffjv is called CW
av = CVh.bv (8-22)

This relationship between the components in this system of

coordinates is the same vector relationship as was expressed by
the Cue in the original system of coordinates.

8. Tensors.

—

Tensor is a general name given to quantities

that transform in prescribed ways when the coordinate system is

rotated. A scalar is a tensor of rank 0, for it is independent of

the coordinate system. A vector is a tensor of rank 1. Its

components transform as do the coordinates of a point. A
tensor of rank 2 has components that transform as do the

quantities C#.

Tensors can be added or subtracted by adding or subtracting

their corresponding components. They can also be multiplied

in various ways by multiplying components in various com-
binations. These and other possible operations with tensors

will not be described here. They can be found in some of the

references suggested below.

A tensor of the second rank is said to be symmetric if

Cij = Cji and to be antisymmetric if C# = — C#. An anti-

symmetric tensor has its diagonal components equal to zero.

Any tensor may be regarded as the sum of a symmetric and an

antisymmetric part for

ktj = "2"(w/ I Lsji) T" 2\wy W*v (o-2o)
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and

where $# is symmetric and A i3
- is antisymmetric.

Numerous physical quantities have the properties of tensors

of the second rank. As will be shown in the next chapter, the

inertial properties of a rigid body can be described by the sym-
metric tensor of inertia.

Problem 30. A particle is attracted toward each of the three

coordinate planes with a force proportional to the distance but with

different proportionality constants in the three directions. The total

force is then a linear vector function of the displacement. Write the

tensor relating the force and the displacement. Show how it is trans-

formed when the axes are rotated about one of them.

Problem 31. Show that if C^ is a symmetric tensor and

aiCij-a,- = 1 (8-24)

the vectors that satisfy this equation reach from the origin to a qua-

dratic surface. Show that, if the diagonal components of the tensor

are all positive and the nondiagonal components all zero, the surface is

an ellipsoid.

Problem 32. Show that CijDih = Eik , where Eik is a tensor of the

second rank, i.e., it transforms as does C,-,-.
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CHAPTER IX

DYNAMICS OF RIGID BODIES

The motion of a solid body can be treated by applying to

each small part of it the laws applicable to the motion of a

particle. These particles will move under the influence of

forces from other parts of the body, as well as outside forces,

and both types of forces must be taken into account. The

application of this analysis to every particular case would be

extremely complicated, but it has been found possible to define

a number of idealizations that approximate practically impor-

tant cases. These idealizations permit the establishment of

certain simplifying theorems, so that the motion of the body

under consideration becomes amenable to a mathematical

treatment.

One such idealization is the elastic body, with relationships

between internal stresses and deformations that conform to

Hooke's law. Another idealization, and the one that will be

treated in this chapter, is the rigid body. In a rigid body the

distance between each pair of points is a constant and is never

changed by the application of a force.

Strictly speaking, there exist in nature no rigid bodies. All

bodies can be deformed by the application of sufficient force,

and in many cases this deformation has an important influence

on the motion. Nevertheless, the ideal rigid body is a useful

approximation. It is possible to prove a number of theorems

and to define a number of quantities that refer to such a body

as a whole, rather than to its elementary parts. These theorems

constitute the laws of motion of rigid bodies. It should be

emphasized, however, that such theorems are merely conse-

quences of Newton's laws and the assumed rigidity of the bodies.

They contain no really new statements.

1. Center of Mass and Linear Momentum.—The center of

mass of a rigid body can be defined in a manner similar to that

157
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used for the center of mass of a number of particles. Each
volume element of the body is considered as a particle, and the
sums are replaced by integrals.

R =
]Bf / rp dv

t9-1 )

where R is the vector from some origin to the center of mass and
r is the vector from the same origin to the volume element dv.

p is the mass density at the volume element, and M is the total
mass of the body. The integral is taken over the whole of the
body in question.

The properties of the center of mass of a rigid body are
essentially the same as those of the center of mass of a col-

lection of particles. Indeed, there is some simplification in the
case of the rigid body, since the distances between the various
parts of the body are constant and the center of mass has a
fixed location in it.

Problem 1. Find the location of the center of mass of an octant
of a sphere of uniform density.

Problem 2. Find the center of mass of a rectangular parallele-
piped whose density increases linearly from one end to the other.

When Newton's equations of motion are applied to each
element of a rigid body, an equation for the motion of the center
of mass can be obtained.

/d 2r d 2R f f
p df

2dv==M lF
=

J
vFidv + /

»Fe dv
(9"2 )

The first equality follows from equation (9-1), and the second is

just the integral of the forces acting on each volume element.
«F< is the force per unit volume acting on the element dv due
to the rest of the rigid body. v¥t dv is then the total internal
force on this volume element, and since the internal forces follow
Newton's third law of motion their integral is zero. The vanish-
ing of this integral comes about in just the same way as the
vanishing of the sum of mutual forces on page 25.

In the same way „Fe represents the vector external force per
unit volume on the element of volume dv. The force per unit
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volume is used here so that the product *Fe dv will be the vector

force on dv. If the force is a gravitational force, it has the

magnitude pg per unit volume. If the external forces are

discrete forces, the integral is just the sum of the forces.

The vector linear momentum P of a rigid body is an integral

over the vector momenta of the various volume elements so that

I
>%*>-"!£-* (9"3)

It follows then from equation (9-2) that

„F. dv = F (9-4)
dP _ f
dt

~
J

where F is the total external force acting on the body.

It is important to notice the significance of the integral in

equation (9-4). The force effective in producing an accelera-

tion of the center of mass is the sum of all the forces acting on all

the particles of the body. It makes no difference at what

points they are applied. If all of the force is applied at one or

more discrete points, equation (9-4) states that the motion of

the center of mass is determined by the vector sum of these

forces but is independent of their points of application. This

does not mean that the motions of all the parts of the body are

independent of the points of application of the forces. It

refers merely to the motion of the center of mass.

2. Angular Momentum.—The equation of motion for an

element of volume dv is

P%dv = v¥i dv + „Fe dv (9-5)

as was used in equation (9-2). If the vector product of the left-

hand side by r is integrated over the body, the result is the rate

of change of the total angular momentum./d 2r d f dx
7

dH /n c >.

**&*> = *] ***#*' = -* (9"5a)

where H = JV X (dr/dt)]dv. The integral is taken over

the entire body, and the quantity dt/dt is the vector velocity of

the volume element dv.
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The differentiation with respect to time can be taken out of
the integral sign because of the assumed rigidity of the body.
This involves the constancy, with respect to time, of p as well
as of the dimensions of the body over which the integration is

carried out. In these integrals the vector r is measured from a
fixed origin, which may or may not be in the body. The sub-
script on H indicates that there is a fixed origin from which
the vectors start.

The vector product of r with the right-hand side of equation
(9-5) leads to two integrals. The first is

Jr X «F< dv = (9-56)

The value zero for this integral may be taken as part of the
definition of a rigid body. It would follow from the assumption
that the forces between the parts of a body are central forces,
but this assumption lacks generality and seems unnecessarily
restrictive. Frequently equation (9-56) is justified by the
statement that the internal forces within a rigid body are in
equilibrium among themselves. It may be considered as a law
similar to Newton's third law of motion. It describes the
observed fact that isolated bodies do not set themselves into
rotation.

The second integral is given a name.

Jr X X dv = L (9_5C)

where L is called the torque or moment offorce, with reference to
the origin about which it is measured.

It was pointed out above that the effect of forces on the
motion of the center of mass is entirely independent of their
points of application. However, the whole effect of the forces
is not given by the motion of the center of mass. The rotation
of the body does depend on these points of application through
the law connecting dEL /dt and L . The additional law based
on the idealization of a rigid body is the vector equation

dn T

~W = Lo (9-6)
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The remainder of this chapter is essentially a discussion of the

consequences of this law.

Problem 3. Write out the Cartesian components of H .

Problem 4. Write out the Cartesian components of L .

Problem 5. Consider a uniform rod pivoted at its upper end so

as to swing freely under gravity in a vertical plane. Evaluate the

torque on it from equation (9-5c) and the angular momentum from

equation (9-5a).

Problem 6. Show that the torque about the center of mass due to

the weights of the elementary parts of a rigid body is zero.

3. Moments of Force and Couples.—Equation (9-2) shows

that the motion of the center of mass of a rigid body is deter-

mined by the vector sum of all the acting forces but is inde-

pendent of their various points of application. The system of

forces could be replaced, as far as the translation of the center of

mass is concerned, by a single force equal to the resultant and

applied at any point whatever.

Equation (9-6) shows that the rate of change of the angular

momentum of a rigid body depends on the total moment of force,

or the total torque, but is independent of the total force. This

torque is defined in terms of the forces and their points of

application and is with reference to a certain origin. It is,

however, a vector, so that it is independent of the orientation of

the coordinate system in terms of which it is described.

To predict the motion of every point in a rigid body, it is

both necessary and sufficient to know the resultant force acting

and the total moment of force. These two quantities are quite

independent. It is possible to have a set of forces whose

resultant is zero but which produce a nonzero torque. In

such a case the center of mass will move in a straight line with

uniform velocity, and the rotation may conveniently be referred

to it as a center.

The simplest combination of forces that has a moment but a

zero resultant is that of two equal and parallel but oppositely

directed forces that do not act in the same straight line. This

combination is called a couple. The moment of a couple is

independent of the origin to which it is referred. The vector
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that represents it is perpendicular to the plane containing the
two forces and has the sense of the angular momentum it tends
to produce.

In their effects on a rigid body, two sets of forces are equiva-
lent if they produce the same motion of the center of mass and
the same kind of rotation. This requires that they have the
same resultant and the same torque with reference to all origins.

It can be shown, however, that if two sets of forces have the
same resultant, and the same moment about one point, they
have the same moment about all points. Hence it is necessary
to require only the equality of the moments about one point.

In general, a set of forces is not equivalent to a single resultant

k-Fz

r

***

w/////////y//#/////M

Fig. 9-1.—Three forces applied to a rigid rod.

alone. Such a set is equivalent, however, to a resultant applied

at an arbitrarily selected point and a couple that depends upon
the point selected for application of the resultant. It is neces-

sary only that the couple be equal to the total moment of the

set of forces about the point of application chosen for the

resultant.

Problem 7. Show that the torque of a couple with reference to

any origin is given by
L = d X F (9-7)

where F is one of the two parallel forces and d is the vector to the point

of application of this force from that of the other.

Problem 8. Consider the set of forces shown in Fig. 9-1 acting

on a rigid rod. All three forces lie in the same plane. Find the single

force and couple, applied at the left end of the rod, equivalent to this



DYNAMICS OF RIGID BODIES 163

set of forces. Find also the force and couple, applied at the point P a

distance 2a/3 from the right end of the rod, equivalent to the set

shown.

Problem 9. If in the system of Fig. 9-1 the force Fi is turned 90°

so as to act outward from the plane of the figure, find the equivalent

force and couple applied at the center of the rod.

Problem 10. Show that, if the resultant of a system of forces is

zero, the total moment about one point is the same as about any other.

Problem 11. Show that a single force applied at a given point of a

rigid body is equivalent to the same force applied at any other point,

plus a suitable couple.

Problem 12. Show that any set of forces acting on a rigid body
can be replaced by an equivalent single force, acting at any point,

and a suitable couple.

4. Kinematics of a Rigid Body.—To describe completely the

position of every point in a body, it is both necessary and
sufficient to give the positions of three selected points of the

body that are not in the same straight line. Specifying the

positions of three points requires, in general, nine coordinates;

but since the condition of rigidity fixes the three distances

between the points, only six independent coordinates are neces-

sary to locate the points when they are in a rigid body. When
the location of these three points is given, the location of every

other point in the body is fixed by its distances from these three.

It is usually convenient to take three coordinates to locate

one of the selected points. This point can then be taken as

the origin of a system of coordinates fixed in the body. The
line connecting this point with one of the other selected points

can then be taken as the x' axis of this system, and two coordi-

nates, ordinarily two angles, will give the direction in space of

this axis. If the plane containing the x' axis and the third

selected point is taken as the x'-y' plane, a single angle will give

the orientation of this plane. The z' axis is then fixed by its

relationship to the x'-y' plane. Hence three coordinates will

locate the origin of the x'-y'-z' system, and three angles will

give its orientation. Every point in the body has a fixed

location in this system so that the six coordinates suffice for a

complete specification of the location of every point.
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The position of a particle can be specified by a vector from
some fixed origin to the particle, and the most general displace-

ment can be described in terms of a vector from an initial posi-

tion to a final position. To describe the displacement of a
rigid body is more complicated. It can be shown that the most
general displacement can be described in terms of the translation

of some particular point in the body and a rotation about an
axis passing through this point. By such a description the

displacement of every point in the body can be specified. How-
ever, the details of this process will not be treated here since

they are unnecessary for the elementary dynamics of rigid

bodies.

For dynamics it is more important to be able to describe the
velocities and accelerations of each element of the body than to

describe the displacements. For this purpose Chasles' theorem
states that, in the most general case, the velocities of the parts
of a rigid body can be described in terms of a translational

velocity of any selected point in it, plus an angular velocity

about an axis through this point.

The velocity of translation, and both the magnitude and
direction of the angular velocity, will be functions of the time,

but at any fixed time the angular velocity will be independent
of the point about which it is measured.

Chasles' theorem can be established by proving it with
reference to a coordinate system xf

,
y', z', fixed in the body,

since the motion of such a coordinate system fixes the motion of

the body. The origin of this coordinate system is put at the
point through which it is desired to have the axis of the angular
velocity pass. Then let a be the vector from a fixed origin to
the origin of the moving coordinates, and let r be the vector
from the same fixed origin to an arbitrary point in the body.
Let the coordinates of this point be {x',y',z') with reference to
the system fixed in the body, so that x',

y'
', and z' are constants,

independent of the time. The vector r' from the origin of the
moving coordinates to the arbitrary point has the constant
components x', y' , and z' . Then

r = a + t'
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and

dt ~ dt
+

dt
(9"8)

da./dt is the translational velocity of the origin and may be
represented by v; it remains to be shown that dt'/dt can be
expressed in terms of an angular velocity.

The vector r' is fixed with reference to the moving system of

coordinates, since x'
,
y' , z' are constants. By the derivative of

r' with respect to the time is meant its rate of change with
reference to a coordinate system whose axes are fixed in direction

but whose origin coincides with the origin of the coordinates

fixed in the moving body. Since the length of r' is constant, its

only change is in direction and can be expressed in terms of

the motion of the coordinate axes. Under these conditions

dt' ,di'
, f

dy
,

,dk'
, x

-di
= x dt+y i + z w &-v

The unit vectors are vectors of constant length, and their

rates of change must consequently be perpendicular to the

vectors themselves. Hence let

f = cj'+/k' f-d' + ak- £ = M' + dj' (9-10)

Since the vectors i', j', and k' remain perpendicular to each other

during the motion, i' • j', j' • k', and k' • i' are constant and the

derivatives of these scalar products must be zero. This leads,

for example, to

and to the three relationships

d = -a f = -b e = -c (9-10a)

If a, 6, and c are taken as the three components of a vector <•>,

o> = aV + 6j' + ck' = &vi' + &vj' + avk' (9-106)

the relationships (9-10) can be combined with (9-9) to give
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dt'—. = wx > ay ooz > = w X r' (9-11)

The vector o> is called the angular velocity.

The angular velocity <o is defined in terms of quantities that

refer to the motion of the coordinate system only, and thus it is

the same for all points of the body. The combination of equa-

tions (9-11) and (9-8) then shows that

^ = v + o X r' (9-12)

Problem 13. Show that, for the vectors ri and r2 from the origin

of a moving system of coordinates to two points fixed in the coordinate

system,

dt2 dt! _ n

Show that the conditions (9-10a) constitute a special case of this

equation.

Problem 14. A plane body is moving in its own plane, and its

motion is specified by the translation of one point and an angular

velocity about an axis perpendicular to the plane and passing through

the point. Find the point in the body that is instantaneously at rest,

and show that every other point has a velocity perpendicular to the

line connecting it with this point.

Problem 15. Consider a wheel of a locomotive that is traveling

at a constant speed. Describe the motion of the wheel in terms of the

translation of the center and an angular velocity. Then describe it in

terms of the translation of a point halfway between the center and the

rim and the corresponding angular velocity.

Problem 16. Show that the angular velocity of a solid body is the

same for all locations of the origin about which it is taken.

Problem 17. Show that the angular-velocity vector is parallel to

the axis of rotation.

Problem 18. Show that if the vector a has the components

ax', ay >, az ' in a moving system of coordinates

^ = ^i' + ^j' + ^k'+(,)Xa (9-13)
dt dt dt dt

5. Three Systems of Coordinates Axes.—In dealing with the

motions of rigid bodies it is desirable, at different times, to use



DYNAMICS OF RIGID BODIES 167

different sets of coordinate axes. Of these, three are of particu-

lar importance.

a. Axes Fixed in Space with Reference to Which All Processes

May Be Described.—Although there is some theoretical difficulty

in defining the term fixed in space, there is no practical difficulty

when dealing with ordinary phenomena on a small scale. It

is with reference to such coordinates that Newton's laws were

stated, and it is with reference to such coordinates that equations

(9-2) and (9-6) were written.

b. Axes Fixed in Direction but with an Origin Fixed in the

Moving Body.—There are two cases in which the selection of the

origin for such a system will be different.

(1) If one or more points of the body are fixed in space, the

origin will be located at one of them. If the body is a top spin-

ning on its point or a wheel mounted as a gyroscope so that only

one point is fixed, the selection of the origin is unique. In

the case of a body turning about a fixed axis, any point on the

axis is suitable for the origin. Since the directions of the axes

are fixed and the origin is fixed, these coordinates are equivalent

to those of (a) with a particular selection of the origin.

(2) If no point of the body is fixed, the origin is placed at

the center of mass.

With respect to coordinates fixed in direction, integrals such

as those defining angular momentum or torque must be carried

out between changing limits. The limits will be the surfaces of

the body and these will, in general, be moving.

c. Axes Fixed in the Rigid Body.—As in the previous case,

the origin may be located differently in two cases.

(1) If there is a fixed point, it is usually convenient to locate

the origin at such a point.

(2) If the body is entirely free, it is usually most convenient

to locate the origin at the center of mass.

For those cases in which the origin is fixed, equation (9-6)

applies directly. The integrations involved in the definitions of

Ho and L must be carried out over the volume of the rigid bodies

concerned. For this purpose, it is convenient to use axes fixed

in the body when these integrals are to be evaluated, for then the

integrations are between fixed limits. In principle, the integra-



168 PRINCIPLES OF MATHEMATICAL PHYSICS

tions can also be carried out between moving limits, with respect

to fixed coordinates, if it is so desired.

For cases in which the origin is moving, it is important to

consider equation (9-6) a little further. As above, let r' be the

vector locating a point in the moving coordinate system, and

let a be the vector from the fixed origin to the moving origin.

Then

Ho =
/ prX m dv

-/4 x s + ' x s + ' x ©* (9"14)

Since the origin in these cases is at the center of mass,

/

'

r' >4> = (/
pr'

*)
x t = ° (9-14o)

The time derivative of the angular momentum then becomes

-x/pg* + $x/p£* +£ (9-14.)

where

H = f pi' X ^ dv (9-14c)

Justification of the differentiation under the integral sign

becomes obvious when it is remembered that the integral is

equivalent to a sum over all the elements of the body.

In the last expression in equation (9-146), the first integral

is a force, and the second integral is equal toM da./dt because

the origin of r' is located at r = a. Hence

dH _ Q _ / « ... ,
dZL— a x|x^ + f (9-14d)

dt

Also, from equation (9-5c)

L = Ja X ,Fe dv + JV X ,Fe dv (9-14e)

= a X Sv'Pe dv + L
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where L = JV X J?e dv is the torque with respect to the moving
axes. From equations (9-6), (9-14d), and (9-14e), it follows

that

dH. T

"5T
= L

<9-15>

Equation (9-15) shows that the relationship between the
torque and the rate of change of angular momentum is the same
in all the coordinate systems mentioned above. It is the same
for a fixed origin and for an origin at the center of mass.

6. The Tensor of Inertia.—Since the motion of all the parts
of a rigid body, relative to an origin fixed in the body, can be
expressed in terms of an angular velocity, the quantity dx/dt in

the definition of angular momentum can be replaced by <o X r.

This gives, for H,

H = J> X (o X r)dv = Sp[r
2
«> - (*> • r)r]dv (9-16)

where the primes have been omitted and r is understood to have
its origin at the origin of any one of the three systems of coordi-
nate axes that are described above. The x component of this

equation is

Hx = uxjp(y
2 + z 2)dv - coyjpxy dv - ujpxz dv

As shown in the previous section, this definition is to be used for
either fixed or moving coordinates; but if the origin of the coordi-
nates is moving, it is to be taken at the center of mass. If the
coordinate axes are fixed in the body, the limits of integration
are constant and the integrals in (9-16) can be carried out in
terms of the vector o> and the dimensions of the body. For
axes not fixed in the body, the result of the integration must be
the same, although it is not so easy to express.

According to equation (9-16) the angular momentum is a
function of the angular velocity and constants of the body. In
fact, it is a linear vector function of the angular velocity. The
relation between H and o> can be written in tensor form by using
the tensor of inertia. This has the nine components

'fp(y* + z 2)dv -jpxydv -Jpzxdv
-jpxydv fp(x 2 + z*)dv -fpyzdv (9-17)

.
-jpzx dv -jpyz dv fp(x

2 + y
2)dv_

I =
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In terms of this tensor of inertia, the components of the angular

momentum can be written

Hi = 1^ (9-18)

The diagonal components of the tensor of inertia are called

the moments of inertia, and the nondiagonal components are

called the products of inertia. If the coordinates are such that

the products of inertia vanish, the coordinate axes are said to

correspond to the principal axes of the body. It is always

possible to rotate the coordinates so that the products of inertia

vanish; i.e., principal axes exist for all bodies and for all possible

locations of the origin. These principal axes are of importance

because of the simplification they introduce into the equations

of motion.

Consider a cube of uniform density, and take the origin of

coordinates at one corner with the coordinate axes lying along

edges of the cube. The integrals over the cube are easily

expressed in these coordinates ; and if the edge of the cube is 6,

Ixx = p f*
dz fQ

b

dy(y 2 + z 2
) £ dx = fp&

5 = %Mb 2 (9-19)

where M is the total mass of the cube. Similarly,

Ixy = ~P f
b

x dx
f* y dy f

b

dz= - W& (9-19a)

Because of the symmetry of this problem, all the diagonal terms

are identical, and all the nondiagonal terms are identical.

I =
%Mb 2 -\Mb* - 1Mb 2

- \Mb 2 §Mb 2 - 1Mb 2

- iM6 2 - \Mb* %Mb 2

(9-196)

Clearly the edges of the cube are not principal axes.

If the cube is rotating at a constant rate about one edge, say

the z axis, the angular velocity will be constant in the rotating

coordinates, w = cozk. Then the vector angular momentum
has three components, and

H = M&W- ii - ij + P) (9-20)

It is important to notice that in this case, and in general, the

angular momentum is not parallel to the angular velocity.
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Hence, although the fundamental law requires that, in the
absence of external torques, the angular momentum shall be
constant, the angular velocity will not necessarily also be
constant.

Problem 19. Work out the components of the tensor of inertia for

a thin rectangular sheet, when the coordinate axes pass through the
center of the sheet and are parallel to the edges. Show that the
products of inertia are zero and

Ixx = iMb* Im = iMa* Izz = iM(a 2 + b 2
)

where 2a and 26 are the dimensions of the rectangle in the x and y
directions, respectively.

Problem 20. Transform the above tensor to coordinates whose
origin is at the center but whose x axis is along a diagonal of the
rectangle.

Problem 21. Show that the moment of inertia of a body about
any axis is equal to its moment of inertia about a parallel axis through
the center of mass, plus the product of the total mass by the square
of the distance between the two axes.

Problem 22. Show that the tensor of inertia of a body with refer-

ence to any system of axes is equal to the tensor of inertia with respect
to a parallel system of axes of which the origin is at the center of mass,
plus the tensor of inertia with reference to the first system of axes
which represents the concentration of the whole mass of the body at the
center of mass.

Problem 23. Show that the moment of inertia of a thin sheet
about an axis perpendicular to its plane is equal to the sum of its

moments about any two perpendicular axes which lie in the plane and
intersect the first axis.

Problem 24. Find the angular momentum of a thin rectangular
sheet when it is rotating about one of its diagonals.

Problem 25. Find the components of the tensor of inertia of a
uniform sphere when a point on the surface is taken as the origin of

coordinates.

A rigid body can have a very complicated shape, but its

dynamical properties are given by its mass and its tensor of

inertia. Since the tensor of inertia is symmetrical, only six

independent quantities are needed to describe it. These
quantities can be represented by an ellipsoid of inertia. This
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is an ellipsoid whose center is at the origin of coordinates and

of such a size and shape that the moment of inertia around any

axis is inversely proportional to the square of the distance

from the center to the surface of the ellipsoid along the direction

in question.

To show that such an ellipsoid exists, consider the vector r

with components n, r2 , and r 3 , and transform the tensor of

inertia to coordinates of which one axis lies along r. The

cosines of the angles between r and the original axes are n/r,

r2/r, and r 3/r. Then the moment of inertia about this axis is

given by

Irr =^ (9-21)

If the length of the vector r is chosen so that 1/r2 = I„, the com-

ponents of r will satisfy the equation of an ellipsoid

rJi/rj = 1 (9-22)

A point on the surface of this ellipsoid has the coordinates

(ri,r2,r 8), which are connected by the relation (9-22), and is a

distance r from the center.

Problem 26. Transform the tensor of inertia for a cube as given

above to its form when one axis is a body diagonal of the cube. Find

the principal axes of the ellipsoid of inertia for a cube when the origin

is at one corner.

7. Euler's Equations.—The fundamental law of the rotation

of rigid bodies is contained in equation (9-15). For many

purposes, however, it is desirable to write out the component

equations instead of combining them all into one vector equa-

tion. When this is done, two distinct cases must be considered.

If the axes are chosen so as to be fixed in direction, the rate of

change of the angular momentum must include the rates of

change of the various components of the tensor of inertia, as

well as the rates of change of the components of the angular

velocity. This leads to a very complicated set of equations

that are rarely, if ever, used. On the other hand, if coordinate

axes are chosen that are fixed in the body, the components of

the tensor of inertia are constant and the expression for the rate
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of change of the angular momentum contains only the rates of

change of the components of the angular velocity together with

the terms that represent the motion of the coordinate axes.

These equations take a particularly convenient form when the

coordinate axes coincide with the principal axes of the body.

In this latter case

H = Uxxo)x + ]Iyyuy + k/„co2 (9-23)

and

-j£ = ilxx&x + ]IyyUy + ^zz^z

+ IxxUx Jt
+ lyyUy ^ + i zz <*z

~^J
(9-24)

Equations (9-10) and (9-11) show how the rates of change of

the unit vectors can be written in terms of the components of the

angular velocity. When this is done, the three components of

the equations of motion can be written separately as three scalar

equations known as Euler's equations. Euler's equations

referred to the principal axes are

Ixx&x + (Izz — Iyy)^z^y = Lx \

lyyUy + (/** ~ Izz) 03x03z = Ly \ (9-25)

Izz&z + (Iyy — Ixx)&yU>x = Lz )

Lx , Ly , and Lg are the components of the external torque about
the moving x, y, and z axes, respectively. It must be remem-
bered that these components of torque are referred to moving
axes and hence may change with the time even when the vector

torque is constant.

It is possible to write similar equations when the axes are not

parallel to the principal axes, but they are much more com-
plicated and are rarely used.

Problem 27. Derive Euler's equations referred to principal axes.

Problem 28. Write Euler's equations when the axes are not
principal axes.

8. The Eulerian Angles.—As has been already indicated

above, six independent coordinates are necessary to specify

the position of a rigid body. This is best done by specifying
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the location and orientation of a system of axes attached to the

body. Three of the coordinates will locate the origin of the

axes, and the remaining three can be used to fix the orientation.

This orientation can be specified in various ways. The nine

components of the tensor T could be used to represent the posi-

tions of the axes in the body relative to an external set of fixed

axes. Since there are six independent relationships between the

nine components of the tensor, there are really only three inde-

pendent quantities in it. This method, however, is not very

Fig. 9-2.—Specification of the Eulerian angles.

convenient. For many purposes, the most convenient coordi-

nates are the Eulerian angles. They can serve to define the

orientation of a rigid body, and they will also serve as inde-

pendent variables in the equations of motion.

The Eulerian angles are indicated in Fig. 9-2. In this figure

x, y, and z are the three axes fixed in the body, while X, Y, and Z
represent a system of axes whose direction in space is fixed.

The angle between the Z axis of the fixed system and the z axis

of the moving system is called 0. The line ON in which the

x-y plane cuts the X-Y plane is called the line of nodes, and the

angle between the X axis and the line of nodes is called \p. Some
convention must be made as to the direction in which this angle

is measured; therefore, it is usually specified to be measured in
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the positive direction around OZ to the positive side of the line

of nodes. The positive side of the line of nodes is denned as

that side toward which the vector product of a vector along Z

times a vector along z would point. The angle from the line

of nodes, measured in the positive direction around z, to the

positive x axis is called <p.

These three Eulerian angles seem an unsymmetrical set of

coordinates, but they are especially adapted to the problem of a

rotating body and give the equations the simplest form in most

cases. Each of the angles can be changed independently of

the others and the rate of change of each one can be considered

as an angular velocity in the appropriate direction. By the

projection of these angular-velocity vectors on the moving

axes, it is possible to express the three Cartesian components of

the angular velocity in terms of the derivatives of the Eulerian

angles.

The angular velocity corresponding to 8 can be seen from

Fig. 9-2 to lie along the positive direction of the line of nodes.

Its component along the x axis is then cos <p. The angular

velocity corresponding to <p is perpendicular to the plane includ-

ing the line of nodes and the x axis and hence is along the z axis.

This has no component along x. The angular velocity cor-

responding to \j/ lies along the Z axis. This has a component

\j/ cos along Oz and a component \j/ sin in the x-y plane.

The latter component will also lie in the plane including z and Z.

This plane is perpendicular to the line of nodes ON, and thus

the component along x will be \j/ sin sin (p. The total cox is the

sum of these contributions. By similar analysis, the other

angular velocities can be written down, and the result is

cox = cos <p + \j/ sin sin <p \

o)y
= — sin <p + \j/ sin cos <p > (9-26)

coz = <p + \j/ cos 6 J

Problem 29. Show from Euler's equations that if Ixx = Iyy and

Lz
= 0, the angular velocity about the z axis is constant.

9. The Kinetic Energy of a Rotating Body.—The kinetic

energy of a rigid body may be regarded as the sum of the kinetic
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energies of its parts. Hence it can be written

T = i/p(R) 2 dv = Jip(a + f) • (a + i)dv (9-27)

In this equation R is the vector from a fixed origin to the volume
element dv, a is the vector from the fixed origin to the origin

fixed in the rigid body, and r is the vector from the origin in

the body to the volume element dv. According to the con-
vention already described for the selection of systems of coordi-

nates, a either is constant, or the origin of the moving system of

coordinates is at the center of mass. For one reason or the
other, equation (9-27) becomes

1
2

(d) 2 + /pa • r dv + = pi • r dv

= 2" y 2 + 2 / P(w X r) • (w X r)dv (9-28)

In a triple vector product containing one dot and one cross, the

dot and cross can be interchanged without affecting the value

of the product. Hence

T = -^v 2 +
^ J

P<o-r X (<oX r)dv = i Mv 2 + i
<o • H (9-29)

Equation (9-29) contains the important result that the kinetic

energy of a rigid body can be divided into two parts. One part

is the energy of translation of the body as a whole, and the other

part is the energy of rotation about the center of mass.

Equation (9-29) shows that these two energies are entirely

independent.

Since the angular momentum H is a linear vector function of

the angular velocity, equation (9-29) shows that the kinetic

energy of rotation is a homogeneous quadratic function of the

velocity components.

Problem 30. Express the kinetic energy of a body that is turning

about a principal axis, in terms of components of the tensor of inertia

with reference to the principal axes.

Problem 31. Show that the kinetic energy of rotation of a rigid

body rotating about any axis is equal to the moment of inertia about
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the axis of rotation multiplied by one-half the square of the angular

velocity.

Problem 32. Show from Euler's equations that the kinetic energy

of rotation of a rigid body subject to no torque is constant.

Problem 33. Show that the rate of change of the kinetic energy

of rotation of a rigid body is equal to the scalar product of the torque

and of the angular velocity.

10. Rotation about a Fixed Axis.—The simplest motion of

rotation is that in which one line in the body remains fixed and

serves as an axis of rotation. Under these conditions the

Fig. 9-3.—Moving axes used with a dynamically unbalanced flywheel.

angular-velocity vector is fixed in space and fixed in the body.

However, the angular momentum is not always parallel to the

angular velocity and thus the angular momentum is not fixed in

direction, and a torque is needed to maintainsuch a motion. This

torque is supplied through the bearings that support the axle.

These bearings must supply the force necessary to cause the

center of mass to move in its prescribed path, and at the same

time they must supply the torque necessary to keep the axis of

rotation fixed.

a. Flywheel out of Dynamic Balance.—Consider the case of a

flywheel attached to its axle in such a way that, although the

center of mass of the wheel is at the center of the axle, the

principal axis of the system consisting of the wheel and axle is
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not parallel to the axis of rotation but makes an angle a with it.

Figure 9-3 shows the situation.

Since the center of mass is on the axis of rotation, it does not

move when the wheel is turning and the only force that the

bearings need supply to keep it in place is a constant upward

force equal to the weight. This force w 11 be divided between

the two bearings according to their distances from the center

of mass.

It is convenient to take axes fixed in the flywheel parallel

to the principle axes of the body and with the origin at the

center of mass. Take the z axis along the axis that makes

the angle a with the axis of rotation. From the symmetry of the

problem, it is apparent that another principal axis lies in the

plane including z and the axis of rotation. Let the x axis be

selected in this direction. The positive y axis will then be

directed out of the paper. If a is small, the moments of inertia

Ixx and Iyy will be practically equal. If they were exactly equal,

the orientation of the x and y axes around the z axis would be

arbitrary but it would still be convenient to select them as

indicated.

The angular velocity is naturally along the axis of rotation

so that if co o is its magnitude

w = — coo sin a i + co cos a k (9-30)

If Ixx, Iyy, and Izz are the components of the tensor of inertia

referred to the principal axes, the angular momentum in these

coordinates is

H = oixhxi + ujzzk
= <a (—Ixx sin a i + Izz cos a k) (9-31)

All the quantities in this expression are constants except the

unit vectors i and k. But because the unit vectors are changing,

H is changing, which shows the existence of a torque. From

equation (9-10) it follows that

di . , . dk . .

-j, = <o2j
— oiyK and -^ = 03yi

— coxj

Hence

L = -T7 = uo2
(Izz - Ixx) sin a cos a j (9-32)
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Since Izz > Ixx for an ordinary flywheel, this torque is in the

positive direction around the y axis. But the y axis is turning

uniformly in a plane perpendicular to the axis of rotation, and

the force supplied by the bearings must change direction cor-

respondingly. The force from one bearing, over and above the

static force, will always be equal and opposite to that from the

other since they constitute a couple about the center. The
magnitude of each force will be constant, but the direction will

rotate around the axis with the wheel. This tends to set the

supporting structure into vibration and may cause undue
stresses in the mounting

The wheel in this problem is in static balance. It will not
tend to turn if it is set in any position. But it is not in dynamic
balance and hence will require variable torques to keep it

turning about a fixed direction. For smooth running it is just

as important to have dynamic balance as to have static balance.

b. Case with Center of Mass off the Axis.—In the above
illustration the center of mass was on the axis of rotation, and
no force was needed to move it in the specified orbit. It often
happens, however, that the center of mass is not on the axis of

rotation, and this fact must be taken into account in computing
the forces that must be supplied by the bearings.

As a simple illustration, consider a plane square sheet rotat-
ing about one edge and supported by bearings at the corners.

For simplicity the effect of the weight (not the mass) will be
neglected. For high speeds of rotation this may be quite
justifiable. Figure 9-4 illustrates the situation and the axes
selected with the origin at one bearing. The sheet is taken to
be 2a on an edge and to be rotating about the x axis with a con-
stant angular velocity co .

The center of mass moves in a circle about the axis, but to
make it do so a force toward the axis must be provided. Hence

F t + F2 = -Macoo 2
} (9-33)

The division of this force between the two bearings must be
determined from the torque, and this is given by the rate of
change of angular momentum. With the coordinates indicated

Ixx = iMa 2 and Ixy = -Ma2
(9-34)
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H = Ma2
co (|i - j)

MaWkL ~ dt
~

(9-35)

(9-36)

The force Fi produces no torque about the origin, and therefore

all the torque must be due to F2 applied at the point 2ai.

2ai X F2 = L = -ikfaWk (9-37)

Equations (9-33) and (9-37) must be solved simultaneously to

evaluate Fi and F2 .

Ft

€ 3-jc
o

Fig. 9-4.—A plane sheet turning about a fixed axis.

The vector product of i and (9-33) gives

i X Fi + i X F2 = -Maoo *k

Then (9-37) can be written

i X F2

M
aco 2k

This leads to

M
i X Fi = - y ao) 2k

(9-33a)

(9-37a)

(9-38)

From this equation nothing can be concluded about the x com-

ponent of Fi, but the z component can be seen to be zero and the

y component equal to — ^Maco Q
2

.



DYNAMICS OF RIGID BODIES 181

Equation (9-33) shows that the sum of the x components of

Fi and F2 is zero, but the individual components are not further

determined. The motion is independent of what they may be.

Hence assume them to be zero. The result is then

Fi = F 2 = - iMWj (9-39)

Since the coordinate system is rotating, the direction of j is

changing and the forces must follow it.

Problem 34. Evaluate the angular momentum of the square sheet

rotating about one edge by the use of the integral definition (9-1 4c).

Problem 35. Treat the problem of the rotating square sheet when
the origin of the moving coordinates is taken at the center of mass.

Problem 36. A body is suspended from a horizontal axis parallel

to one of the principal axes that passes through the center of mass.
The axis of rotation is a distance d from the center of mass. Write the

Lagrangian function and the equations of motion for this type of

pendulum.

11. Free Rotation of a Rigid Body.—If a body is subject to

no external force whatever, the center of mass will move in a

straight line with constant velocity and the angular momentum
will be constant in both direction and magnitude. This, how-
ever, does not at all mean rotation with constant angular
velocity about an axis fixed in direction. It was shown in the
previous section that motion about a fixed axis may require a
torque to maintain it. The motion of a free body with constant

angular momentum may appear complicated if the body has an
irregular shape, but it has certain simple characteristics that
permit its description.

It was shown in Prob. 32 that the kinetic energy of a body
subject to no forces is constant. This means that

2T = 6) • H = const (9-40)

and, combined with the constancy of H, it means that the pro-

jection of q on H is constant. If g> and H are drawn from a
common origin, H will be constant in magnitude and direction

while <a will always end in a plane perpendicular to H at a
distance 2T/H from the origin.
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Problem 37. Show from the form of equation (9-40) that the

vector <o also always ends in the surface of an ellipsoid that is fixed in

the body.

Problem 38. Show that, if the angular velocity of a free body
coincides in direction with a principal axis, it will always coincide with

that axis and will be fixed in space as well.

Problem 39. Show that the rotational kinetic energy of a body

for which Ixx = Ivy , referred to principal axes, is

T = $Ixx (d* + V sin2
0) + i/S2(>

2 + 2^ cos 6 + ^ cos2 d) (9-41)

Problem 40. Show that for a rigid body, with Ixx = Iyy , the angu-

lar momentum vector lies in the plane containing the z axis and the

angular velocity. If Izz > Ixx , H lies between the z axis and o>. If

/«» < Ixx, the angular velocity lies between the z axis and H.

The study of the motion of a free rigid body is of importance

in understanding the motion of projectiles shot from a rifle.

These are projected with an angular velocity about the axis of

symmetry; and, to the extent that air resistance can be neglected,

such a projectile can be treated as a free body as far as its rota-

tion is concerned. Gravity will accelerate the center of mass

but will produce no torque or change in angular momentum.

Since the treatment as a free body is based on the neglect of air

resistance, questions of stability are important. It is important

to know that small deviations from an ideal motion will not

result in entirely new characteristics.

In Prob. 29 it was shown that the angular velocity about the

z axis, which is taken as the axis of symmetry, is constant. Let

this be called w . When the projectile is fired, it is given this

initial angular velocity about this principal axis ; and, according

to Prob. 38, it should continue to rotate about this axis, and the

axis should remain fixed in direction. However, small torques

may introduce small amounts of angular momentum in other

directions, and it is important to see how this will affect the

motion.

By differentiating the first of Euler's equations and sub-

stituting 03y from the second it follows that

** + (^xr^)
2

WoVc = ° (9_42)
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Then

CO* = A sin [7
f~

f
M co * - el (9-42a)

where account is taken of the fact that Za^ > Izz .

The solutions of Probs. 41 and 42 below permit one to show
that the vector o> moves around the z axis so as to describe a

circular cone. For bodies in which the difference between Ixx
and Izz is a significant fraction of Ixx the motion of this angular-

velocity vector is almost as fast as the rotation of the body itself.

Fig. 9-5.—Representation of the motion of the principal axis of a free body z and the
angular velocity vector w by one cone rolling on another.

Problem 41. Show that for a symmetrical body

Oix + const (9-43)

Problem 42. Show from Euler's equations that a)v follows a

differential equation of the form of (9-42), and find the relationship

between the constants in equation (9-42a) and the corresponding con-

stants in the expression for o)y .

Problem 43. A projectile consists of a right-circular cylinder with

a hemispherical cap on one end. The length of the cylinder is three

times its diameter. Find the rate at which the angular-velocity vector

moves in the body compared with its rate of rotation.
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As a consequence of the rotation of the body about an axis

that is not a principal axis and the motion of the axis of rotation

around the axis of symmetry, as well as the fact that the axis of

symmetry, the angular velocity, and the angular momentum
always he in the same plane, the motion can be described as

the rolling of one cone on another. Figure 9-5 indicates the

situation. The vector H is composed of a portion i^coo along

the z axis and a portion Ixx(wx 2 + co/)* perpendicular to z.

The angular-velocity vector lies between z and H and in the

same plane. If then a right-circular cone is constructed about H
such that a) lies in its surface and another cone tangent to the

first is constructed about z, the rigid body can be considered

as attached to the second cone. The motion of the rigid body is

then reproduced by rolling the second cone around the first.

12. Rotation of a Symmetrical Body about a Fixed Point.—
Another case of interest is that in which a point in a symmetrical

body is kept fixed in space and some external torques are applied.

For simplicity take the fixed point to be the center of mass and
let Ixx = Iyy . This is the case usually referred to as a gyroscope.

Problem 44. Use Lagrange's equation to obtain the equations of

motion of a symmetrical body in terms of the Eulerian angles, and

then show that, if the only torque acting is such that it tends to increase

the angle 0, the following equations hold:

Izz(<p + 4* cos 0) = R \

Ixx$ sin 2 d + R cos e = S
J

(9-44)

Ixx 6— Ixx\p
2 sin cos + Ryf/ sin = Lg J

where R and S are constants of integration.

Problem 45. Show that = t/2, <p = const, i/- = const is a solu-

tion of equations (9-44) if there is a proper relationship between ip and i/'.

Problem 46. Show that equations (9-44) admit of a solution cor-

responding to any desired constant angle of inclination O and any

desired constant rate of precession ^ = Q, if the torque Le has the

proper constant value. Find the necessary value of the torque.
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CHAPTER X
THERMODYNAMICS

The subject of thermodynamics developed from the study

of heat engines and concerns the transformation of heat into

other kinds of energy. The work of Sadi Carnot, published

in 1824, may be considered as the first real contribution to

this study. Guided by the prevalent idea of his time, that

heat was an indestructible substance, he sought for the con-

ditions under which it would produce work. His conclusion

was that heat can produce external work when it falls from one

temperature to a lower temperature, much as water can do

work in falling from one level to a lower level. Although this

conclusion is only partly correct, Carnot's penetrating insight

led to the discovery of the theorem that the maximum amount

of work which can be obtained from a heat engine depends only

upon the temperatures between which it operates and not at all

on the working substance used.

By the middle of the nineteenth century the idea of heat

as an indestructible substance had been superseded by the

mechanical theory. According to this point of view, the

increase in temperature of a body is the outward evidence

of an increase in the energy of its molecules. The energy

which is put into the body to produce this increase in tem-

perature may be transferred by contact from another body
at a higher temperature, or it may be transferred by doing

mechanical work. Thus the idea of " quantity of heat" loses

its definiteness and applies more to a method of transfer of

energy than to any quantity which exists after the energy is

transferred. The fundamental ideas of the mechanical theory

of heat are very old. They were known to Huygens; and
before Carnot's death, he himself recognized the insufficiency of

the indestructible-substance idea with which he had been work-

ing. Between 1840 and 1850, however, Mayer, Helmholtz,
185
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Joule, and others stated the conception so clearly, and per-

formed the necessary experiments so convincingly, that this

theory began to be widely accepted.

It was the combination of the mechanical theory of heat

with the discoveries of Carnot about the availability of heat

for doing work that produced the principles of thermodynamics.
This synthesis was due to a large extent to Clausius and to

William Thomson (Lord Kelvin). They put thermodynamics
into its present position—that of a deductive science, founded on
two very general laws. In their hands it became a powerful

means of treating a restricted class of problems. More recent

work has added a third general principle, which is now widely

accepted as the third law of thermodynamics. This, however,

will not be treated in the present chapter.

1. The Problems and Methods of Thermodynamics.
a. The Thermodynamic System.—In the treatment of thermo-

dynamic problems, the objects under consideration are usually

divided into two parts. One part is called the system, the other

the surroundings. Attention is then given to the transfer of

energy between the surroundings and the system by means of

heat flow or by means of mechanical work done on the system.

In the case of a steam engine the water may be considered as

the system, while the rest of the engine constitutes the surround-

ings. Energy is given to the water by the heat flow from the

fire, and some is returned to the condenser by the heat flow from

the steam. In addition, an exchange of energy takes place

between the steam and the piston. The study of the relation-

ships between the energies transferred as heat and as work
constitutes the problem of thermodynamics.

b. The State of a Thermodynamic System.—The state of a

mechanical system is determined by the positions and the

velocities of all its component parts. According to the

mechanical theory of heat, the state of a thermodynamic system

then would be determined by the positions and velocities of all

of its component molecules. So detailed a knowledge of a

system, however, is not necessary for the thermodynamic
treatment of its behavior. It is necessary to know only the
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quantities which are observable by macroscopic methods.

These quantities are the pressure which the system exerts

upon its container, the volume which it occupies, its temperature,

its energy, the electric, magnetic, or gravitational fields to

which it is subject, and any other parameters of a similar nature.

These variables are not usually all independent, and the equa-

tions which connect them are known as the equations of state.

The simplest cases are those in which the only variables involved

in the determination of the state are the volume, pressure, and
temperature. In such cases, two of the quantities are selected

as the independent variables, and the third is expressed in terms

of them by means of the equation of state. The energy, and
any other functions of the state, can also be expressed in terms

of the same two independent variables.

If the temperature T and the volume V of a given mass
of a substance are taken as the independent variables of state,

the pressure may then be written as a function of these two.

V = P(T,V) (10-1)

The nature of this function can be determined by experiment

only and is characteristic of the substance. For this reason the

equation of state is sometimes called the characteristic equation.

If the temperature and the volume are changed, the pressure is

changed accordingly by an amount dp, which is given by

dr> = (U\ dT + (w\ dV (10-la)

The subscripts attached to the partial derivatives indicate

the variables that are kept constant during the differentiation.

This method of specifying the independent variables is necessary

because of the variety of such variables which can be used.

Equation (10-la) is also the equation of a curve of constant

pressure, or an isobar, when dp is set equal to zero. In a similar

fashion the equations for isothermal curves and curves of con-

stant volume can be obtained.

Problem 1. Take the temperature and volume as independent
variables, and draw curves representing states of equal volume,
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equal pressure, and equal temperature. From these curves find

the geometrical significance of the differential coefficients in equation

(10-la).

Problem 2. Take the pressure and the volume as independent

variables. Draw for this case the curves indicated in the previous

problem, and interpret the differential coefficients.

Problem 3. Repeat Prob. 2 for the case where temperature and
pressure are the independent variables.

Problem 4. Show that

\^)P

= ~ WWYt (10"16)

Problem 5. Show that

c. Thermometry.—The first ideas of heat and temperature

come from the sensation of heat and cold, and from the observa-

tion that, if a hot body and a cold body are placed in contact,

the hot body becomes less hot and the cold one becomes less

cold. The distinction between quantity of heat and temperature

becomes necessary when it is observed that a small hot body
becomes nearly as cold as a large cold body with which it is

placed in contact. It is also easy to observe a correlation

between hotness and expansion, so that it is natural to use the

expansion of some standard substance as a measure of tem-

perature. Because of their large expansions, gases were early

selected as the standard materials for thermometers. This,

however, is a perfectly arbitrary definition of temperature, and
it should not be expected that physical laws could be expressed

in any simple form with this sort of temperature scale. The
establishment of a natural scale of temperature was suggested

by Lord Kelvin in 1848. This suggestion was based on the

principle now known as the second law of thermodynamics, and
its discussion will be left until later. It will suffice to say here

that the absolute scale of temperature does not differ much
from the scale of a gas thermometer.

The unit of heat is the calorie. This is the amount of heat

required to raise the temperature of one gram of water by one
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degree centigrade. Careful measurements show, however, that

the initial temperature of the water makes some difference. If

the above definition were satisfactory, the equilibrium tem-
perature reached by mixing two equal masses of water at dif-

ferent temperatures would be the arithmetic mean of their

initial temperatures. This is found not to be true, and there-

fore the calorie must be defined between two specific degrees

of the centigrade scale. It is frequently defined between 15 and
16°C.

Experiments on the equilibrium temperature attained when
other substances are mixed with water show that it is necessary

to assign a number called the heat capacity to every body if it is

desired to maintain the idea of a quantity of heat. Thus there

arises the idea of specific heat. This is defined as the amount of

heat necessary to raise the temperature of one gram of the sub-

stance through one degree. This might as well have been
defined with reference to unit volume, but it is subject to less

variation with external conditions if the definition with reference

to unit mass is used. Further difficulties arise when a change
of state is considered. The amount of heat necessary to raise

one gram of water from 99.5 to 100.5°C at atmospheric pressure

is certainly far from one calorie. To account for this fact,

there was introduced the term latent heat. This term implies

that when heat is used in changing the state of a substance it is

not used in raising its temperature, and yet the heat, as such,
is presumed to reside in the body.

All the terminology of thermometry is based upon the
implicit idea of heat as an indestructible substance. With
the aid of the various devices mentioned above, it is possible

to maintain the fiction of a "quantity of heat," and to speak
of the amount of heat in a body. With the complete acceptance
of the mechanical theory, the idea of a quantity of heat must
disappear; but the terms of the older theory can hardly be
avoided, since they are in such common use. Strictly speaking,
however, the only quantity which exists in this connection is

energy. Energy may be transferred from a body at one tem-
perature to another at a lower temperature by a heat flow. The
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heat is only a means of transfer of energy and should not be

imagined to exist inside the body.

For some time after the recognition of the mechanical

nature of heat flow, attempts were being made to consider

the kinetic energy of the molecules as heat, while the poten-

tial energy was regarded as internal energy. It is, however,

of very doubtful advantage to try to separate these two kinds

of energy; and throughout the rest of this chapter the term heat

will be used only in connection with the flow of energy occasioned

by a difference in temperature.

d. Reversible Processes.—If a gas is allowed to expand into

a vacuum, it does no work on its surroundings, since there is

no resisting force and the surroundings are not moved. If it

expands against a resisting force, the work done is equal to

the integral of the force multiplied by the distance moved.

The most work is done when the resisting force is the largest.

However, if the resisting force is larger than the pressure of the

gas, there will be no expansion whatever, so that the maximum
work will be done when the resisting force is just infinitesimally

smaller than the force exerted by the gas. Under these cir-

cumstances the two forces are essentially equal to each other,

and either can be used in calculating the work done. When
expansion is carried out in this way, it is called reversible,

because an infinitesimal increase in the opposing force will cause

a compression.

If a heat flow occurs from one body to another at a lower

temperature, the process is irreversible, since the energy can-

not be made to flow directly from the colder to the warmer body.

If, however, the temperature difference between the two bodies

is infinitesimal, the rate of flow will be infinitely slow and an

infinitesimal change in the temperature of one body will cause a

heat flow in the opposite direction. The process of heat flow,

then, is reversible when the two bodies are at practically the

same temperature.

The reversibility of a process refers to the manner in which

it is carried out rather than to the initial and the final states of

the system. The first illustration given above shows that the
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maximum amount of work is done on the surroundings when an

expansion is carried out reversibly. It will be shown later

that a reversible engine is the most efficient kind possible. For

these reasons, analyses of thermodynamic problems are often

made by reference to reversible processes.

e. Cyclical Processes.—It was first emphasized by Carnot

that, if a process is to consist in the absorption of energy as

heat and the loss of the same amount of energy as work, all

the material bodies used in the process must be left at the end in

exactly the state in which they were at the beginning. If this

condition is fulfilled, the process will consist in one or more cycles

of operations, such as expansions and compressions, absorptions

and emissions of energy as heat, vaporizations and condensa-

tions, which return the system to its original state. In the

course of such a cycle the system will, in general, absorb or

give out a certain net amount of energy as heat and will do or

receive a certain net amount of work. When a cyclical process

is carried out in a reversible manner, the energy relations can

be easily analyzed.

/. The Perfect Gas.—A perfect gas is one whose equation

of state is

pV = nRT (10-2)

where p is the pressure, V the volume of the gas, T the tem-

perature measured on the absolute scale, R the so-called "gas

constant," and n the number of gram molecules of the gas.

R = 8.314 X 10 7 ergs per degree per gram molecule.

The ordinary permanent gases are fair approximations to a

perfect gas in the ordinary ranges of temperature and pressure,

and reasoning carried out with equation (10-2) can be applied to

them with a high degree of accuracy. It should always be

remembered, however, that a perfect gas is a limiting case

which is not actually realized in any real gas.

Problem 6. Show that, for a perfect gas,

ni

T(fr), -^ <«*)
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Problem 7. Show that, for a perfect gas,

nR(dp\ =
\dTjy V (10-2&)

Problem 8. Take the temperature and volume as the inde-

pendent variables, and draw the lines of constant pressure for a perfect

gas.

Problem 9. Illustrate equations (10-16) and (10-lc) by means of

the equation of state for a perfect gas.

Problem 10. Show that the work done in compressing any sub-
stance from a volume Vx to a volume F2 , by means of hydrostatic
pressure p, is given by

W = - f^vdV (10-3)

Problem 11. Show that the work done on a perfect gas in com-
pressing it reversibly from a volume Vi to the volume V2 is

W = nRT log £ (10-3a)
V 2

g. The van der Waals Equation of State.—Although the
ordinary gases obey the perfect-gas law fairly well, vapors of

high density and liquids deviate very far from it. An equation
of state which describes vapors and liquids well enough for some
purposes and which approaches the perfect-gas law as a limiting

case is the van der Waals equation. This is

/ RT na\ ,1A .,

= » {y=nb ~ V>)
(1(M)

The letters p, n, V, R, and T have the same significance as

before, a and b are constants which characterize the particular

gas under consideration. When a and b are zero, this equation
becomes the perfect-gas law. It also approaches the perfect-

gas law as V becomes larger.

Equation (10-4) is of the third degree in V; thus, for a
given pressure and temperature, there may be three values of

the volume which will satisfy the equation. Either all three of

these may be real values, or one may be real and the other two
complex. If two roots are complex, only the one real root has
any physical significance. For a certain value of pressure and

V
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temperature all three roots coincide. This point is called the

critical point. For higher values of the pressure and tempera-

ture, there is only one real root.

Problem 12. Find the work done in compressing a gas which

obeys the van der Waals equation of state from a volume Vi to the

volume V2.

Problem 13. Take the temperature and the pressure as the inde-

pendent variables of state, and draw the lines of constant volume for a

gas which obeys the van der Waals equation.

Problem 14. Take the pressure and the volume as independent

variables, and sketch the lines of constant temperature. Those por-

tions of the curves which show three values of the volume for each

value of temperature and pressure represent the condensation of the

gas into the liquid. Show on this diagram the process necessary for

transforming the gas into the liquid without going through the ordinary

process of condensation.

Problem 15. Find the values of the critical pressure, temperature,

and volume in terms of the constants a and b.

2. The First Law of Thermodynamics, a. Statement of

the Law.—The first law of thermodynamics expresses the

equivalence of heat and work as means of transferring energy.

It states that the internal energy of a thermodynamic system

can be increased in two ways. Either mechanical work can

be done on the system, or energy may flow into it as heat from a

body at a higher temperature.

The equation which states this law is

dU = 8Q + 8W (I)

where U represents the energy of the system. dU is the infini-

tesimal increase in energy of the system when an amount of

energy 8Q flows into it as heat and an amount of work 8W is

done on the system. The sign of 8W is taken as positive when

the surroundings do work on the system. It is often taken in

the opposite way, since the conventions have been developed

in the study of engines where the work done on the surroundings

is the important thing. When the properties of the system form

the subject of the investigation it seems a little better to take

the sign as is done in (I).
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The quantity U is a function of the state of the system

only, and dU is therefore a differential of this quantity. dU
can be integrated, and its integral between any two states is

the difference between the energy of one state and the energy of

the other. The path by which the system is taken from one

state to the other is of no importance in evaluating this integral.

On the other hand, the quantities Q and W have no such

significance. In equation (I), 8Q and 8W are written to

indicate that only infinitesimal amounts of heat flow and of

work are involved, but the sign 8 does not imply a derivative.

The integral of 8Q or of 8W can be evaluated only when the

equation of state is known and when the path by which the

system goes from one state to another is specified. The dis-

tinction between these two kinds of quantities is fundamental for

the significance of the first law. The internal energy of a system

can be increased in these two separate ways, and it is impossible

to tell from the change of state of a system which way has been

used.

The use of 8Q added to 8W implies that heat flow and work

must be measured in the same units. The factor of pro-

portionality between the thermometric unit of heat and the

mechanical unit of heat is called the mechanical equivalent

of heat J. It was the subject of very extensive experimental

investigations by Joule and others. The best value at the

present time is J = 4.185 joules per calorie. In this chapter

heat flow will always be measured in joules unless otherwise

specified.

Problem 16. Show that, if T and V are the independent vari-

ables which describe the state of the system and if the only work done

by the surroundings is by the change in volume under the external

pressure, the amount of energy which flows into the system in the form

of heat during an infinitesimal change in state is

8Q

Problem 17. Show that, if the pressure and the volume are the

independent variables,
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*
-(f), * + [(!?), -^H (10-56)

Problem 18. Show that, if the pressure and the temperature are

taken as the independent variables,

dT (10-5c)

b. Applications of the First Law to Perfect Gases.—The
equation of state given above for a perfect gas gives the relation

between the pressure, the volume, and the temperature. It is

necessary also to determine experimentally the dependence of

the internal energy U upon the variables which define the state.

Since the kinetic-theory model of a perfect monatomic gas gives

for the energy

U = %nRT ergs (10-6)

it may be taken as an additional part of the definition of an

ideally perfect gas that U = CVT, where CV is a constant.

An early experiment performed by Joule showed that the

ordinary gases approximate closely to this condition, in much
the same way that they approximate closely to the equation of

state (10-2). Joule filled a vessel with gas under a moderately

high pressure. This vessel was connected to an evacuated

vessel by means of a stopcock, and the whole was immersed in a

calorimeter. When the stopcock was opened, the gas expanded
without doing any work. It was also observed that the tem-

perature of the water in the calorimeter did not change, so that

no heat was absorbed in the process. The conclusion is that

the internal energy of the gas is independent of the volume and
is a function of the temperature only. Later and more accurate

experiments by Joule and Thomson have shown that this result

is approximate only, but it may be taken as a property of a

perfect gas.

In dealing with the heat capacities of gases, it is important
to differentiate between the heat capacity at constant volume
Cv and the heat capacity at constant pressure Cp . The dis-

tinction must also be made for solids and liquids, but it is more
important in gases because of their larger rates of thermal
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expansion. The heat capacity at constant volume is the amount
of energy that must be added to the substance to increase its

temperature by one degree when it is not allowed to expand.
Similarly, the heat capacity at constant pressure is the amount
that must be added when the gas is allowed to expand just

enough to maintain a constant pressure.

A distinction must also be made between heat capacity and
specific heat. Heat capacity refers to any given quantity of

substance and will be indicated by a capital C. Specific heat,

on the other hand, refers to a specified quantity, such as a gram,
and will be designated by a small letter c.

Problem 19. Show that

CV = (f^ (10.7a)

Problem 20. Show that, for a perfect gas,

CP = (jfjj
+ nR (10-76)

Problem 21. Show that

Cp = Cv + nR (10-7c)

for a perfect gas.

Problem 22. Show that for a perfect gas, when the temperature
and the volume are taken as the independent variables,

8Q = Cr dT + 7^dV (10-8a)

Problem 23. Show that for a perfect gas, when the temperature
and the pressure are the independent variables,

8Q = Cp dT -— dp (10-86)

Problem 24. Show that for a perfect gas, when the pressure and
the volume are the independent variables,

If the path by which a change of the state of the system
takes place is given, equations (10-8) can be integrated. There
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are several types of change which it is convenient to use. One
is that in which one of the independent variables is held fixed.

In this way paths of constant pressure, volume, or temperature
are obtained. Another type of path is the adiabatic. When a

system is so arranged that it can absorb or give out no energy
in the form of heat, any changes that take place are said to be
adiabatic. The equation of these paths can be obtained by
setting dQ = 0.

Consider the case of an adiabatic transformation of a perfect

gas whose state is described by pressure and volume. Equation
(10-56) gives the relationship between dp and dV for an adiabatic

change

dp _ (dU/dV)p + p
dV

~
(dU/dp) v

From the definition of a perfect gas

U = CvT = ^#
nR

Hence

(dU\ Cv (dU\ _Cv v
\dVjp nR p \dp)v~nR V

From this and equation (10-7c)

dp _ _ (Cv + nR)p _ _CpP
dV

~
CvV Cv V

and by integrating this equation it can be shown that

pVy = const (10-9a)

where y = Cp/Cv .

Problem 25. Show that for an adiabatic expansion of a perfect gas

TV*- 1 = const (10-96)
and

7yi-Y)/T = const (10-9c)

To show the way in which the internal energy U can be a
function of the state of a system at the same time that the work
done on it and the heat flow into it depend on the processes
carried out, it is instructive to consider a special case. Consider
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a perfect gas at the temperature T' with the volume V . Let

it first be warmed to the temperature T" at constant volume.

The heat flow into the gas is then, from equation (10-5a)

Q =
II"($) r

dT = CT{T»-T>) (10- 10a)

dV

Th3n, at the constant temperature T" , let the gas expand from
V to V" . Again from equation (10-5a) the heat flow into the

gas is

'dU\

= nUT" log yt (10-106)

T'Y"

Q =
/JT(^ )

T+p
v" dV

nRT" \ ~
v V

T'V"

V
Fig. 10-1.—A cycle carried out at constant temperature and constant volumes.

For a perfect gas, (dU/dV) T = 0; hence the only contribution

to the integral comes from jp dV.

If the change in state is made along the other path shown in

Fig. 10-1, the heat flow during the first leg is

Q = nRT' log yr

and during the second leg is

Q = cv{T" - T)

(10-10c)

(10-10d)

This example shows that the heat flow depends on the path in

the T-V plane and is not at all the same for all paths.

It is also of interest to compute the work done on the gas
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in making this change of state. The only work done is associ-

ated with the change in volume and is — jp dV.

f v
" dV V"W = - / nRT" yr = -nRT" log ~ (10-lla)

for the first path and

W = -nRT' log y7 (10-116)

for the second path.

From the first law of thermodynamics it follows that

U{T",V") - U{T',V) = Q + W = Cv{T" - T') (10-12)

If it is assumed known that CV is independent of V so that the

heat capacity is the same no matter whether the heating is done
with the volume V or V" , this equation serves as an illustration

of the first law. On the other hand, the first law can be used

in this way to show that the specific heat is independent of the

volume.

Problem 26. Consider a perfect gas which undergoes a cyclic

process made up of elements at constant temperature and at constant

volume. Let it first expand at the temperature J" from the volume V
to the volume V". Then let it be heated at the volume V" to the

temperature T" , compressed at the temperature T" to the volume V,
and finally cooled at V to T'. Compute the heat absorbed and the

net work done on the gas.

Problem 27. Compute the work done on a gas that obeys the

van der Waals equation when it is compressed from Vi to V2 at con-

stant temperature.

Problem 28. Let the state of a perfect gas be represented by the

independent variables p and V. Compute the heat absorbed and the

work done on the gas when it is changed from the state (p'V) to

the state (p"V"). It is convenient to make the path out of one section

at constant pressure and another at constant volume.

Cyclical processes similar to the one in Prob. 26 are fre-

quently used in thermodynamic reasoning. One of particular

usefulness is illustrated in Fig. 10-2. The substance may be
considered to start at T xVi and to expand at constant tem-
perature to T1V2. To maintain the temperature constant dur-

ing this expansion, heat must be supplied to the working
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substance. In the case of a perfect gas this amount of heat is

= nRT1 logy (10-13a)

The quantity (dU/dV) T = for a perfect gas. The work done
on the gas during this process is

(7
T

171 ->77

172) W =
fJv
'V* V
pdV = -nETMog-^-2 (10-136)

Vi V l

The sum of these two quantities is zero as it must be, since the

nv. t2v3

Fig. 10-2.—A cycle carried out isothermally and abiabatically.

internal energy of a perfect gas depends only on the temperature

and is the same at {TxV\) as at (T1V2).

The next step in the process is an adiabatic expansion from
T1V2 to T2V3 . Along this line 8Q = by the definition of an

adiabatic process, and by equation (10-9b) TVy~ 1 = K. Hence
the work can be calculated.

(TtV* -> Ta Vt) W = -- -
J
pdV = -nR

J

[
v>dV

Jv, V
^p L_^
1 \V Z

^ Vf-iJ

Vz dV
nR I T%

V2 V

= -nRK

nRK

nR
J

liTz-TJ (10-13c)
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The third step is an isothermal compression from T2V3 to

T2V4. The heat and work are

(T,V Z
-+ T2F4) Q = nRT2 log y£ (10-14o)

(r2F3 -> r274) W = -nRT2 log^ (10-146)

These two quantities are equal and opposite, so that the internal

energy U does not change during this process.

The fourth step is an adiabatic compression during which no

heat flows and

(T274
_> TlVl) W = -^j (T x

- T2 )
(10-14c)

This step returns the gas to its original state and its original

internal energy. The sum of the heat absorbed and the work

done on the gas must be zero. In this case the net heat absorbed

was

Q = nR (7\ - T*) logyx
(10"15 )

since

The total work done on the gas is the negative of this. The

gas does work on the surroundings, and the energy for this work

gets into the gas by heat flow.

Problem 29. Compute the work done along~an adiabatic path in

the T-p plane in changing the state of a perfect gas from T1P1 to T2P2.

3. The Second Law of Thermodynamics, a. Statement

of the Second Law.—The first law of thermodynamics states

the equivalence of heat and work as methods of transferring

energy; the second law states the properties that distinguish

the transfer of energy by heat flow from transfer by work.

The second law may be stated as follows: It is impossible for a

self-acting machine, unaided by any external agency, to convey

heat from one body to another at a higher temperature. This

is the form in which it was stated by Clausius. The expressions

used show clearly the persistence of the idea of heat as an
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indestructible substance. Possibly a modification of this state-

ment which would better accord with the mechanical theory of

heat is : It is impossible for any self-acting machine, unaided by any
external agency, to absorb energy in the form of heat from one

body and to give up energy in the form of heat to another body

at a higher temperature.

A great many different formulations of this second law
have been given. Attempts have also been made to prove it

from the first law or from some proposition thought to be
" self-evident.

7
' It is certainly impossible to prove it from the

first law because it states facts which are not included in the first

law. Whether the statements with which it is equivalent are

self-evident or not depends entirely upon the state of mind of

the person stating them. The above statement of the second

law is made as a generalization from observation, and its truth

or falsity can be determined only by experiment. Thus far

it has proved to be correct in the macroscopic sense in which it is

meant. The microscopic interpretation of this law in terms of

statistical mechanics will be reserved until the next chapter.

On the basis of the law as just stated, it is possible to show
that all reversible engines have the same efficiency and that no
engine can have an efficiency higher than that of a reversible engine.

A heat engine, or an engine, is a device that absorbs energy
in the form of heat and does work on its surroundings. If the

engine is 100 per cent efficient, all the energy absorbed is trans-

formed into work done on the surroundings. When the effi-

ciency is less than 100 per cent, some of the energy absorbed as

heat is given out again as heat at a lower temperature. Since

the energy for doing the work is to be obtained only by absorp-

tion as heat, the engine must work in cycles. At the end of a

cycle, all parts of the engine will be in exactly the same state

as at the beginning. Some energy will have been absorbed at

one temperature, some work will have been done on the sur-

roundings, and the remainder of the absorbed energy will have
been given out as heat at a lower temperature. The engine is

only the agent for effecting the transformation of energy and
suffers no change itself.

This reversibility is a very important thermodynamic con-
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cept. In this case the implication is that the engine can be

driven backward by doing on it the work it normally does on its

surroundings. The working substance then goes through its

cycle in the opposite direction ; it absorbs some heat at the lower

temperature and gives out a larger quantity of heat at the higher

temperature. As applied to other processes, the term repre-

sents the fact that the conditions describing the process do not

specify the direction in which it will go. If a gas is expanding

reversibly at a pressure p, it is implied that the pressure against

which it is working is also p, and an infinitesimal increase in

the external pressure would turn the expansion into a compres-

sion. In either case there is no net force to produce an accelera-

tion. In the case of reversible heat flow, both bodies must be

at essentially the same temperature so that the flow can be

directed one way or the other by an infinitesimal change in

temperature.

The cycles described and analyzed above in discussing the

first law are typical of reversible cycles that can be carried out

with perfect gases. The efficiency of such a cycle is defined as

the ratio of the work done on the surroundings to the heat

absorbed at the higher temperature. This ratio, for reversible

cycles, is independent of the nature of the working substance and
the nature of the cycle and is a function of the working temper-

atures only. Hence it can be evaluated by using a particular

cycle whose properties are known.

Problem 30. Show from the second law of thermodynamics that

all reversible heat engines have the same efficiency and that no engine

can have a greater efficiency than a reversible engine. This can be

shown by allowing the more efficient engine to drive the other back-

wards, which would make possible a violation of the second law.

Problem 31. From the result of Prob. 29 show that the efficiency

of a reversible engine which absorbs energy as heat at the temperature

jTi and gives out energy as heat at the temperature T2 is (7\ — T2)/Ti.

Problem 32. Show that, for any reversible cycle in which an
amount of heat Qi is absorbed at the temperature T\ and —Q2 is given

out at the temperature T2 ,
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The heat absorbed is given the positive sign, while the heat given out
is considered as negative.

Problem 33. Show that for any reversible cycle

/ ^ = (10-17)

where the integration is around the cycle.

b. The Absolute Scale of Thermodynamic Temperature.—
The second law of thermodynamics provides a method of

defining temperature which is independent of the properties

of any substance. It was suggested by Lord Kelvin that,

since the efficiency of a reversible cycle is a function of the

temperature only, it could be used to define temperature.

Such a definition establishes a scale with which all actual

thermometers may be calibrated.

The characteristic of all reversible cycles is that they
absorb energy at one temperature T x and give out energy
in the form of heat at another temperature T2 . They also

deliver an amount of work which is equal to the difference

between the energy absorbed and the energy given out as

heat. Since the quantities of energy can be measured, it

is possible to define the temperatures between which the

cycle works in such a way that

9l . 9* _ n
T x
^ T2

~ u

This will be independent of the nature of the cycle because

all cycles will have the same efficiency.

In the previous work the temperature has been implicitly

defined on the basis of the perfect-gas law. Since, however,

there exists no perfect gas, it is impossible to prescribe a method
for establishing such a scale. The above given definition of

temperature is in complete accord with the definition on the

basis of a perfect gas but is independent of the existence of such

a gas. When temperature is used in thermodynamics, it is

always referred to this absolute, or Kelvin, scale.

c. Entropy.—The results of Probs. 32 and 33 make it possible

to define a function S called the entropy. The entropy is a
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function of the state of the system and is given when the inde-

pendent variables of state, such as pressure and volume, are

specified. The entropy is defined by defining its differential

along any infinitesimal portion of path. For a reversible

process this is

dS = ^ (10-18)

The quantity on the left side of this equation is an exact dif-

ferential because the quantity on the right has been shown in

Prob. 33 to be an exact differential when the change of state is

carried out reversibly. It is because the integral of dS around

any cycle is zero that S is a single-valued function of the state.

The absolute value of the entropy is not defined by equation

(10-18). If some state is taken as a standard, it is possible

to determine the entropy of any other state by integrating

equation (10-18) along a curve which represents a reversible

passage from the standard state to the state in which it is desired

to know the entropy.

If a system passes from one state to another by a process

which is not reversible, the change in entropy can be calcu-

lated from a knowledge of the possible reversible processes,

but it will not be equal to 8Q/T for the irreversible process.

This may be seen by considering the system to pass from the

state Si to the state S2 . The change in entropy is defined, and
the change in internal energy is defined, since these two are

functions of the state of the system only. When the process is

reversible, the amount of work done by the system can be

obtained from the first law in terms of the heat absorbed and
this is the maximum amount of work. If the process is irreversi-

ble, the amount of work is less than the maximum and, according

to the first law, the heat absorbed is also less. Hence, in an
irreversible isothermal process the change in entropy is greater

than the integral of 8Q/T.

A mathematical formulation of the second law of thermo-

dynamics is that for all processes

dS>^ (II)
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If, then, a system is thermally insulated so that no heat can

enter or leave it, the entropy can only increase or remain

constant.

To compute the entropy of a perfect gas, consider n moles of

the gas to be at the pressure p , temperature T , and volume V .

First heat it to the temperature T while holding the volume

constant. The pressure will increase; but since the volume is

constant, no work is done and the internal energy increases

directly with the temperature. The heat absorbed in each

element of this process is 8Q = CV ST so that

S(V ,T) - S(V ,T ) =
J

Cy-jr = Cv log jr

If then the temperature is held constant and the gas is permitted

to expand from V to V at constant temperature the heat

absorbed is just equal to the work done by the gas so that

1 C v wRT f v dV V
S(V,T) - S(V ,T) =-

T j^ V dV = -~-j
v
~ = nR log^

Combining these two results gives the entropy as a function of V
and T and an arbitrary value assigned to the entropy at V T .

S(V,T) = nR log ^ + Cv log ^- + S(V 0)TQ) (10-19)
^ I

This computation of entropy involves a knowledge of the equa-

tion of state and of the internal energy U of the substance as a

function of the variables describing the state.

Problem 34. Show that when a perfect gas is allowed to expand

into a vacuum the increase in entropy is greater than would be com-

puted on the basis of the heat absorbed.

Problem 35. Two bodies at different temperatures are put in

contact. Assume that each body has the same temperature through-

out, and show that the entropy increases when 8Q flows from one to

the other.

Problem 36. If the internal energy of a gas that obeys the van der

Waals equation of state is given by

U=CyT-?y+W
where w is a constant, compute its entropy as a function of T and V.



THERMODYNAMICS 207

4. Application of the Two Laws. a. Various Functions of

State.—Thus far the energy and the entropy have been denned
as functions of the state of the system, together with the vari-

ables p, V, and T. Any two of these five quantities may be
taken as the independent variables to specify the state, and the
others may be expressed in terms of them. There must then be
three "equations of state" to give the three dependent quantities

in terms of the two independent variables, and these equations
must be determined experimentally for any particular sub-
stance. The laws of thermodynamics, however, give some
relationships between them.

The specification of the state of a system by only two vari-

ables is sufficient for simple systems. In some cases more
quantities are required, but the principles can be described in
terms of the simplest cases.

If the only way in which the surroundings can do work upon
the system is through a uniform external pressure, the first and
second laws of thermodynamics can be combined into an
equation involving only the variables whose values are given
for a fixed state. By means of equation (10-18), the first law
can be written

dU = TdS - pdV (10-20)

Because of the use of equation (10-18) this holds for reversible
processes only. If S and V are taken as the independent vari-
ables, the condition that U is a function of state and dU is an
exact differential leads to

This process of deriving relations between differential quotients
of the variables of state from the condition for an exact dif-
ferential is characteristic of much thermodynamic reasoning.

By the use of the combination of the first and second laws,
it is possible to determine (dU/dV) T from the equation that
gives p as a function of V and T. This gives some information
about U as a function of V and T, although it does not determine
the function entirely. If T and V are taken as the independent
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variables, equation (10-20) may be written

= T
(lf) r

dT + 'r (w) I
dr -j"iV <10-22 >

By equating coefficients of the independent differentials dT and

dV it follows that

and

(w).- T {w)r
-' (10"226)

Differentiating equation (10-22a) with respect to V leads to

d 2U d 2S
dV dT dV dT

where the subscript indicating the independent variable held

constant is omitted, since V and T are the two independent

variables and the order of differentiation does not matter.

Similarly, differentiating (10-226) with respect to T leads to

JUL _ T J!^ + (*§\ _ (§E\ (10 22d)
dV dT ~~ J dV dT + \dVjT \dT/r

liU_zzaj

Comparing equations (10-22c) and (10-22cT) shows that

(10-22e)
V

so that equation (10-226) becomes

(SX-K&X-' (10-23)

The quantities on the right side of this equation can be evaluated

from the equation of state that gives p as a function of T and V
so that (dU/dV) T for any volume and temperature can be

determined.

Problem 37. Show from equation (10-23) that the energy of a

perfect gas is independent of the volume.

(dS\ _fdp\
\dVjr ~ \dTjv
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Problem 38. Find the volume dependence of the internal energy

of a gas that follows the van der Waals equation.

Problem 39. Show by differentiating equation (10-23) that

(&),-• (30. «
and show that, for both a perfect gas and a van der Waals gas, the

specific heat at constant volume is independent of the temperature.

There are a number of other functions of the state of a system

that are frequently useful.

F = U - TS (10-25)

is often called the free energy but is perhaps more appropriately

called the work function.

H = U + pV (10-26)

was originally called the heat content or heat function. The
significance of the name was based on the old idea of heat as

an indestructible fluid. The modern name enthalpy is more

appropriate.

G = U - TS + pV (10-27)

is called the thermodynamic potential at constant pressure or

the Gibbs function. All three of these functions are useful

because they are functions of state and their differentials are

exact.

Problem 40. Show that

dF = -SdT - pdV (10-28;

Problem 41. Show that

dH = TdS+Vdp (10-29)

Problem 42. Show that

dG = -SdT + Y dp (10-30)

Problem 43. Show that

S = -®r
and *--(w), (10-31 >
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Problem 44. Show that

Problem 45. Show from the above equation that

'%) (Va - Vi) (10-33)- r (&X
where L is the heat of change of state and Vi is the volume of one

mole of the substance in the initial state while F2 is the volume in

the final state. T is the temperature at which the change of state

takes place.

Problem 46. Show that

T^
T
- F'>

(10-34)

and calculate the amount of the depression of the melting point of ice

by a pressure of 1 atmosphere.

b. Work Done in a Reversible Cycle.—It is frequently desir-

able to use graphical methods of representing the states of a

system and various changes in state. If the pressure and the

volume are used as the coordinates in which a cyclical process is

described, the area inside the curve which represents the path

of the system gives the work done on it. If other variables are

used, the work is not directly given by the area but is equal to

the integral of a function y multiplied by an element of area

dA and integrated over the area inside the curve. This can

be shown by drawing isothermal and adiabatic curves close

together. The work done in any small cycle bounded by two

adiabatics and two isothermals is proportional to the area.

Hence the whole work can be given by the above integral.

Problem 47. Show that the work done in any cyclical process,

when x and y are the independent variables of state, is given by

W = jydA
where

y
_g*r_g*r

dx ay ay ox

Problem 48. Use temperature and entropy to represent graphi-
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cally a cycle which consists of adiabatics and isothermals. Compute

the work done and the heat absorbed.

Problem 49. Use pressure and volume as the independent vari-

ables to represent graphically a cycle which consists of the evaporation

of a liquid at constant temperature, an adiabatic expansion and

evaporation, an isothermal condensation, and an adiabatic compression.

Compute the work done and the heat absorbed.

Problem 50. Use entropy and temperature as independent

variables in the above problem.

c. The Joule-Thomson Porous-plug Experiment.—In 1845

Joule showed that the energy of a gas is almost independent of

its volume by permitting a fixed mass of gas to expand into a

vacuum and observing that there was no change in temperature.

The conditions of the experiment were such that the accuracy

was not very great, and therefore Joule and Thomson later

revised the experiment to permit more precision. The gas was

allowed to flow through a tube containing a plug of porous

material. This plug retarded the flow of gas and maintained

the pressure on the input side higher than on the outflow side.

The temperature on the two sides was measured by means of

sensitive thermometers, and it was established that a small

temperature difference did exist.

The whole process was carried out adiabatically, so that the

only change in internal energy was due to mechanical work done
on the gas. As a given mass of gas is pushed into the plug at

the pressure pi, the work done on it is piVi, where Vi is the

volume at the pressure p x and the temperature of the experi-

ment. As the gas comes out of the plug against the pressure

p 2 , it will expand to the volume V2 and do work against the sur-

roundings of amount piV^. The internal energy after the

expansion will then be

U2 = Ui + piVi - p 2V2

or

H = U + pV = const (10-36)

The experiment is thus carried out at constant enthalpy.

With pressure and temperature as the independent variables

of state and the specification that the enthalpy is constant,
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dH ~ ° " T (w)t
dT + T (©, dP + VdP (10-37)

and

fdT\ T(dS/dp) T + V nn _,
\Jp)H

"
T(dS/dT)p

(1U_d8j

From equation (10-38) it is possible to compute the tem-

perature change to be expected in the porous-plug experiment

when the entropy is known as a function of the pressure and

the temperature.

Problem 51. Show that a perfect gas experiences no change in

temperature in the porous-plug experiment.

Problem 52. Work out the temperature change in the porous-

plug experiment when the gas follows the van der Waals equation of

state and its internal energy is as given in Prob. 36.

Problem 53. Show that

T(§)r c* (10"39)

Equation (10-39) shows that equation (10-38) is equivalent

It also follows from equation (10-30) and the fact that dG is an

exact differential that

\dp) T
~ \dTjP

As a result

1 ~ (dV/dT)H
KLUW)

It was pointed out by Lord Kelvin that this equation permits

the calibration of actual thermometers in terms of the absolute

thermodynamic temperature T.



CHAPTER XI

STATISTICAL MECHANICS

According to the present view of the constitution of matter,
all bodies are made up of large numbers of similar particles
called molecules. In different cases these may be chemical
atoms or molecules, or they may be electrons and atomic
nuclei. Individually they can be treated to a large extent as
small solid bodies, which obey the laws of mechanics. The
properties of the larger bodies are then to be explained as con-
sequences of the motions and the interactions of the molecules.
This is, for example, the idea of the mechanical theory of heat.
It suggests the possibility of deducing the laws ol thermo-
dynamics from the laws of mechanics applied to a large number
of particles. The study of statistical mechanics is concerned
with a formulation of the properties of large aggregations of
particles in terms of their individual properties and the attempt
to explain the properties of matter in this way.

In this chapter, only the classical statistical mechanics will
be treated; i.e., the properties attributed to the molecules will
be those of ordinary matter as it is known directly to our senses.
These are not, however, the true properties of the molecules,
and the modifications that must be made in the treatment lead
to the quantum statistical mechanics. In many cases, however,
the differences between classical and quantum statistical

mechanics are in detail rather than in the general principles.

1. The Phase Space.—Problems in statistical mechanics are
nearly always treated by means of Hamilton's equations of
motion. The solutions of these equations give the values of
the coordinates q{ and their conjugate momenta pi as functions
of the time and the initial values. If, for a system of one coordi-
nate, the value of the- coordinate is plotted along a horizontal
axis and the value of the conjugate momentum is plotted along a

213
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vertical axis, a point in this p-q plane will represent a state of

the system. As the values of p and q change with the time,

the representative point will describe an orbit in the plane.

The space in which the representative point moves is called

the phase space. For a system with one degree of freedom, or

one independent coordinate, it is a phase plane. For a system

Fig. 11-1.—Orbits in the phase space of the point representing a simple oscillator.

with N coordinates the phase space has 2N dimensions, and the

position of the single representative point in this 2iV-dimensional

phase space gives all the possible information about the system.

The point represents its state or phase.

Only for one-dimensional systems can the phase space be

easily represented graphically. In the case of a one-dimen-

sional-harmonic oscillator

q = A sin (cat — e)

mq = p = mcoA cos (oot — e) (H-l)

The orbit described by the representative point in this phase

plane is given by the relationship between q and p.

A2 ~>
P

s

m 2
o)

2A 2
= 1 (11-2)

This is an ellipse whose semiaxes are A and mo>A. These axes

are determined by the initial values of q and p for

A 2 = q
2 +

p<

2,., 2ra"co
<7o

2 + Po
2,.,2m'co

(11-3)
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The value of the constant e does not affect the size or shape of

the orbit, but it does affect the position in the orbit as a function

of the time.

If at the time t = t a number of different identical oscil-

lators have q = but values of q lying between v and —v, the

representative points will lie on a straight line coinciding with
the p axis. As time goes on, these points will describe their

individual orbits but will continue to he on a straight line.

It is also interesting to note that no two of these orbits

intersect. A point on one never gets on another. Furthermore,
each of these orbits can be completely characterized by the
total energy corresponding to it.

Problem 1. Determine the orbit in the phase plane of the point
that represents a particle projected vertically upward against gravity.

Find the lines of constant total energy in this plane, and show that
the point moves along one of them. Indicate for several different

times the position of a number of particles projected upward at the
same time with different velocities.

2. Distribution in Phase and Liouville's Theorem.—As has
been mentioned before, the solution of the differential equations
of mechanics gives the coordinates and the momenta of the
system in terms of the initial conditions and the time. It is

necessary to know these initial conditions before the configura-
tion of the system can be predicted. In physical systems in

which the number of degrees of freedom, or the number of

independent coordinates, is very large, it is impossible to
determine these initial conditions experimentally and it would
be impossible to use the information even if it could be obtained.
In the case of a gas, the knowledge of the initial conditions would
involve the knowledge of the position and the momentum of
every molecule at some one time. It is obviously impractical
to get this information, since only relatively coarse means of
studying the gas are available, and, because of the large number
of molecules, it would be impossible to carry out the necessary
computations in any reasonable time. It is necessary, then, to
see what can be learned from the molecular theory of matter
without an exact knowledge of the initial conditions.



216 PRINCIPLES OF MATHEMATICAL PHYSICS

If the initial conditions of the system were known, it would

be possible to place a point in the phase space at the proper

location to represent these conditions. The future motion of

the point would then be given by the differential equations of

motion, and the future behavior of the system could be pre-

dicted. Since, however, it is not known where the point should

be put, the next best thing is to put a point at every place that

might be the correct place. This leads to the study of an

ensemble of systems. Instead of studying a single system whose

initial conditions are known, the statistical procedure is to

study a whole collection of systems whose initial conditions

are distributed in some way throughout the phase space. Each

point in the phase space represents a separate system, and each

point, therefore, carries out its motion independently of all

the others. Instead of studying the motion of a single point,

one studies the streaming of the whole ensemble of points.

The motions of the mechanical systems will be governed

by the mutual forces between the component particles and also

by the values of a number of outside parameters. These outside

parameters, or coordinates, will have at any time the same

values for all the systems of the ensemble, although they may

change with the time. If the system is a gas contained in a

cylinder closed by a piston, the position of the piston will be

the same for all the gases of the ensemble. Thus a variation

in the external parameters will cause a change of the whole

ensemble.

It is convenient to consider the representative points to be

so densely distributed throughout the phase space that it is

possible to speak of a density in phase D. This implies, of

course, that the volume elements by means of which the density

is calculated will not be allowed really to approach zero as a

limit but will always be kept so large as to contain a very large

number of points. On the other hand, the elements must be

made so small that the density does not change appreciably

from one to the next. Then the number of systems whose

representative points lie in the element of the phase space

dqi • • • dqn dp! • • • dpn will be (by the definition of D)

D dqi • • • dqn dpi • • dpn .



STATISTICAL MECHANICS 217

A rather remarkable theorem, called Liouville 's theorem or the
theorem of the conservation of density in phase, can be proved
about this density D. Consider the surface element perpendicu-
lar to the axis of q x and on the side of the volume element toward
the lower values of q x . The number of systems that pass
through this surface per unit time into the volume element
under consideration will be

Dq x dq2 • • • dqn dp x
• • • dpn

The number that pass out through the opposite surface will be

|#gi + —q~- d<?ij dq2 • • • dqn dp, • • • dpn

Similar expressions will hold for all the other surfaces. By
combining all these expressions, one obtains the result that
the net rate of increase of the density of representative points
within this element of volume of the phase space is given by

-df'-hajt (Z^ " I Wi {Di)i) (11"4)

* i

From the Hamiltonian equations of motion

dq{ _ dpi

dq{ dpi
so that

dD dD
t
S? 3D V dD

~dt
=

~dt
+

l,'dgj
qi + l,W Pi==0 (11"5)

i i

Equation (11-5) is called Liouville's theorem. It is the funda-
mental theorem of statistical mechanics.

A simple illustration of this theorem can be given in the case
of a particle projected upward against gravity. Figure 11-2
represents the phase plane with the coordinate q plotted hori-
zontally and the momentum plotted vertically. At t = let

four representative points be at the corners of the square, 1, 2, 3,
4. Points 1 and 2 have q = with different values of p. Points
3 and 4 have the same small positive value of q, and the same
two values of p as points 1 and 2. After a time these points
occupy the positions 1'. 2', 3', 4 r

. The difference in momentum
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between points 1' and 4' and points 2' and 3' is just the same

as between points 1 and 4, since the momentum of all points

decreases at the same rate. Furthermore, the difference in q

between points 1' and 4' and between 2' and 3' is just the same

\P

<3

Fig. 11-2.—Orbits in the phase space of points representing a particle projected upward
against gravity. The area enclosed by the four points remains constant as they move.

as between 1 and 4. The area of the parallelogram is just

the same as that of the original square. As time goes on, the

angles of the parallelogram change but the area remains constant.

Problem 2. Consider the phase plane for a particle moving in a

straight line. Show that the area enclosed by the lines connecting a

number of points does not change as time goes on.

3. Statistical Equilibrium and the Canonical Distribution.—
A distribution of points in the phase space is said to be in

statistical equilibrium if the partial derivative of the density
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with respect to the time is zero. This means that the density
of the representative points at each point in the phase space is

constant. If the density were uniform, the distribution would
be in statistical equilibrium, since all the derivatives would
be zero.

There are other distributions, however, which are also in
equilibrium. If the density in phase is a function of constants
of the motion only, the distribution will be in equilibrium.
Constants of the motion are such things as energy, momentum,
angular momentum, and other quantities that, in any particular
case, may remain constant as the system carries out its motion.
Each constant of the motion defines a set of surfaces in the
phase space on each member of which it has a specified value.
The intersection of the surfaces for different constants defines
the path of the point representing the system. A point will

never leave the surface denned by one of the constants of its

motion. Hence, if the distribution is such that it depends
only upon these constants, it will be uniform over the surfaces
representing this constant and will remain uniform over these
surfaces. The whole will then be a distribution in statistical

equilibrium. In a conservative system the total energy is a
constant of the motion. If the density D is a function of the
energy only dD/dt = (dH/dt)(dD/dH) = 0. This is one of the
most useful kinds of equilibrium distributions.

Instead of dealing with the density in phase D, it is often
more convenient to deal with the probability of phase P. P is

denned as the fraction of the total number of points per unit
volume of the phase space. Hence, P = D/N, where N is the
total number of systems. Although both D and N may be
thought of as infinite in order to get a continuous distribution,
P will be finite. P must satisfy the condition

{P dq 1 dq 2
• • • dqn dp x • • dpn = 1 (11-6)

where the integration is over the whole of the phase space, i.e.,

over the whole range of each of the quantities qt and pt .

Since the p/s have an infinite range, this condition puts
certain limitations on the nature of the function P. It is not
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possible to have P constant without having P = at all points.

If the distribution is to be one of equilibrium because the density

is a function of the energy only, it is impossible to have P
proportional to the energy and to satisfy equation (11-6).

In fact, it is necessary to have a distribution in which the points

are more or less restricted to one part of the phase space, in

order that the probability of phase can be sensibly used.

When it is desired to use a distribution in the phase space

to represent a system of a definite energy but otherwise unknown

initial conditions, it could be done by distributing the points

over the surface that represents the desired energy. Then

the average of the properties of the systems in the different

parts of this surface might be thought to represent or at least

to have something to do with the observable properties of a

single system as it carries out its motion. Such a distribution,

over a single energy surface, was named by Gibbs a micro-

canonical ensemble.

Although in thermodynamics one always talks about the

energy of an isolated system, it is impossible to construct an

isolated system. Any system is in contact with its surroundings

and can exchange energy with them. The determination of

the energy of a system by the means implied in the study of

thermodynamics is a determination of some sort of average,

or apparent, energy. On this account, the microcanonical

ensemble does not exactly represent a thermodynamically iso-

lated system. To get an ensemble that includes this possible

variation of energy, Gibbs suggested and used the canonical

ensemble. This is a distribution in which the probability of

phase is given by

p = e' = e^H)/e (11-7)

In this expression H is the Hamiltonian function, and hence

the energy, which is a function of position in the phase space.

The quantities
\f/

and are parameters characterizing the

distribution. 9 is called the modulus of the distribution, and r\

is called the index of probability. ^ is given such a value that P
satisfies the condition (11-6). Much of the study of statistical
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mechanics consists in the study of the properties of this canonical

ensemble and sometimes of the microcanonical ensemble.

4. The Fundamental Assumption of Statistical Mechanics as

Applied to Thermodynamics.—Of course it is possible to study

statistical mechanics for its own sake. It is possible to derive

theorems concerning the behavior of distributions of points in

the phase space for systems of various kinds, and these theorems

will depend only upon the basic laws of mechanics. How-
ever, the object of most of the development of statistical

mechanics has been the explanation of thermodynamic prop-

erties and the other properties of complex systems by means of

the application of ordinary mechanics to the molecules of

which the complex systems are composed. For this purpose

it is necessary to know, or to assume, some connection between

the ensemble whose properties are determined and the system

whose properties it is desired to determine.

The fundamental assumption can be stated in various ways.

Maxwell and Boltzmann made use of the ergodic hypothesis.

According to this hypothesis, each representative point describes

an orbit that eventually brings it into every portion of the

phase space consistent with its energy. Thus any system, if

left to itself long enough, will take on every possible con-

figuration. In its extreme form this hypothesis is clearly

untenable. The motion of an n-dimensional system is deter-

mined by 2n initial conditions, or 2n arbitrary constants. The
values given these constants specify the orbits in the phase

space, and different values give different orbits.

It seems much more satisfactory to recognize from the

beginning the statistical nature of statistical mechanics. Only
probability statements can be made, and these have nothing to

do with sequences in time. Probabilities and average values

can be evaluated, but the average refers to an average over dif-

ferent systems under the same macroscopic conditions, not to an
average over the time for one system. Statistical mechanics is

used because the information available about .the system under
consideration is incomplete. If nothing whatever is known
about it, the reasonable assumption is that all positions of its
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representative point in the phase space are equally probable.

Such a system is well represented by a uniform distribution of

points throughout the phase space. Such a distribution is

constant in time, and the complete ignorance regarding the

configuration of the system continues without change.

If the energy of the system is known, the representative

point must lie on the surface corresponding to the given energy

;

but without additional information its location on the surface

is entirely unknown. The proper representative ensemble is

then one in which the density on the given energy surface is

uniform and is elsewhere zero. Such a microcanonical ensemble

is also in equilibrium and remains uniform over the energy

surface.

If other constants of the motion are given, such as the

momentum or the angular momentum, the uniform distribution

is restricted to those regions of phase space corresponding to

the specified quantities. In general, the rule for setting up a

representative ensemble is that all parts of the phase space,

consistent with the available information regarding the state of

the system, are equally probable and must contain a uniform

density of points. The probability that the system under

consideration lies in a given volume of phase space consistent

with its state is just proportional to the volume.

The above rule is easy to apply when certain constants of the

motion are specified. It is less easy when thermodynamic
quantities such as the temperature are given. However, var-

ious considerations suggest that a canonical ensemble is the

proper representation of a system of which only the temper-

ature is known. The modulus of the distribution 9 is pro-

portional to the temperature, with a proportionality constant

whose value can be determined.

According to the hypothesis just described, a problem in

statistical mechanics consists first in setting up the proper

ensemble to represent the available information (and lack of

information) about the state of the system. The average

values of various quantities can then be determined by averag-

ing over the ensemble. The average value, over a canonical
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ensemble, of any quantity u, which is a function of the canonical

variables Pi and qi} is given by the integral

u = JW*-*>
/e dq x

• • dqn dpi • • dpn (11-8)

It is also of interest to know whether all the values are close

to the average or are widely distributed. This can be deter-

mined by evaluating the average square and higher powers. In

many useful cases the spread of the distribution of values can

be represented by the root-mean-square (rms) deviation.

(Aw) 2 = (u - u) 2 = u 2 - u 2 (H-9)

To illustrate the procedure for averaging over a canonical

ensemble consider a system that can be described by n normal

coordinates &. The Hamiltonian function, or the energy, is

given by
n

H = J (aiPi
2 + btqi

2
) (11-10)

» = i

and the average energy is

n

H = I > {aiVi
2 + biqi

2)e e dq x
• • • dpn (11-11)

»=i

To evaluate this integral consider first the average value of

aipi
2 only.

^2 = e
*/e f

°°

aip 1
2e-°l2>lVe dpi f e~a^/e dp 2

- - • /;.-—* --®f

n(^ n (^)
§

i = 2 i=l

To satisfy condition (11-5) *T*/e = j} \~\ \jA* so that
» 1

aipi 2 =
2

i = 1

e

This is independent of the coefficient «i and is the same for all
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coordinates and momenta. Hence

H = w9 (11-12)

This is the famous equipartition theorem according to which
each degree of freedom in a system such as the one under con-

sideration has the average energy 6, half of it kinetic and half

potential.

If the spread in a quantity is small compared with the
magnitude of the average value of the quantity itself, the

average value takes on added significance and may be regarded
as the quantity to be expected under the given conditions.

Hence the computation of average values and rms deviations

can furnish an indication of the values of various quantities

that are to be expected.

Problem 3. Prove the last equality in equation (11-9).

Problem 4. Show that in a canonical ensemble representing a
system described by n normal coordinates

©'»AH = {-) H (11-13)

Problem 5. Consider an ensemble of systems each of which is a
model of a perfect gas enclosed in a rectangular box. The molecules
of each gas do not influence each other at all, and they have only
kinetic energy. Show that the average energy of such an ensemble is

equal to the number of molecules in a single gas multiplied by 30/2.
Show also that the rms deviation divided by the average energy is

inversely proportional to the square root of the number of molecules
in each body of gas.

Problem 6. Show that, if a mechanical system consists of two
independent parts and if the system as a whole is represented by a
canonical ensemble, the individual parts are distributed as a canonical

distribution with the same modulus 9.

Problem 7. By the use of the above problem to show that each
molecule of a perfect gas can be represented by a canonical ensemble
of molecules, find the density of a perfect gas as a function of position

when it is subject to gravity.

5. Thermodynamic Analogies.—As has already been indi-

cated, much of the interest in statistical mechanics lies in the
light it sheds on the laws of thermodynamics. The behavior
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of a thermodynamic system can be paralleled to a significant

extent by the behavior of a canonical ensemble. This parallelism

is based on a number of analogies.

a. The Internal Energy.—The above problems show that for a

system composed of a large number of molecules, or having a

large number of degrees of freedom, the average energy in a

canonical ensemble closely represents the energy of all the

systems. Hence the average energy of a canonical ensemble is

taken as the analogue to the internal energy U of a system in

thermodynamic equilibrium with its surroundings. The equal-

ity of the average energy of the ensemble and the internal

energy of the thermodynamic system can be used as a criterion

for the proper selection of the parameters
\f/
and 9 in order that

the canonical ensemble shall properly represent the system.

b. The Temperature.—The modulus of distribution shows
a behavior similar to that of the temperature of a thermo-
dynamic system. If two bodies have the same temperature
and are put in contact, the composite system is in thermo-
dynamic equilibrium at the same temperature unless there is a
significant interaction between the two bodies. If there is a
chemical reaction, for example, the resulting system will eventu-
ally come to equilibrium at a lower or a higher temperature
than that of the individual systems before they were put in con-
tact. If, however, the interaction is negligible, the whole
system will be in equilibrium at the original temperature.

Each of the original systems can be represented by a canoni-
cal ensemble. When the two systems are put together, the
probability of finding a representative point in a given element of

phase space is equal to the product of the probabilities for the
two portions of the phase space, or the two systems. The proc-
ess is essentially that of combining each system ofone ensemble
with each system of the other to produce the composite ensemble.
The probability of phase is then

P = e (.*i—Hi)/Qe &i-Hi)/Q —. e (j>rWz-H)/Q (11-14)

This is possible because only one value of 6 is involved and
because in the absence of significant interactions Hx + H2 = H.
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Although the quantity 9 shows a behavior analogous to that

of temperature, it must be connected with the ordinary scale

of temperature by a constant factor. Problem 5 leads to the

result that for a perfect gas the average energy is fnQ, and from
simple kinetic theory this energy is known to be %nkT, where n
is the number of molecules in the gas and k is the molecular gas

constant. Hence may be identified with kT.

c. The Entropy.—The average value of the negative of the

index of probability shows many analogies with the thermo-

dynamic quantity entropy.

It can be proved that the average value of the index of prob-

ability for a canonical ensemble is less than for any other dis-

tribution with the same average energy. This can be shown as

follows: Let r\ be the index of probability for the canonical

distribution, i.e., let 17 = (^ — H)/Q, and let rj + A 77 be any
other value of the index leading to the same average energy.

A77 is then subject to two requirements. The definition of index

of probability requires that

JV dqi - • • dqn dpi • • • dpn
= J>

+A
'<2gi • • • dqn dp x

• • • dpn = 1 (11-15)

and the equality of the average energies provides the require-

ment that

/.He" dqi - - • dqn dpi • • • dpn

= fHe^'dqi • • • dqn dp x
• • • dpn = H (11-16)

Then, because of these conditions,

V + At? - f) = / [(77 + Arj)e^Ar
> - -qe^dqi • • • dpn

=
I I

~Q
H ^^ ~ e,) + Ar

>
eV+Av

]
d<2i + ' ' ' dVn

= I/O^' - &)dQi ' ' ' dpn -J q (e'
+A

' - e^dqx • • • dpn

+
J
AVe^A* dq x

• • • dpn

The first integral in the last line vanishes because of equation
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(11-15), and the second because of equation (11-16). Then, again

because of equation (11-15),

t\ + A77 — rj = /Ar/e^Ar> dq x • • • dpn
= jiArje^ + 1 - e

A
")e' dq t

• • • dpn

The function in the parentheses is never negative so that its

integral will be zero or positive, and rj is a minimum under the

specified conditions. The maximum nature of (—rj) is con-

sistent with the idea of the increase in entropy as the system

approaches equilibrium.

d. The Free Energy.—The quantity it, which is a constant

and therefore does not have to be averaged over the ensemble,

is analogous to the free energy F defined in equation (10-25).

Since

it = 5 + Qv (11-17)

and is taken as kT, this equation is analogous to

F = U - TS (ll-17a)

if rj is taken as analogous to —S/k.
6. The Phase Integral.—From condition (11-6) it follows

that

e
-*/e = je

-H/e dqi • • • dpn =f (11-18)

The integral on the right is known as the phase integral, or the

partition function. A number of averages can be evaluated by
differentiating this phase integral, and the corresponding

expressions are analogous to thermodynamic expressions.

The average energy can be obtained by differentiating with

respect to 9. Since is not a function of the coordinates or

momenta, the differentiation can be carried out under the

integral sign. It follows directly that

H = t lQ 2% = 2^ log/ = -0 2^ (it/Q) (11-19)

Upon inserting the corresponding thermodynamic quantities

this becomes

U = F - T~ (11-20)
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The phase integral depends on G and also on all the param-
eters of which H is a function. This may include such things

as the positions of pistons or the strengths of electric or magnetic
fields. If these parameters are designated by a* and

the average values of the A { can be obtained by differentiating

/. If at is a volume, A { is a pressure. If an a{ is a magnetic field,

A{ is a magnetic moment.

Since

+ = -eiog/

# = - Qj - iog/de

'- rfe+ X^)- log/rfe

=
(| ~

e)
de ~ A Ai dai (11-23)

This is analogous to equation (10-20) with Y A { dat as a generali-
i

zation of p dv.

A canonical ensemble represents a system in a certain thermo-
dynamic state. The independent variables that define the

state are sufficient to define the corresponding ensemble, by
means of the analogies just discussed. Other variables of

state are the volume, which appears in the statistical treatment
as one of the external parameters aif and the pressure, which is

the corresponding A { . When the proper ensemble has been
determined, the fundamental postulate can be applied to obtain

a statistical interpretation of the thermodynamic quantities.

Problem 8. Show that, when the external parameters are held

constant,
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and show that this is analogous to the corresponding equation of

thermodynamics.

Problem 9. Show that

«)H* = e+/e (
2 ^ ) e-+/e (11-25)
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CHAPTER XII

THE VECTOR FIELD

If with every point in space there is associated a certain

vector, the whole set of vectors is said to constitute a vector

field. The association of the vectors with the points in space

is the same as the association of the values of a function with
the values of the independent variables. In fact, the vector is a

function of the three coordinates of position. Since a vector

has three components, a vector field can be represented by three

independent functions of the three independent coordinates of

position. The linear vector function described in Chap. VIII
is a special case of a vector field if the independent vector is

regarded as giving the location of a point in space. The general

vector field is not limited to linear functions; but, in most
physically significant cases, each component of the vector field

can be differentiated with respect to the three independent

variables x, y, z.

A field of force, such as the earth's gravitational field or the

electric field around a charged conductor, is a vector field. For
every point there is a vector representing the force on a particle

placed at the point. Each component of the force is a scalar

function of the coordinates.

1. The Gradient.—A type of vector field which is most useful

in physical problems is one in which the vector can be derived

from a scalar function of position by differentiation. If there

exists a single-valued differentiable function V(x,y,z), the

gradient of V is defined by the equation

dV dV dV
gradV = i^ + j^ + k^ (12-1)

Thus grad V is a vector, even though V itself is a scalar. Since

V is a function of three independent variables, the partial deriva-
230
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tive signs must be used, and the components of the gradient are

the partial derivatives of the scalar along the three coordinate

axes.

The points at which the function V has a given value C will

he on the surface V(x,y,z) = C. Then let i dx + j dy + k dz

be an infinitesimal vector lying in this surface. The statement

that this vector lies in the surface implies a relationship between

dx, dy, and dz. This relationship can be obtained by differenti-

ating the equation of the surface.

dV dV dV
dV = -^ dx + ^ dy + -^ dz = (12-2)

If dx and dy are arbitrarily chosen, dz can be determined from
equation (12-2) so the vector will lie in the surface.

dz = —^
Fr

~^- '-
(12-3)

The scalar product of grad V and the vector in the surface is then

dV dV dV^dx + ^dy + ^dz = (12-4)

so that the gradient is perpendicular to every vector lying in

the surface V = C. The gradient represents the direction and
magnitude of the rate of change of V normal to the surface on
which V is constant and thus the direction and magnitude of

the greatest rate of increase of V.

Problem 1. Find the gradient of the potential energy of a particle

near the surface of the earth. Take first a system of coordinates in

which one axis is vertical. Then take a system of axes in which one

axis is parallel to the surface while the other axes make angles of

45° with the vertical.

Problem 2. Find the gradient of V when V = (x2 + y
2
), and show

that this represents the direction and magnitude of the greatest rate of

increase of this function.

Problem 3. Show that the increase in V due to a change in position

dr is given by dV = dr • grad V.
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Problem 4. Find the gradient of a/r, where a is a constant and r

is the length of the vector from the origin to the point in question.

Problem 6. Find the gradient of the potential energy of a particle

attracted toward the origin with a force proportional to the distance

from it.

Problem 6. Show that the force on a particle is given by the

negative gradient of its potential energy.

Problem 7. Show that the components of the gradient transform

properly for them to be the components of a vector.

Problem 8. Show that grad (w • r) = w, where w is a constant

vector and r is the radius vector from the origin.

2. The Divergence.—If a = axi + ay] + a*k, the divergence

of a is the scalar quantity defined by the equation

dax day dazdw *=te+^ +^ (12_5)

The divergence has no meaning, of course, for an isolated vector.

It can be formed only in a vector field, where each component
of the vector is a function of the three coordinates x, y, and z.

It is necessary to distinguish clearly between the components

of the dependent vector, ax , ay , and az , and the coordinates of

position x, y, and z. The coordinates of position represent the

components of the vector from the origin to the point with

which the dependent vector is associated and therefore may be

considered as the components of the independent vector; usu-

ally, however, they are considered as merely the coordinates of

this " field point."

The divergence gets its name from association with the idea

of the flow of a liquid. Suppose a vector a represents the

velocity of flow at each point in a liquid. Then consider a small

element of volume dx dy dz, the coordinates of whose center are

x, y, and z. The volumes of liquid that flow in unit time

through the two faces perpendicular to the x axis are, respec-

tively, ( ax — y -^ dx
J
dy dz and f ax + ^ -^ dx ) dy dz. The

excess of the volume flowing out over the volume flowing in is

(dax/dx)dx dy dz. Similar considerations for the other two

pairs of faces show that the total excess of the volume flowing
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out of the element over the volume flowing into it is

+
dy + dz

\ dx dy dz = div a dv

The divergence of the velocity is thus the volume of liquid that

diverges from a unit volume per unit of time.

It is often convenient to use the symbolic operator V to

represent the differential operations in connection with vector

fields. This operator is defined by

V
* dx + J dy + K

dz
(12-6)

Problem 9. Find the divergence of r, where r is the vector from
the origin to the point with which it is associated. In this problem
care must be taken to distinguish between x, y, and z as components
of the dependent variable r and x, y, and z as components of the
independent vector of position.

Problem 10. Find div grad V, where V is any differentiate scalar
function of position.

Problem 11. Show that the divergence is invariant under a rota-

tion of coordinates.

Problem 12. If the scalar S and the vector A are both functions
of position, show that

div (SA) = S div A + A • grad S (12-7)

3. The Curl.

—

The curl a, or (V X a), is a vector and is

defined by

curl a = V X a = i1

\ dy dz)

+K£-fe) +k /day _ dax\

\dx dy) (12-8)

The form of this definition can be remembered by writing it as
the determinant for the vector product. In this sense it is the
vector product of the vector operator V and a.

j k
dV X a =

l

d_

dx

d_

dy dz
(12-9)
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The curl is of especial use in the study of rotational motion,

for it relates the linear velocity of the particles of a body to the

angular velocity of the body as a whole. If a solid is rotating

about an axis, twice the angular velocity of this rotation is equal

to the curl of the linear velocity of the particles of the body.

The curl is also of use in electromagnetic theory, since it relates

a magnetic field to the current that produces it.

Problem 13. A solid body is turning about a fixed axis with a

constant angular velocity <o. Find the linear velocity of the particles

of the body, and find the curl of these velocities in terms of o>.

Problem 14. Show that

curl grad V = V X VF =

This is a very important property of the gradient and shows that,

unless the curl of a vector field is everywhere zero, the vector cannot be

the gradient of a scalar.

Problem 15. Evaluate div curl a in terms of the Cartesian com-

ponents.

Problem 16. Show that

div (A X B) = B • curl A - A • curl B (12-10)

4. The Line Integral.—The line integral of a vector a along

a curve L is written i a • dl. It is the integral of the scalar

product of the vector a and the vector element of the curve dl.

The notation implies that the vector a is a function of position,

and its value at the location of dl is to be taken in forming the

scalar product. If a represents the force on a particle as a

function of its position and L is the path along which it moves,

the line integral is the amount of work done by the force during

the motion. It is thus useful in evaluating potential energies.

The line integral can be written in terms of the components

of a and dl or the components of a and the direction cosines

X, ju, v of the element dl.

a • dl = (\ax + ixay + vat)dl = (a* dx + ay dy + az dz) (12-11)

Problem 17. Show that the line integral of a constant vector

around any closed curve is equal to zero.
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Problem 18. Consider the vector field a = ?/i, and evaluate the
line integral of a around a square in the x-y plane.

Problem 19. Evaluate the line integral of a = yi around a circular

path in the x-y plane.

Problem 20. Show that the line integral f grad V • dl between

any two points is independent of the path and hence that this integral

taken around any closed curve is zero.

Problem 21. A particle moves in an ellipse under the influence

of an inverse-square attraction toward one focus. Find the work
done on the particle as it moves from one end of the major axis to the
other. Also find the work done while it moves from one end of the
minor axis to the other.

Problem 22. Evaluate the line integral of a = x2
i around a semi-

circle joining the origin with the point (x = b, y = 0). Also evaluate
the integral along a straight line from the origin to {x = 6/2, y = c)

and then along another line to (x = b, y = 0)

.

Problem 23. Evaluate the line integral of a = y
2
i — x 2

] along
the paths in the above problem.

5. The Surface Integral.—It is often convenient to represent
a plane surface by a vector, perpendicular to the surface, whose
length is proportional to the area. Some convention must be
adopted as to the positive direction of such a vector. If the
surface encloses a volume, the positive direction is taken out-
ward. If a line integral is taken around the surface, the direc-
tion in which the boundary is traversed is related to the positive
direction of the surface vector by the right-handed-screw rule.

A curved surface may be considered as the sum of infini-

tesimal plane surfaces in the way that a curved line is regarded
as made up of infinitesimal straight elements. The surface
integral of a vector a over a surface S is defined as the integral
of the scalar product of the vector a and the infinitesimal vector
ds that represents the surface element. The surface integral

is written
Js

a • ds. Since ds is an outward-drawn normal to

the surface, the surface integral is the integral of the normal
component of the vector a. Evidently the surface integral of a
constant vector over a plane surface is just the scalar product
of the constant vector and the vector representing the surface.
If the vector a represents the velocity of a fluid, the surface



236 PRINCIPLES OF MATHEMATICAL PHYSICS

integral of a over a surface represents the volume of the fluid

that flows through the surface per unit time.

Problem 24. Evaluate the surface integral of a constant vector

a = ai over the surface of a sphere.

Problem 25. Show that f A • ds = 0, when A is a constant vector

and S is a closed surface.

Problem 26. Find the value of f r • ds, when S is a sphere whose

center is at the origin and r is the radius vector from the center.

Problem 27. Show that the volume enclosed by any closed sur-

face is given by

SV=fs r.ds (12-12)

6. Gauss's Theorem.—An important theorem in potential

theory is known as Gauss 's theorem. It states that the surface

integral of a vector over a closed surface is equal to the volume

integral of the divergence of the vector throughout the enclosed

volume. In the usual notation

jv V
• A dv =

js A • ds (12-13)

By means of this theorem it is often possible to transform a sur-

face integral into a volume integral or a volume integral into a

surface integral. The physical significance of the theorem is

very simple in some cases. If the vector A represents the

velocity of flow of a fluid, the integral of the divergence is the

volume of material created inside the surface, while the surface

integral is the amount that flows out through the surface per

unit time.

An elementary proof of this theorem can be given as follows

:

If equation (12-13) is written in terms of its components, it

becomes

f V • A dv = / -^dxdydz + / -^r dx dy dz

+ / -«— dx dy dz

=
J
Ax dydz + A y dxdz + / A z dx dy

A-ds
/.
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The sequence of the reasoning can be followed with the aid of

Fig. 12-1. Consider first the integration of the term containing

Ax , and integrate this with respect to x. The result is the value

of Ax at the upper limit of x minus the corresponding value at

the lower limit of x. The figure shows a rectangular prism of

cross section dy dz cut out of the volume over which the inte-

gration is to be carried out. dsi is the element of surface cut

out by this prism on the right-hand side of the volume, while

-x

Fig. 12-1.—Transformation of a volume integral into a surface integral by means of

Gauss's theorem.

ds 2 is the corresponding surface element on the other side.

dy dz is the projection of dsi perpendicular to the x axis, while

— dy dz is the corresponding projection of ds 2 . These projec-

tions multiplied by the values of A x at the corresponding posi-

tions are those elements of the surface integral which are con-

tributed by the elements of surface dsi and ds 2 . Hence the

integration with respect to x gives an element of the surface

integral, and the integration with respect to y and z gives the

complete surface integral of the x component of A multiplied

by the x component of the vector representing the surface

elements. A similar procedure with A y and A 2 gives the com-

plete surface integral. It will be noted that the elements of

the surface used in carrying out the integration of A y are not

the same as those used for Ax . However, all three integrations

cover the entire surface.
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Problem 28. Show what additions must be made to the above
proof of Gauss's theorem when the surface has some reentrant portions.

Problem 29. Show that the volume enclosed by a closed surface is

given by

V = i Js grad (r2
) . ds

where r is the radius vector from the origin.

Problem 30. Show that

f B div A dv + f A • grad B dv= [BA-ds (12-14)

where the surface S surrounds the volume V.

7. Stokes's Theorem.—Stokes's theorem states that the

surface integral of the curl of a vector over any surface is equal

to the line integral of the vector around the boundary of the

surface.

Ja curl A • ds =
jL A

• dl (12-15)

This is analogous to Gauss's theorem in a smaller number of

dimensions, since it is a relation between a surface integral and a

line integral.

To prove this theorem consider a square element dx dy of

the surface S, and for convenience consider the origin of coordi-

nates as at the center of the element. Let the components of

the vector A at the origin be Ax , A y , and A z . Then evaluate

the line integral of the vector around this element.

A • dl = IA x - g -q^ dy) dx + \A V + ^ ~q£ dx) dy

-\A* + 2~df
dy

)
dx ~

\
Ay ~ 2 ~dx

dx
)
dy

= (-a
-^ ^-5 ) dx dy = curlA • ds

This relation for the single surface element is clearly independent

of the orientation or the location of the element and thus will

hold for every square element of the surface. Since every sur-

face can be approximated as closely as is desired by square

elements and since the line integral around the whole surface is
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equal to the sum of the line integrals about any parts into which

it may be divided, the theorem is proved.

Problem 31. Show by a diagram that the line integral about a

surface is equal to the sum of the line integrals about any parts into

which it may be divided.

Problem 32. Illustrate Stokes's theorem by evaluating the line

integral, and the surface integral of the curl, of the vector r X k,

where k is the unit vector along the z axis and r is the radius vector

from the origin. Take as the surface a hemisphere the center of which

is at the origin and which is bounded by the x-y plane.

Problem 33. Show that, if V X A = 0, the line integral of A
between any two points is independent of the path.

Problem 34. Show that

f curl A dv = -
Js
A X ds (12-16)

8. Tensor Fields.—A vector is a special case of a tensor, and

a vector field is therefore a special case of a tensor field. If each

component of a tensor is a function of the three coordinates of

position, various differential operations can be carried out and

the results of these operations are again tensors. All the con-

siderations given in this section refer directly to tensors whose

components are with reference to Cartesian axes. Care must

be exercised in extending them to other systems.

a. The Gradient of a Tensor.—As already indicated, the

gradient of a scalar is a vector. Since the scalar is a tensor of

rank and the vector is a tensor of rank 1, the operation of

taking the gradient increases by 1 the rank of the tensor. A
similar operation on a vector, or tensor of rank 1, leads to a

tensor of rank 2, da{/dxj. The fact that this is a tensor follows

from the way in which it will transform when the coordinate

axes are rotated about the origin.

A tensor of rank 2 may be regarded as the sum of a symmetric

and an antisymmetric tensor.

dxj 2 \dxj dxi/ 2 \dXj dxi/

The antisymmetric tensor in equation (12-17) is what has been

called the curl and considered to be a vector. This identifica-
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tion of an antisymmetric tensor of the second rank with a
vector is possible only in three dimensions. If the vector a*

is the gradient of a scalar, the antisymmetric tensor vanishes
and the whole derivative tensor is symmetric.

An important property of the gradient of a scalar is that its

line integral between two points is independent of the path.
The gradient of a vector has somewhat similar properties.

"
b dai 7

b

0^.
dxj = di (12-18)

and the line integral is again independent of the path.
b. The Divergence.—While taking the gradient increases

the rank of a tensor by 1, taking the divergence decreases it

by the same amount. The divergence of a vector is a scalar,

and the divergence of a tensor of rank 2 is a vector, or tensor of

rank 1.

{div T) k =^ (12-19)

If the tensor T is symmetric,

dTik _ dTM
dxi dxi

so that the definition of the divergence does not require specifica-

tion of whether the derivative is with respect to the first or

second index.

A theorem very similar to Gauss's theorem holds for the

divergence of a symmetric tensor.

The proof of this theorem can be carried through just as the

proof of Gauss's theorem on page 237 and need not be given
in detail here.

9. Orthogonal Curvilinear Coordinates.—In the previous

sections it has been assumed that positions in space were located

in Cartesian coordinates and also that the vectors were described

in the same set of coordinates. This is not always convenient,

and therefore it is desirable to derive the expressions for the

various differential operations when other coordinates are used.

A three-dimensional coordinate system consists of three
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sets of surfaces that intersect each other. On each surface a

certain quantity, the coordinate, is constant. This coordinate

has a different value for each surface of the set, and it will be

assumed that there is a continuum of surfaces, represented by
all possible values of the coordinate. In Cartesian coordinates

the surfaces are planes intersecting each other at right angles.

The intersection of three of these planes determines a point,

and the point is then designated by the values of the three

coordinates that specify the planes. Similarly, in spherical

polar coordinates the surfaces are a set of concentric spheres

specified by the values of r, a set of planes which all pass through

the polar axis and are specified by the values of <p, and a set of

circular cones of which the vertices are all at the origin and
which are specified by the values of the variable 6. In these

two examples the surfaces intersect each other at right angles,

and consequently these coordinates are examples of orthogonal

coordinates. Only orthogonal coordinates will be considered

here.

Let the three coordinates be q x , q2 , and g3 . Because of the

orthogonality of the coordinate surfaces, it is possible to set up,

at any point, an orthogonal set of unit vectors ei, e 2 , e 3 , in the

directions of increasing q lf q2 , q s , respectively. It is important

to select qi, q2 , and qz, so that the unit vectors d, e 2 , e 3 form a
right-hand system of axes. This set of three vectors defines a

Cartesian coordinate system that coincides with the curvilinear

system in the immediate neighborhood of this one point. The
differentials of these systems of coordinates are connected with
the differentials of the q's by the relations

dsi = hi dq-i ds 2 = h2 dq2 ds s = h s dq3 (12-21)

In cylindrical coordinates

dsi = dr ds 2 — r d6 ds 3 = dz

so that

hi = 1 h2 = r h z = 1 (12-22)

The quantities hh h2 , and h3 are functions of q if q2 , qs and vary
from point to point. In general, the q's do not have the dimen-
sions of length, and the quantities h are necessary to translate a
change in q into a length. The general expression for the
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gradient is

A1, 1 dV
,

1 dV
,

1 dV „_ OQ ,

grad V = h X^ ei + K^* + ^3 e3 d2-23 )

This includes the expression (12-1) for the case of Cartesian

coordinates, since then hi = h 2 = h 3 = 1 and qi = x, etc. It is

important also to notice that the unit vectors are not necessarily

constant but may vary in direction from point to point.

By similar analysis it is possible to derive general expressions

for other functions in vector fields, but in doing so account must
be taken of the variation in direction from point to point of the

unit vectors. However, probably the simplest derivation of

the expression for the divergence is not directly, but by means
of Gauss's theorem. Consider the volume element bounded
by the surfaces

,
dqi dqi . dq2 dq2 . dq 3 dq 3

ffi + "2"' ?i 2~> £2 + ~2> Qi -y 23 + ~2> ff»
- -y

The center point is at qiq 2q 3 . Neglecting small quantities of

higher order, the volume of this element is hih2h 3 dq x dq2 dq 3 ,

and the divergence at the center multiplied by the volume will

be equal to the integral of the vector over the bounding surface.

Consider first the two surfaces to which d is perpendicular.

These surfaces differ in area because h 2 and h 3 are changing with

qi. IfA is the vector whose divergence is to be found,

A x = A- ei

also changes with q. Hence the integral over one face is

Axhihz — 3— {Aih 2h z) -77- dq 2 dq 3 and over the other face is
oqi z J

Aih2hz + -K— (Aih 2h 3) -«r dq2 dq 3 . The integrals over the

other four faces can be similarly expressed so that

div Ahxh 2h 3 dqi dq 2 dq 3

= q- (Axh 2h 3 ) + q- (A 2hih 3) + ^— (A 3hih 2 ) dqi dq2 dq s

Hence

diV A = hM* [dq-i
{AMz) +

W*
{AMz) + Wt

{A3hM

(12-24)
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Problem 35. Show that the expression for the gradient in cylindri-

cal coordinates is

grad V = er -r- + ee
—— + e2— (12-25)

dr r dd az

Problem 36. Show that the expression for the gradient in spherical

polar coordinates is

grad V = er— + e« —^ + e,—r—5 ^— (12-26)
dr r 50 r sin d<p

Problem 37. Show that the expression for the divergence in

spherical polar coordinates is

div A = i
I- (r

2^ r) + —i-a ^ (sin A,) + -J--^ (12-27)
r2 dr r sin dd r sm d d<p

Problem 38. Show that in orthogonal curvilinear coordinates,

hjiohi \_dqi \ hi dq\J dq2 \ h2 Bq2)

Problem 39. Show that in spherical polar coordinates

div grad V = ±
[fr (r» %) +^£ (sin « ^)

1 d 2Fl
+ 35-11?] t12-29)

Problem 40. Show that

where £, ?/, and z are fixed Cartesian coordinates.

Problem 41. The expression for the curl in curvilinear coordinates

can be obtained by applying Stokes's theorem to an elementary rec-

tangle perpendicular to each of the unit vectors, much as the above
expression for the divergence was obtained. In this way show that

& [£r,
ihAl) ~ w>

ihA >}
]

i_ (h2A2) _ £ (M0
]

(1M1)

mm \_0q3

+ Jl
hih 2 _dqi
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Problem 42. Show that in spherical polar coordinates

10. Vector Identities.—There are several identical relation-

ships between various functions of a vector field that are of use

in the treatment of physical problems. Some of these are

tabulated here for future reference. Several have already been
proved, while the proofs of the others can be carried out by
means of the definitions of the various operations.

(1) A X (B X C) = B(A • C) - C(A • B)

(2) div curl A =
(3) div (SA) = SdivA + A- grad S
(4) div (A X B) = B • curl A - A • curl B
(5) curl grad S =

(6) curl (SA) = S curl A + grad S X A
(7) curl curl A = grad div A — V 2A
(8) curl (A X B) = A divB-B&A + (B- v)A - (A • v)B

(9) grad (A • B) = (A • v)B + (B • v)A + A X curl B
+ B X curl A

These identities are independent of the coordinate sys-

tem used, but the expressions V 2A, where V 2
is applied to a

vector, and (A • V)B have not yet been defined. In Cartesian

coordinates

v 2A - i(v»A s ) + j(v 8A w) + k(v 2A z)

and

/a _\t> -(a d-Bx
, A

dBx .
dBx\

(A • V)B = i[A x -^ + Av -^ + A.^j

+ 5
V * dx

+A»dy + A
' dz J

In other systems of coordinates these must be properly trans-

formed.

11. The Potential.—As was pointed out in Chap. II, if the

force on a particle can be expressed as the negative gradient of a

scalar function of the particle's position, this scalar function
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may be called the potential energy of the particle in the given

field of force. The use of a potential energy is a very convenient

method of representing forces due to a number of different

attracting centers, for the potential energies due to the different

centers can be merely added together. It is often easier to add
the scalar potentials than to add the vector forces.

From the solution of Prob. 4, it follows that the potential

energy of a system consisting of an element of matter fixed at

the origin and a unit mass at the end of the vector r is

dV = ^— (12-33)

where p is the density and dv is the volume of the element at

the origin. This potential energy with respect to a unit mass
at the end of r may be called the potential at the end of r due
to the element of mass at the origin. A similar terminology
is used in electrostatics, where a unit positive charge is used
instead of a unit mass. If the attracting body is not small
enough to be considered as a single particle, the potential due
to the whole is merely the sum of the potentials due to the
individual elements.

V--KJ& (X2-34)

where the integral is taken over the whole of the attracting

body and r is the distance from the element dv to the point at

which V is the potential.

Problem 43. Find the potential, at points both inside and outside,

due to a thin spherical shell of uniform density.

Problem 44. Find the potential due to a sphere whose density is

a function of the distance from its center only.

Problem 45. Find the potential, at a point on its axis, due to a
thin circular sheet of uniform density.
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CHAPTER XIII

ELECTROSTATICS

The theory of electrostatics is based on a fundamental law of

force between point charges. The law is an experimental law,

but the range of its direct experimental verification is by no

means as great as the range of its application. It is logically

possible that the law is only approximate rather than general

and exact, but the assumption of exact validity has led to a

theory which satisfactorily describes a wide range of phenomena,

so that much indirect support of the fundamental law has

been obtained.

1. Electrostatic Fields Due to Fixed Charges, a. The

Fundamental Law of Force.—The law upon which electrostatics

is based was verified with considerable accuracy by Coulomb

about 1785 and is known as Coulomb's law. By means of his

torsion balance he found that the force of attraction or repulsion

between two small charged bodies is proportional to the product

of their charges and inversely proportional to the square of the

distance between them. If the charges are of the same kind,

or sign, the force is one of repulsion; if the charges are of opposite

signs, the force is one of attraction. The existence of the forces

and of two kinds of charges had been known for a long time,

but Coulomb was the first to establish the quantitative law of

force with precision. The accuracy of such a direct experi-

mental verification of the law depends upon the use of test

bodies whose linear dimensions are small compared with the

distances between them. Later and slightly more indirect

experiments have confirmed the law with still greater precision

when applied to bodies of ordinary dimensions. The expression

for the law of force in a vacuum can be written

* =^32
* (13-x)

246
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F represents the vector force on one particle due to the other,

q x and q2 represent the magnitudes of the electrical charges on

the two particles, with the appropriate signs, and R is the

distance between them. The unit vector e is parallel to the

line connecting the two particles and points in such a direction

that it represents a repulsion between them when the two charges

have the same sign and an attraction when they have opposite

signs. The constant k has dimensions that depend on the

dimensions assigned to the electrical charge and a value that

depends on the units used in expressing the force, the distance,

and the charge. It is written in the denominator and multiplied

by 47r for convenience in later equations.

The law of force expressed by equation (13-1) is similar to

the law of gravitation but differs from it in two important

respects. In the first place, there are two kinds of electrical

charge, designated as positive and negative. Consequently

there are forces of both attraction and repulsion, while gravita-

tional forces are only attractive. In the second place, the

charges represented by qi and q2 have no connection with the

inertia of the particles on which they are located. Only if

the particles are electrons or protons themselves are the masses
and the charges related.

6. Field Strength and Potential.—An electric field is said to

exist at any point at which an electrically charged, stationary

body experiences a force because of its charge. In the case of

two charges that repel each other, an electric field exists at

the location of each charge. The strength of the field at a

point, E, is a vector. It gives the direction and the magnitude
of the force, per unit positive charge, experienced by a small

charged particle placed at the point in question. The field is

called an electrostatic field if its changes with time are so slow
that they need not be considered. The utility of this definition

of a field depends on the fact that the force on a particle is

always proportional to its charge, so that from a specification of

the field the force on any charge follows directly.

There are two points of view that may be taken with respect

to the nature of an electric field. According to the older
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"action-at-a-distance" point of view, the electric field strength

is merely a convenient way of representing the forces between
all the individual charges. It is then purely a mathematical
convenience. On the other hand, according to the point of

view developed by Faraday and Maxwell, the electric field

represents a state of the " ether" in the region in which the field

exists. Since, at the present time, it is generally desired to

Fig. 13-1.—The electric field due to a point charge is everywhere radial and inversely
proportional to the distance from the charge. In this figure the small open circles

indicate the points with which the vectors are associated.

avoid the term ether, the field is regarded as a certain state of

"space." A statement concerning a "state of space" may
seem to have little physical content, but an electric field is

regarded as having a certain physical reality. In particular, it

may possess energy and momentum. When principal attention

is paid to the field, the charges that produce it are more or less

incidental. This point of view has received much support

from the production of electromagnetic waves by means of which

energy can be propagated. Since, however, the mathematical

development of electrostatics does not depend upon the view

adopted as to the nature of the field, the question will be left
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open during this chapter and an attempt will be made to keep

both possibilities in mind.

In denning the vector E as the force per unit charge, it is

important to pay attention to the test charge by means of which

the force is measured. In the case of a field "produced" by

fixed charges, the test charge may be as great as desired if its

geometrical extent is small enough. This implies, of course,

that there is some way of fixing the charges so they will not be

moved by the test charge. To measure a field in the general

case, it is necessary to use such a small test charge that its influ-

ence in displacing other charges and so distorting the field can

be neglected. A single electron is the smallest charge that can

be used, and hence it must be concluded that an electric field

cannot be measured, and hence cannot be defined, with unlimited

precision. Such problems are of importance in the study of

atomic electrodynamics and electron theory, but they are of

little consequence in the ordinary applications of electricity and

will not be considered further in this work.

The law of electrical force between charged particles is

enough like Newton's law of gravitation to permit similar use

of a potential. A region in an electrostatic field is said to have

the potential <I> if

E = - grad <£ (13-2)

From the law of force it follows that, when the positions of all

the charges are known, the potential can be calculated from a

formula similar to that used for the gravitational potential

kl% <13-3>
4lTK

Here qt is the magnitude of the charge (with the proper sign)

that is located at the point i, and R{ is the distance from the

point at which <£ is the potential to the charge <fr. The potential

is a function of position, so that every point in the field will have

associated with it a number which is its value of the potential.

Equations (13-1) and (13-2) would still be true if any arbitrary

constant were added to the potential as given by (13-3). It is

customary, however, to take 3> as given in equation (13-3),
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except in some idealized cases where it is convenient to take the

potential as zero at some point other than at infinity. Since

the charge can be either positive or negative, the potential can

have either sign.

c. Electrical Units.—There has been much confusion con-

cerning the units in electrical problems, for numerous different

systems have been proposed and used. Each of these has its own
particular advantage, but the multiplicity of systems has led

to frequent errors in the interpretation of equations. Within
recent years still another system has been adopted by numerous
international scientific and engineering bodies. It is known as

the Giorgi system after its proponent or more usually as the

mks system after the fundamental units, meter, kilogram,

second, that it uses. This system has grown out of the practical

electrical units long used by engineers and for this reason is

well adapted to engineering computation. Although the system

is devised to facilitate computation rather than to promote
understanding of the fundamental processes involved, it appears

to offer numerous advantages and has been received with a good
deal of approval. It will therefore be used as the basis of the

material presented here, but reference will also be made to

the Gaussian system used in much of the published literature.

If /Co is set equal to l/Air and is considered to be dimensionless,

equation (13-1) defines units of electrical charge in addition to

expressing the law of force. When the force is expressed in

dynes and the distance in centimeters, the charge will be in

electrostatic units whose dimensions follow from equation

(13-1). These are the units of charge used in the Gaussian

system and in much of the older work on the subject.

In the mks system, the charge is measured in coulombs. It

is not necessary to give the definition of a coulomb here but

merely to emphasize that it is a unit of charge which can be

reproduced by following suitable specifications. It may be

regarded as the fourth fundamental unit in a system that might

be known as the meter-kilogram-second-coulomb (mksc) system.

The distance is measured in meters, and the force is measured in

newtons. The meter is, of course, a well-known measure of
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1

length, and the newton is the force necessary to give a mass of

one kilogram an acceleration of one meter per second per second.

Hence one newton is 10 5 dynes.

When the electrical charge is measured in coulombs, the

distance in meters, and the force in newtons, the dimensions of

k are given by equation (13-1). The numerical value of k is

given by experiment to be

1 onoo v/ ir, newton-meter 2
,„„ x

4^ = 8 -988 X l0 '
coulomb' (l3"4)

It follows that the field E is measured in newtons per coulomb
and that the potential $, introduced in equations (13-2) and
(13-3), is measured in newton-meters per coulomb or joules per
coulomb. This derived unit is called a volt, so that <E> is measured
in volts and E in volts per meter.

d. Continuous Distribution of Charge.—If there are many
charges close together, it is usually convenient to deal with the
charge density p instead of with the individual point charges.
This charge density is equal to the algebraic sum of the charges
in a small element of volume dv, divided by dv. Care must be
used in the application of this definition. The density of a
quantity is usually defined as the limit toward which the above
ratio approaches as the size of the volume element is decreased.
However, we know that electricity exists in the form of discrete
elementary charges, so that the density p will not approach a
limit as the volume element is reduced to such a size that it

contains only two or three charges. The apparent value of p
determined in this way would depend so much on the exact size
and location of dv that it would be of no use.

If dv were reduced still further, so as to include only a por-
tion of a charge, the knowledge of p would require a knowledge
or assumption about the structure of these ultimate units.
In addition, we know through the study of electron theory that
these ultimate units of charge, or electrons, are not to be treated
as having a precisely defined location and must, in fact, be
treated by the methods of quantum mechanics. To avoid such
problems and to construct a theory of electricity that is satis-
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factory on the macroscopic scale it is sufficient to require that
the dimensions of the volume elements used be large compared
with interelectronic distances and that such volume elements
contain a great many electrons and positively charged nuclei.

On the other hand, of course, the dimensions of the volume ele-

ments must be small compared with other distances involved.

This requirement limits the theory to macroscopic problems.
For application to atomic structure, such questions must be
reconsidered.

With the above restriction in mind, the density of electricity

may be used, and the expression for the potential at a point

becomes
- 1 f p dv

The integration is to be taken over all the volume in which
there is charge, and in fact over all space, since those parts in

which p = make no contribution to the integral. The
validity of equations (13-3) and (13-3a) depends upon the fact

that the potential due to a group of different charges is the sum
of the potentials due to them individually. It is an experimental

fact that the force between two charges seems to be entirely

independent of the presence or state of motion of other charges,

and the forces are to be treated as additive.

The form of equation (13-3a) shows that, as long as the

charge density p does not become infinite, the potential $ is a

continuous function of position and can be differentiated to give

the field.

Problem 1. Two equal positive charges are placed at opposite

corners of a square, and two negative charges of the same magnitude
are placed at the other two corners. Find the potential and the field

strength at points near the center of the square. Include points out-

side the plane.

Problem 2. Three charges are located at the vertices of an equi-

lateral triangle. Show that the force exerted by any two upon the

other one is directed through the center of charge. The definition of

the center of charge is analogous to that of the center of mass.

Problem 3. Find the potential and the electrostatic field around
a uniformly charged, infinite, straight wire. This problem can be
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treated by first considering the wire to be finite, finding the potential

about its center, and then letting its length increase.

Problem 4. Find the potential and the field due to two concentric

spherical shells that are differently charged.

e. Restricted Form of Gauss 's Law.—Gauss's law states that

the integral of the electric field over any closed surface is equal
to the total charge inside the surface divided by /c . This is

called the restricted form of Gauss's law because it is valid only

*-E

"E

Surface over
* .which integral
'"'

is taken

Fig. 13-2.—The field E' is that due only to the charge in the volume element dvi.

in the absence of polarization, which will be discussed later.

In symbols,

/ E • ds = £ = -
/ pdv (13-5)

Js «o KQ Jv^ v j

To show this, the field at each point of the surface over which the
integration is to be carried out may first be divided into two
parts. One part is that due to the charge in a certain volume
element dv x and may be called Ei. The other part is due to all

the rest of the charge and may be called E. The law is first to
be established for Ei only.

A spherical surface is described about the volume element
dvh and the field on this surface due to p dv x may be easily calcu-
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lated. The integral over this surface can be shown by actual

integration to be equal to p dvi/ico. By Gauss's theorem and the

fact that the divergence of Ei is zero outside of dvi, it follows that

the integral of Ei over S is also p dvi/K if dv x and the spherical

surface are inside S but is zero if dv x and spherical surface are

outside S. Hence the law is established for Ei and the charge

p dv\ that may be said to produce Ei.

Since the total field is the sum of the fields due to individual

elements of charge, the law is established for the whole field.

It is sometimes possible to use Gauss's law and the symmetry
of a problem to evaluate the field strength itself. Consider the

case of an infinite straight line of charge with no other charges

present. Due to the symmetry of the problem the electric

field must be everywhere radial, and its magnitude can depend
only on the distance from the wire. Hence E = erE(r), where
er is a unit vector in the radial direction.

Construct a circularly cylindrical surface with the line of the

charge as its axis and with plane ends perpendicular to the axis.

Let the length of the cylinder be dl and the radius r. The
electric field will be parallel to the ends of the cylinder so that on
those surfaces E • ds = 0, and it will be normal to the cylindrical

surface. Hence the total surface integral is 2irrE dl. By
Gauss's law, this is equal to the total charge inside, or X dl/K

,

where X is the linear density along the line. Hence

E = X/2x/c r

Problem 5. Use Gauss's law to find the field due to an infinite

plane uniform distribution of charge.

Problem 6. Use Gauss's law to show that the field is zero inside a

spherical shell of uniform surface charge density.

From Gauss's theorem as discussed in the previous chapter,

equation (13-5) can be written

/ E • ds = / divEdv = - / V 2* dv = -
J

p dv (13-6)

Since this is true for any volume, however small, it is true for

each individual volume element and there results one of the

fundamental laws of electricity,

_V 2
<£> = div E = pAo (13-7)
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/. Dipoles.—In addition to the electric fields due to isolated

charges and to volume distributions of charge, electrical phe-

nomena are observed that can best be described in terms of

electric dipoles. In terms of the microscopic theory of matter

and electricity, the necessity for considering these distributions

is due to the limitations mentioned above on the concept of a

charge distribution. In a macroscopic theory, however, it is

not necessary to go into the origin of such distributions but

merely to take them as observed.

A dipole may be visualized as a limiting case of two equal and
opposite charges separated by a distance d. Let R be the dis-

tance from the charges to a point at which the field is to be

computed. When the ratio d/R approaches zero, the two
charges can be regarded as a dipole. Such a dipole is described

by its vector moment p. This moment has a magnitude given

by the product of one of the charges and the distance between
them. Its direction is such as to point from the negative to the

positive charge.

The potential due to a dipole is given by

where R is the vector from the center of the dipole to the point

at which <l> is the potential. It must always be remembered
that a dipole is a limiting case. Two equal and opposite charges

constitute a dipole only when all observations are made so far

away that the separation between the charges can be neglected.

Problem 7. Show that equation (13-8) gives the potential due to

a dipole.

Problem 8. Show that the field strength due to a dipole is given by

Problem 9. Show that, if a dipole is parallel to the polar axis,

the components of the electric field parallel and perpendicular to the

radius vector are

Er = -r^— §? cos 9 and #, = _L .g- sin (13-10)
47TK R 3 4XK R 3
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Problem 10. Show that the field of a dipole has components

parallel and perpendicular to the dipole equal to

#11 = -j-J-
-I-,

(3 cos 2
11 4tk R 3

6-1) and E-=^M> An2e (l3-n)

where 6 is the angle between the axis of the dipole and the vector from

the dipole to the point at which the field is measured.

g. Electric Polarization.—If an element of volume is filled

with dipoles, its net charge will be zero and yet it may give rise

to an electric field. In this case equation (13-3a) is inadequate

Fig. 13-3.—The field due to a dipole is inversely proportional to the third power
of the distance from the dipole. This figure shows the field vectors at one distance.

for computing the potential, and additional account must be

taken of the dipoles. The fact that this case exists is associated

with the limitations on the volume elements that can be used.

They are not infinitesimal in the mathematical sense but have

a finite size. They cannot be made small enough to include

only one of the charges of a dipole because of the limitations

imposed by quantum mechanics. This limitation has already

been mentioned in connection with the discussion of charge

density, and it sometimes leads to situations in which the charge

density is zero but in which there is an electric field that can

be described as due to a distribution of dipoles.

This deficiency in equation (13-3a) can be remedied by
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adding to it an expression for the potential due to the dipoles

themselves. If P represents the resultant dipole moment per

unit of volume, this additional potential is given by

3>p = sr./
1^* <13-12)

where R is the vector from the point at which $p is the potential

to dv. This is opposite to the direction used in equation (13-8)

and is the reason for the negative sign. The vector P is called

the electric polarization. It is a vector function of position such

that P dv represents the vector sum of the dipoles in the element

of volume dv. As is the case with the charge density p, the

polarization P is defined subject to the limitation that the volume
elements must always contain a large number of atoms.

The integral in equation (13-12) is taken over all the volume

in which a polarization exists, or over all space, since the regions

in which P = make no contribution to the integral.

Problem 11. Consider a long thin rod of constant cross section S,

uniformly polarized in the direction of its axis. Use equation (13-12)

to find the electric field due to this distribution of polarization.

Problem 12. Consider a right circular cylinder of radius 10 cm
and length 15 cm filled with a uniform polarization P parallel to the

axis. Find the electric potential at points on the axis both inside and

outside of the cylinder by the use of equation (13-12).

If the polarization P is everywhere finite with finite deriva-

tives, it is possible to transform equation (13-12) into a form

that may be easier to use. By considering div (P/R) and equat-

ing its volume integral to a surface integral by Gauss's theorem,

it follows that

_ -1 fP-R,

-1
f divP .

,
1 f P-ds=

i^J ~ir dv + 4^oj ~R- (13'13)

where the volume integral is taken over any volume that includes

all the polarization and the surface integral is taken over the

surface enclosing this volume. Such a surface can be selected

so that P = on it and hence so that the surface integral
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vanishes. It follows then that

<1>p =— f4ttk J

div P
dv (13-13o)

4ttk J R

The form of (13-13a) compared with that of (13-3<x) shows that

the negative divergence of the polarization has the same effect

in producing an electric field as does an electric charge density

(see Fig. 13-4).

Discontinuous change in
poiarization gives /arge
va/ues ofdivergence here^

~ Po/arized body

P=0 on boundary of vo/ume
over which integral is taken

\

Fig. 13-4.—The very rapid rate of change of the normal component of polarization at the

surface of a polarized body has the same effect in producing a field as has a surface charge.

In Probs. 11 and 12 the polarization has a constant value, and

hence a zero divergence, within the regions where it differs

from zero. The application of equation (13-13a) to such a

region would then seem to lead to a zero potential. This is

clearly incorrect. The difficulty lies in the fact that the diverg-

ence of the polarization is not everywhere finite as is assumed in

in the derivation of equation (13-13a).

The apparent discontinuity in the polarization at the surface

of a polarized body is probably an idealization. In any case
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it is possible to retain all the significant features by treating this

change as very rapid, but not discontinuous. Equation (13-13a)

is then applicable, but care must be taken to include this very
large value of the divergence near the surface. The volume
integral of this part of the divergence can then be approximated
by a surface integral.

Let the x and y axes lie in the surface at a selected point.

The integrand in this neighborhood will then be

l(dP~dPy ^dPz\. A *

= -
j» (P,i - Pzi)dx dy (13-136)

The derivatives parallel to the surface are considered as negli-

gible compared with the derivative normal to the surface. The
change in R is also negligible. Pzl is the normal component of

the polarization on one side of the surface, and Pz2 is the normal
component on the other side. Hence, if the distribution of

polarization contains surfaces of discontinuity, the integral of

the divergence over these surfaces can be replaced by a surface

integral of the normal component of the discontinuous change
in potential.

It is very easy to confuse the surface integral on the right-

hand side of equation (13-136) with the surface integral neglected

in equation (13-13). With the proper understanding, and the

proper selection of volumes and surfaces, they lead to the same
result. It seems, however, that a more universally applicable

procedure for handling problems of polarization can be reached

by (1) regarding surfaces of discontinuity as idealizations that

should properly be replaced by a very rapid change; and (2)

replacing the volume integral over this region of very rapid

change by a surface integral of the normal component of the

total discontinuity.

Problem 13. Show how the distributions of polarization in Probs.

11 and 12 can be represented by distributions of apparent surface

charge.

By combining equations (13-3a) and (13-13a) it can be
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seen that the total potential, due to both charge and polariza-

tion, is given by
, 1 f p — divV j
* = S7, J

~R— * (13"14 >

When the distribution of charge and of polarization is completely
known, the potential in any electrostatic situation can be
evaluated by the use of equation (13-14). In the use of this

equation it must be remembered that the integral is to be carried

out over all space and must include all of the charge and polariza-

tion that affects the potential. In some cases there will be
discontinuities in the polarization, but it will be assumed that

these can be approximated by a rapidly changing, continuous

distribution, as already described.

The fact that the divergence of the polarization and the

normal component of the polarization on a surface of discon-

tinuity are equivalent to volume and surface charge densities

has led to numerous attempts to visualize the effect in terms of

the charges composing the dipoles. If all dipoles are parallel

to each other and normal to the surface, one may picture the

positive or the negative ends of these dipoles as being the positive

or negative surface charges. Such visualization clearly violates

the restrictions imposed on the size of the volume elements that

can be used and must be employed with caution.

In a similar fashion the p in equation (13-14) is sometimes
referred to as a "real" charge density while the — div P is called

a "bound" charge density. This also seems of doubtful value,

and it appears more practicable to recognize that the integral is

just a method of calculating the potential due to both charges

and dipoles.

h. Complete Form of Gauss's Law.—In equation (13-14) the

quantity p — div P takes the place of p in equation (13-3a).

By the same type of reasoning as led to equation (13-5) it can

be shown that

/ E • ds = — / (p - div ~P)dv

=U pdv ~hI p - ds (13-15)

\
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From this it follows that

JOoE + P) • ds = JD • ds = Jp dv (13-16)

This is the complete form of Gauss's law that must be used when
polarization is present. The vector D = k E + P is called the

electric displacement. It is of importance largely because of the

role it plays in Gauss's law.

It follows directly from equation (13-16) that

div D = p (13-17)

and this may be called the differential form of Gauss's law.

i. Summary of Electric Fields Due to Known Distributions of

Charge and Polarization.—The discussion thus far has referred

to the case in which the electric charges and electric dipoles are

fixed in known positions. The question as to whether they are

held in these positions by nonelectrical forces or are in equilib-

rium under the action of electrical forces only has not been con-

idered. If the charge distribution is known, p is known as a
function of position and any isolated point charges are in known
positions. The knowledge of the distribution of polarization

requires the knowledge of P as a function of position and of the

Locations of any isolated dipoles. When these are given, the

potential at every point in space may be defined as

* - ik /

1

(p
- div p>* <13-14)

subject to the restrictions already discussed as to the minimum
size of the elements dv. This integral will give the potential <£> a
value that is everywhere continuous and single-valued when
p and div P are always finite. It applies for points inside as

well as outside of the distributions of charge and polarization.

When the potential $ is known, the electric field can be
evaluated by the operation of taking the gradient.

E = - grad $ (13-2)

This may be taken as the definition of the electric field E. In
regions of space accessible to a test charge, this field may be
measured by the force on such a charge. Inside of dielectrics,
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however, E may be regarded as that function of the charge

and polarization distributions given by equations (13-14) and
(13-2).

The displacement D is denned by

D = k E + P (13-18)

It follows from this definition that the electric displacement in a
vacuum is k q times the electric field, and therefore the field and
the displacement are assigned different dimensions. This is,
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Fig. 13-5.—Polarization and field inside a uniformly polarized slab.

of course, a logical possibility, but it may also be misleading

and is probably the only significant objection to the mksc sys-

tem of units as now used. In the older Gaussian units,

D = E + 47rP, and it is much more obvious that the displace-

ment is obtained from the field merely by adding the polariza-

tion. Nevertheless, equation (13-18) should cause no trouble

if the apparent role of k as the ''permittivity of a vacuum" is

not taken as suggesting the possibility of polarization in a

vacuum.

Problem 14. Consider a thick slab of uniform polarization, per-

pendicular to the plane surfaces. Let the area of the slab be indefi-

nitely large. Evaluate the potential, the field, and displacement inside

and outside of the slab. This can be treated by considering a cylindri-

cal volume with its axis parallel to the direction of polarization. One
flat end is inside the slab, and the other outside. From a consideration

of the symmetry of the situation and the complete form of Gauss's law,

the problem can be solved (Fig. 13-5).
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Problem 15. Consider a charge Q at the center of a thick spherical

shell of polarization. Let the polarization be everywhere along the

radius and constant in magnitude. Find the potential, field, and the

displacement at all points, and illustrate Gauss's law by integrating

over spherical surfaces inside and outside of the shell.

2. The Effect of an Electrostatic Field on Material Bodies.—
All matter is now believed to be made up of electric charges in the

i'orm of electrons and atomic nuclei. If a material body is

placed in an electric field, it may be expected that the field will

cause a rearrangement of the charged particles and, in general,

that the body as a whole will experience a force. The complete
description of the rearrangement cannot be given in terms of the

ordinary laws of electricity. Recourse must be had to the

methods of quantum mechanics. Nevertheless, the macroscopic

aspects of the response of material bodies to electric fields can
be satisfactorily described by dividing the bodies into two classes,

known, respectively, as conductors and as insulators.

The distinction between conductors and insulators is not
sharp, and some substances might be put in either class. Never-
theless, it is a very useful distinction. It emphasizes the two
ways in which substances react to an electric field.

If a conductor is placed in an electric field, some of the elec-

trons in it will move through the body until they build up sur-

face charges that will completely neutralize the field originally

existing inside the conductor. On this account, there is, by
(definition, no electric field inside a conductor. This statement
refers, of course, only to the static situation after equilibrium has
been attained. There does exist a field inside the conductor
while the electrons are moving around to neutralize it. In
addition, a conductor contains no dipoles and hence no polariza-

tion. A conductor may then be defined as a substance inside of

which there exists no electric field and no polarization, in static

situations.

An insulator, on the other hand, is a substance in which all

the electrons are held at or near to positions of equilibrium and
in which the effect of an electric field is to displace them slightly

and hence to produce a polarization. An insulator is a sub-
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stance in which the polarization at each point is some function of

the electric field at the same point. In some cases the polariza-

tion also depends on the past history of the electric field.

a. Conductors.—The essential property of a conductor is

given by the definition above. In an electrostatic situation,

all parts of a conductor will be at the same potential, since the

field inside it is zero. The potential everywhere is given by

equation (13-14). If there are outside distributions of charge

and polarization that would tend to cause different parts of

the conductor to be at different potentials, the electrons in the

conductor will move until the potential produced by them com-

bines with the externally produced potential to give zero field

and a constant potential throughout the conductor. In general,

this requires a nonuniform distribution of charge over the sur-

face, but in a few simple cases the symmetry of the situation

is such that a uniform surface distribution of charge produces

the necessary result.

In dealing with conductors the charge is usually treated as a

surface charge. This is not strictly true; but since the charge is

distributed in a layer that is as thin as or thinner than the

minimum allowable element of length, all the essential properties

are retained when it is treated as a surface charge.

Problem 16. Show from the definition of a conductor and the

fact that the potential as given by equation (13-14) is a continuous

function of position that the tangential component of the electric field

just outside the surface of a conductor is zero.

Problem 17. Show from Gauss's law and the definition of a

conductor that any charge on a conductor is at its surface.

Problem 18. Show from Gauss's law that the normal component

of the displacement in a dielectric adjacent to the surface of a con-

ductor is given by

Dn = a (13-19)

where a is the surface density of the charge.

Problem 19. Consider a thick spherical shell of a conductor on

which there is no net charge. If a charge Q is placed at the center,

make use of the spherical symmetry of the problem and the fact that

the field inside the conductor must be zero to compute the charge dis-
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tribution on the conductor. Then compute the field due to the

induced charge alone.

As can be seen in Prob. 19 the potential of a conductor is

determined not only by any charge that may be on it but also

by any other charges or polarization that may be in the neighbor-

hood. If a conductor is completely isolated, its potential is

determined by its own charge only. The ratio between the net

charge on such a conductor in coulombs and the potential of

the conductor in volts is known as its capacitance. The capaci-

tance of an isolated sphere is equal to 4:tkqR, where R is the

radius in meters and the capacitance is measured in farads. A
farad is one coulomb per volt and hence k can be expressed in

farads per meter.

The term capacitance is used in a number of slightly dif-

ferent senses, but in each case it refers to a charge that will

produce a unit potential. The above-defined capacitance of an

isolated sphere could also be regarded as the capacitance with

reference to an enclosing conductor at infinity. For most

practical purposes the earth serves as the conductor at infinity,

and thus such a capacitance is sometimes referred to as the

capacitance to ground.

If two conductors are isolated from other bodies or are

enclosed in an infinitely large conducting shell, a mutual capaci-

tance may be defined. This is the charge on one conductor

divided by the difference in their potentials, when the two con-

ductors have equal and opposite charges. Two conductors so

close together that their difference in potential is little affected

by other bodies constitute a capacitor, or a condenser, whose

capacitance is this mutual capacitance.

Problem 20. Show that the capacitance of an isolated sphere is

equal to AtkqR farads when R is its radius in meters.

Problem 21. If the insulation of the air breaks down at 2 X 10 6

volts per meter, what is the maximum potential to which an isolated

sphere surrounded by air can be charged?

Problem 22. A conducting sphere is placed inside and concentric

with a spherical shell that is connected to earth. Show that, if the

inner sphere carries a charge q, the outer will carry a charge — q. Find

the capacitance of this system.
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Problem 23. In a capacitor composed of two flat parallel con-

ductors separated by a distance that is small compared with their

linear dimensions, the charge will be almost uniformly distributed over

the opposing conducting surfaces. Under the assumption that the

charge is uniformly distributed and that there are equal and opposite

charges on the two plates, show that the capacitance of the condenser

is

C = ~ (13-20)

where A is the area of one of the plates and d is the distance between

them.

b. Insulators or Dielectrics.—If an uncharged insulator is

placed in a field due to fixed charges, polarization will be pro-

duced throughout its volume. The total electric field at any
point will then be different from the field due to the fixed

charges. In addition to the original field there will be the field

due to the polarization "induced" throughout the dielectric.

Hence the field at any point that is effective in producing

polarization is determined, in part, by the polarization it

produces.

In numerous simple dielectric substances, the polarization

is approximately proportional to the electric field, and a dimen-

sionless constant of proportionality x e , called the dielectric

susceptibility, is defined by P = x eK E. In these substances the

displacement also is proportional to the electric field so that

D = K E + x^oE = *E (13-21)

and

k = Kkq = (1 + Xo)*o

The quantity k has the same dimensions as k and is called the

permittivity of the medium, while K is a dimensionless ratio called

the dielectric constant.

In the simplest cases of anisotropic crystals in weak fields,

the displacement is a linear vector function of the electric field.

Thus its direction may be different from that of the field itself.

In more complicated cases the polarization and the displace-

ment may be still more complicated nonlinear functions of the
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electric field. The relationship between the displacement and

the field at any point in a dielectric is a characteristic property

of the substance and can be found empirically by properly

designed experiments. Only in the very simplest isotropic cases

is the dielectric constant as defined in equation (13-21) a useful

quantity.

Fig. 13-6.—The field inside a long narrow cavity, whose axis is parallel to the polar-

ization, is equal to the field in the body itself.

Problem 24. Consider a simple isotropic dielectric in which the

displacement is parallel to the field. Let a small cylindrical cavity

be cut in the dielectric, with its axis parallel to the field and a diameter

very much smaller than its length. Let the whole cavity be so small

it has no influence on the distribution of field and polarization in the

body, and show that the field at the center of the cavity will be equal

to the field in the material just outside the cavity (Fig. 13-6).

Problem 25. Under the conditions of the above problem except

that the length of the cavity is very much less than the diameter, show

that the field at the center of the cavity is equal to l//c times the

displacement adjacent to it.

Problem 26. Show that the electric field at the center of a small

spherical cavity in a dielectric is equal to E + P/3k , where E and P
are the field and polarization in the dielectric adjacent to the hole.
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Problem 27. Show by means of Gauss's law that, at a boundary
between two dielectrics on which there is no charge, the normal com-
ponent of the electric displacement is continuous across the surface.

Problem 28. Show from the fact that the electric field is the

gradient of a potential that the tangential component of E is con-

tinuous across the boundary between any two bodies.

Problem 29. For cases in which equation (13-21) holds, use the

results of the above two problems to establish a law of refraction for

the lines of electrical force at a boundary between two dielectrics.

Problem 30. Show that at the surface between two dielectrics the

electric field behaves as though it were in a vacuum and there were a

surface charge of density

'^(t,- 1

)

Ki and Ki are the respective dielectric constants of the two media,

and Ei is the normal component of the field in the first medium. The

positive direction of Ex is taken from the first medium to the second.

Problem 31. A flat-plate condenser is attached to a battery so

that the two plates are kept at a constant difference of potential. At

first the plates are in a vacuum. Compute the surface density of

charge on the plates and the field between them. A dielectric of

constant K is then inserted between the plates so that it practically

fills the whole space but does not quite touch either plate. Find

the distribution of charge, polarization, field, and potential in this case.

The effects of the edges should be neglected in all cases, and, owing

to the symmetry of the problem, the field and the polarization can be

assumed perpendicular to the plates.

Problem 32. Carry through the above problem when the con-

nection with the battery is broken before the dielectric is inserted.

Problem 33. Show that the capacitance of a flat-plate condenser

is multiplied by K when a dielectric described by equation (13-21) is

placed between the plates.

3. The General Electrostatic Distribution Problem.—In the

first section of this chapter the problems treated were those in

which distributions of electric charge and polarization were

given and the problem was to compute the resulting potentials

and electric fields. In the second section the behavior of con-

ductors and dielectrics under the influence of an electric field

was described. The behavior consists in the redistribution of
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the charge on the conductors and the production of polariza-

tion in the dielectrics. When a conductor or a dielectric is

placed in an electric field, the redistributed charge on the con-

ductor, or the polarization produced in the dielectric, leads to

additional terms in the expression for the potential and to

possible changes in the original field. These again react on
the material bodies, and the final result is an equilibrium situa-

tion whose determination is the object of the analysis of an
electrostatic problem. In general, the distribution of charge

and polarization is not given, and the properties of the insulators

and dielectrics must be used to find it. The general problem of

electrostatics is then to find this distribution of charge and
polarization, of potential and field. The minimum information
necessary for this purpose depends upon the situation.

a. The fundamental equation of electrostatics is the dif-

ferential form of Gauss's law, equation (13-17),

div D = p (13-17)

In a homogeneous dielectric in which the displacement is pro-
portional to the field, with a permittivity k,

div E = \ (13-17a)

In the discussion that follows only this idealized type of dielec-

tric will be considered.

In most problems one has to deal with discrete pieces of

homogeneous dielectric to which equation (13-17a) can be
applied and it is not necessary to use the more general form of
(13-17). Since the field strength is the negative gradient of
the potential, equation (13-17a) is equivalent to Poisson's
equation

V 2* = ^ (13-176)

In most problems the charge is confined to isolated points
or to the surfaces of conductors. An exception is the case of a
space charge in an electron tube, but such cases require special

methods of treatment and will not be considered here. The



270 PRINCIPLES OF MATHEMATICAL PHYSICS

charge distribution in the usual case can be included in the

boundary conditions, and thus the potential will be a continuous
function that satisfies Laplace's equation

V 23> = (13-22)

in each dielectric. The connection between the potential in one

dielectric and in the next is made by the appropriate schedule

of boundary conditions.

In the remainder of this chapter it will be assumed that

1. All charges are located on conductors or at specified

isolated points.

2. The material bodies consist of discrete pieces of conductor

or of homogeneous dielectric with a permittivity k.

3. The only polarization is that induced in the dielectrics.

b. Schedule of Boundary Conditions.—In each of the discrete

regions of space defined by the conditions of the problem, the

potential satisfies Laplace's equation. Its behavior at the

boundaries and at isolated points is given by the following

conditions

:

1. The potential is continuous across the boundaries.

2. a. The normal component of the electric displacement is

continuous across the boundary between two dielectrics, when
there is no charge on the boundary.

d$\ d<E> 2

"• fe = "' *r <13-23 >

where n represents a normal to the surface.

b. At the boundary between a conductor and a dielectric

a*
*aS«-* d3-24)

where a is the surface density of charge on the conductor and n
is the unit normal pointing into the dielectric.

3. On the surface of a conductor one or the other of the

following is specified

:

a. The potential of the conductor.

6. The total charge on the conductor.
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4. a. In the neighborhood of an isolated charge the potential

has the form of (Q/^ttkR) + constant.

b. In the neighborhood of an isolated dipole the potential has

the form of (p • R/4inci2 8
) + constant.

5. At large distances from all charges and polarization the

potential vanishes at least as fast as 1/R. It is sometimes

desired, however, to treat a portion of a problem, in which case

this condition may be replaced by some other. For example, if

a number of bodies are placed between the flat plates of a very

large capacitor, the field at infinity may be said to be a uniform

field.

c. Theorem of Uniqueness.—The solution of problems in

electrostatics is very much simplified by the theorem of unique-

ness. According to this, if any function $ satisfies Laplace's

equation and the above schedule of boundary conditions, it is

unique. No other function will satisfy the conditions, with the

possible exception of those which differ immaterially from the

first by an additive constant.

To prove this theorem, let $i and <E> 2 be two possible poten-

tials for an electrostatic situation, and let U = $i — <3>
2 . The

theorem is proved when it can be shown that U must be either

zero or a constant.

It is first clear that the theorem is satisfied throughout each
conductor. If the potential of the conductor is specified, U = 0.

If it is not specified, the definition of a conductor still requires

U to be constant. It is also clear that V 2U = throughout each
of the dielectrics, since both $i and <3?2 must satisfy Laplace's

equation. Furthermore, it follows from the conditions on the

potential at infinity that U either vanishes or is a constant. It

then remains to investigate the behavior of U throughout the

dielectrics.

By applying Gauss's theorem to the vector (U grad U), it can
be shown that within each dielectric

jv Uv
2U dv - fs U grad U • ds + fv (grad *7)

2 dv = (13-25)

The first term in this equation is zero because V 2U = 0, so that
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fv (grad UY dv = fg U grad U • dS (13-26)

This equation can be multiplied by k and the corresponding

equations for all the different dielectrics added together. Then

^ « jYt (grad Uydv^^ Ki fSi V grad U • dS (13-27)
t i

The surface integral is taken over the surface of each portion of

dielectric with dS in the direction of the outward-drawn normal.

Fig. 13-7.—The integrals over the two sides of the boundary between two dielectrics

cancel each other.

V and grad V are the values of the functions just inside the

surface. The various surfaces will have the following types of

properties (Fig. 13-7):

1. Surfaces at infinity. On these either U or grad V becomes

so small that the surface integral vanishes.

2. Surfaces where two dielectrics meet. On these the

integral on one side will be the negative of the integral on the

other, since U must be continuous across the boundary, and
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the normal component of k grad U is also continuous across the

boundary.

3. Surfaces where the dielectric meets a conductor. If the

potential of the conductor is specified, U = on this boundary.

If the potential is not specified, the integral over all the surfaces

adjacent to this conductor must be considered. U is a con-

stant because of the conductor, and \ *iU ] grad U • dS will

vanish because of condition 3. Hence the right side of (13-27)

will vanish ; and, since the integrand on the left can never be

negative, grad U must everywhere be zero. This requires that

U be zero or a constant.

Problem 34. Derive equation (13-25) for any continuous scalar

function U.

Problem 35. Consider a spherical conductor carrying a charge Q
and surrounded by a dielectric spherical shell of thickness T. Find

the potential, field, and displacement at all points.

Problem 36. Show that, in a space containing no charges and

surrounded by a conductor, the potential is a constant equal to the

potential of the conductor.

Problem 37. Consider a charged spherical conductor of radius A.

Outside of the sphere, on one side of a plane through its center is a

dielectric of constant K i and on the other side a different dielectric of

constant K2 . Find the potential, field, and displacement in the

dielectric; and find the distribution of the charge over the sphere.

Then evaluate the potential by means of equation (13-14).

d. Spherical Harmonics.—A function that satisfies Laplace's

equation is called a harmonic function. There are many kinds

of such functions, and it is important to know those whose

symmetry makes their application relatively simple. One

group of such functions consists of the spherical harmonics and

is especially useful in solving problems with spherical symmetry.

In spherical polar coordinates, Laplace's equation becomes

A solution of this equation, whose dependence on the radius is

expressed by a single power of r, is a spherical harmonic. There
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are a great many different solutions of equation (13-28). Since

the equation is linear, the general solution is a linear combina-

tion of all the independent particular solutions. We shall

treat here only the very simplest cases of elementary problems

that can be solved by means of spherical harmonics, for a com-

plete discussion of the properties of these functions constitutes

an extensive branch of mathematics.

To find a particular solution of equation (13-28) assume it

to be a product of functions of the three independent variables

r, 0, <p. This gives the form

$ = R(r)Q(0)<f>(<p) (13-29)

Substitution of this form into (13-28) shows that it is a solution

provided that

dr z r ar r 2,

1 d

sin 6 dd
(sin §) + [n(n + 1) -

^-J = (13-295)

^ + m 2 = (13-29c)

where n and m are constants. The solutions of equation

(13-29c) are trigonometric functions, and in order that they

be single-valued it is necessary that m be an integer. When n

and m are both integers, equation (13-296) has a series of

solutions designated by jPw™(cos 6).

Problem 38. Show that

$ = rnP„m(cos 6){A sin m<p + B cos nop) (13-30)

is a solution of equation (13-28).

Problem 39. Show that P ° = const, iV = cos 0, and Pi 1 = sin

are solutions of equation (13-296).

Problem 40. Show that

$ = r(n+1)Pnm (cos 6){A sin m<p + B cos m<p) (13-30a)

is also a solution of equation (13-28).

Problem 41. Show that the functions of the form (13-29) that

satisfy equations (13-29a), (13-296), and (13-29c) form an orthogonal

system.
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Solutions of Laplace's equation can be obtained by substitut-

ing all integral values of m and n such that m<n. The most gen-

eral solution is then a linear combination of these particular solu-

tions. In a particular problem it is necessary to evaluate the

constants in this linear combination so that the solution will

satisfy the prescribed boundary conditions.

Some of the solutions for small values of n and m have simple

interpretations

.

1. n = 0, ra = 0. The solution corresponding to equation

(13-30) is a constant, and that corresponding to equation

(13-30a) is 1/r. This latter is the potential about a point

charge at the origin.

2. n = 1, m = 1. The solution corresponding to equation

(13-30) is

<£ = r sin 6(A sin <p + B cos <p) (13-31)

This represents a uniform field perpendicular to the polar axis

and in a direction determined by the relative magnitudes of A
and B.

The solution corresponding to equation (13-30a) is

$ = ^- (A sin (p + B cos <p) (13-31a)

This represents the potential of a dipole perpendicular to the

polar axis and in a direction determined by the ratio of A and B.

3. n = 1, m = 0. Here again the two solutions represent a
uniform field and the field of a dipole but in both cases directed

along the polar axis.

As an illustration of the method of solution of a general

electrostatic problem, consider the case of a dielectric sphere
placed in a uniform electric field. The charges producing this

field are considered as so far away that they are unaffected by
the sphere, and the field at infinity is required to be uniform.
The origin may be taken at the center of the sphere, and the
potential at the origin may be chosen to be zero. This latter

choice is possible because the field at infinity is specified rather
than the potential. The potential of the uniform field will then
be $ = —E r cos 0. This is one of the spherical harmonic
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solutions of Laplace's equation, and it is the only one with a

positive power of r that can be used, since it must represent the

field at infinity. The effect of the dielectric sphere must then

be represented by only those solutions of Laplace's equation

that vanish at infinity.

Fig. 13-8.—Some of the equipotential surfaces near a dielectric sphere in a uniform field.

The general procedure would be to assume an infinite series

of solutions, with arbitrary constants, and then determine the

constants from the boundary conditions. In simple cases,

such as the present one, however, it is possible to make a plausi-

ble assumption as to the solution and then to see whether or not

it is possible to satisfy the boundary conditions. If this can be

done, the theorem of uniqueness shows that the assumed solution

is correct.
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Let us try to represent the potential outside the sphere in

the form

3> = -E r cos +
AC

rT
9

(13-32)

and inside the sphere in the form

$i = Br cos (13-32a)

The expression for <I> contains the term necessary to represent

the field at infinity and no other term with a positive power of

r. It contains the one term with a negative power of r, and it

remains to be shown that the boundary conditions can be
satisfied with so simple a solution. The expression for <£* con-
tains no negative powers of r since these would lead to an infinite

potential of the center of the sphere. Furthermore, since the
uniform field has been taken parallel to the polar axis, the poten-
tial must be independent of the azimuth angle <p, and only
spherical harmonics with m = need be used. Considerations
of this kind can be used as a guide in selecting the type of func-
tion to be used in a trial solution, but the final criterion must be
the possibility of satisfying all the boundary conditions.

To evaluate the undetermined constants in the problem at
hand we may first apply the condition that the potential is

continuous. If the dielectric sphere has the radius R,

3> {R) = GAR)
and

DD .4. cos _ _BR cos = —pj— — EoR cos

or

B = -^ - E (13-326)

The normal component of the electric displacement must be
continuous across the boundary so that

K
^r~

=z

'df
*orr = R

or

2AKB cos 6 = —Eo cos — -^j cos B
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This leads to

a = Tt\ WEq and B = T^2 Eo (13 ~32c)

and the potentials are therefore

*o =
(J-qr^

^~r)Eo cos 6 (13-S2d)

Qr
*1'

= ~~ KT2 Eo COS ° (13-32e)

Problem 42. Determine the polarization of the dielectric sphere

in the above problem, and use equation (13-14) to find the potential

due to it, on the axis and in the equatorial plane.

Problem 43. Find the potential about a conducting sphere in a

uniform field.

Problem 44. A conducting sphere is given a charge Q and is placed

in a uniform field. Find the potential around it, the distribution of

charge on its surface, and the total force on it. The force on each

element of area of surface is directed normally outward and is equal to

(o-72/c )ds.

4. Energy of an Electrostatic System.—For purposes of com-

puting the forces on a few point charges, it is sufficient to use

Coulomb's law. For more complicated cases, however, it

is more satisfactory to use a potential energy of the system.

Of course, this must be clearly distinguished from the potential

of the various points.

A single isolated charge experiences no force and so has an

energy independent of its position. Let this be set equal to zero

here. To bring up another charge while the first is held

fixed requires an amount of work equal to qq'/4irKoR, where R is

the distance between the two charges. This may be called the

energy of the electrostatic system. There is no reason for

assigning it to one charge rather than the other, but its negative

gradient with respect to the position of either charge gives the

force on that charge.

Because the electric field can be derived as the gradient of a

scalar potential, it can be shown that the energy of an electro-

static system is a single-valued function of its configuration
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and therefore is suitable for use in finding forces. If a series of

point charges is brought up from infinity, one at a time, the

total amount of work done will be

"-ikl*f

'

(13-33)

ij

where both i and i are summed over all the charges. It is clear

from the derivation of this expression that the terms for which

i = j must be omitted as they have no significance.

Problem 45. Show that the energy of two charges is qq'/AttkqR.

Problem 46. Show that the work necessary to bring a point charge

into an electrostatic field is equal to the potential of the point to which

it is brought, multiplied by the charge. In this process it may be

assumed that all the charges but one are held fixed in position and that

only these fixed charges contribute to the potential of the point to

which the other charge is brought.

Problem 47. Show that the amount of energy necessary to charge

a conductor is q
2/2C, where q is the charge put on the conductor and

C is its capacitance.

Problem 48. Work out the potential energy of a dipole in an
electric field.

When the charges are treated as continuously distributed,

the sum in equation (13-33) becomes an integral and has the

form

W = \l p$dv (13-34)

When it is written in this way there is no difficulty about exclud-

ing the potential due to the charge at the point in question, for

this goes to zero as dv is made smaller. It does not lead to a

singularity as in the case of point charges.

Problem 49. Use equation (13-34) and the solution of Prob. 44 to

compute the energy of a charged sphere in a uniform field. From this

energy compute the force on the sphere.

To treat the general case it is necessary to compute also the

energy associated with the polarization that is present. In this

case one must consider the question as to where the zero of
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energy is to be put. If the polarization is fixed and its energy

of formation is not taken into account, a term

-JP-Edv=f'P- grad * dv

must be included. The more usual case, however, is that in

which the polarization is induced and is proportional to the

field E which produces it. In this case the energy stored up in

forming the polarization just compensates the negative energy

of the dipole in the field that produces it, and the total energy is

zero. Hence induced polarization contributes to the energy

only in so far as it gives rise to a field at points where charges

are located. Under these conditions, when only induced polari-

zation is present, equation (13-34) is clearly the general form

for the energy of an electrostatic system.

As an illustration of this situation consider a dipole made up

of a positive charge q and a negative charge — q, held together

by a force proportional to the distance d between them. This

force is intended to represent the electrostatic attraction and

whatever other forces exist, and may be a good approximation

when the distance d is of atomic dimensions. If then a positive

charge Q is brought to a distance R from the dipole, the two

charges composing it will separate until the force holding them

together just balances the force from the charge Q. Under

these circumstances d is given by

ad = 5& (13"35)

where a is the force constant. The work done against this force

is ad?12 so that the energy of formation of this dipole, Wd,
is

^-^(A)' (13"35a)

The dipole as a whole is attracted by the charge Q, and thus

the energy in the field of Q is negative and of amount We where

* - - <$» - - KfiSp)'
(i3-356)
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Similarly the energy of the charge Q in the field of the dipole is

QqdWQ =
4tkoR2

- -!(*&)' (
l3-35c>

The total energy may be considered as Wd and either We or WQ .

In either case

w- - l{iSmf = l
w

° <13-35d>

This is just one-half the energy of Q in the field due to the dipole

and is an illustration of the justification for the use of equation

(13-34) to express the energy of an electrostatic system con-

taining only induced polarization.

The energy expressed by equation (13-34) is a property of the

system as a whole and cannot properly be divided among the

charges. This fact is emphasized strikingly by the field point

of view when it is applied to this electrostatic energy. It is

possible to transform the integral in equation (13-34), which is

over the charge density, into an integral over the field.

W = H p$ dv = if div D <3> dv

= if div (<£D)cfo — if D • grad <i> dv

= if D • E dv (13-36)

In this expression the integral of div ($D) is set equal to zero

because it can be transformed into a surface integral over a

surface enclosing the whole system. This surface can be taken

so far away that all the field quantities, including <£> and D,

vanish rapidly enough to make the integral approach zero. The
result is that the energy of the system is one-half the volume
integral of the scalar product of D and E. According to the

point of view of Faraday and Maxwell, the energy actually

resides in the space surrounding the charges, and one-half the

scalar product of D and E can actually be regarded as the energy

density. This point of view is certainly suggested, although it is

not required, by equation (13-36).

There is an apparent discrepancy between equations (13-36)

and (13-33) as regards the energy of an isolated charge. In

equation (13-33) the terms for which i = j are omitted so that a
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single charge is assigned a zero energy. Equation (13-36), on
the other hand, would assign it an energy given by the integral

over the field. The difficulty is associated with the restrictions

it is necessary to place on the size of the volume elements in

which charge density is defined. Equation (13-36) leads to no
difficulty when the charge distributions are such that a charge

density can be used. It cannot be used, however, to compute
the field of an isolated electron without further restriction.

Problem 50. Find the energy of a charged conducting sphere by
integrating over the electric field outside of it. Compare the result

with that obtained by considering the capacitance.

Problem 51. Compute the energy of two charged, concentric,

spherical shells.
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CHAPTER XIV

MAGNETOSTATICS AND THE INTERACTION
OF STEADY CURRENTS

For many years after the discovery of electricity and the

discovery of magnetism, these phenomena were considered to be

separate. Although they displayed striking similarities and

were cast into the same mathematical form, the studies of

magnetostatics and electrostatics were essentially independent.

After 1820, when Oersted made the fundamental discovery that

an electric current is accompanied by a magnetic field, this

situation changed. The two phenomena are no longer con-

sidered to be separate. The relationship between them, how-

ever, is not associated with their similarities. It is an actual

physical relationship such that magnetic phenomena can be

produced by electric means and electric phenomena by magnetic

means. Oersted's discovery, in fact, emphasized the difference,

since there is no means for isolating a magnetic charge or pro-

ducing a magnetic current. The fundamental magnetic

quantity is not charge but magnetization. This is a very

fundamental difference and justifies abandoning the early

identical treatment for the two subjects and the use of dif-

ferent mathematical descriptions for magnetic and for electric

phenomena.

A magnetic field is always produced by an electric current

or by magnetization. Magnetization is analogous to electric

polarization. It can be crudely pictured as due to molecular

currents that act as magnetic dipoles. For this reason the

fundamental magnetic phenomenon may be considered to be

the interaction between electric currents, and the treatment in

this chapter will follow such a line of development. This

method of treatment ignores to a large extent some of the strik-

ing similarities between electric and magnetic phenomena, but
283
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it emphasizes other more fundamental properties and seems the

best introduction to the general theory of the electromagnetic

field.

1. Ohm's Law and Steady Currents.—In electrostatic

problems a conductor is characterized by the property that all

parts of it are at the same potential. This state is attained,

however, only after there has been a movement of charge from
one part of the conductor to another. Such a movement does

not take place instantaneously but requires a certain time, not

only because of the inertia of the electrons, but more because

the conductor presents a frictionlike resistance to the flow of

charge. Such a flow of charge is called a current, and the amount
of charge passing through a fixed surface per unit time is a

measure of the current.

If the two plates of a charged capacitor are connected by a

wire, the charge will flow from one plate to the other through

the wire and while it is flowing there will be a current in the

wire. If the rate at which charge passes a given section of the

wire is expressed in coulombs per second, it is a measure of

the current in amperes. When expressed in electrostatic units

(esu) of charge per second, the current is in esu of current. The
measurement of a current requires only the measurement of a

charge and a time.

It is found experimentally that, when there is a constant

current in a homogeneous wire at constant temperature, the

current is proportional to the potential difference between the

ends of a section of the wire. The constant of proportionality is

called the conductance of the section of the wire, and its reciprocal

is called the resistance. It is found experimentally also that the

conductance of a section of wire of uniform cross section s is

proportional to s, inversely proportional to the length dl, and
proportional to a constant of the material called the conduc-

tivity c. Hence

1 - =sr
d* ^

where the negative sign indicates that the current has the direc-

tion of decreasing potential. The current per unit cross section
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of the wire is called the current density and may be designated

by i. From equation (14-1) it follows that

i = - = - <r -77 = <jE (14-la)
s di

so that the current density is proportional to the electric field

in the direction of the wire. The current in a thin wire has the

direction of the wire and the sense of the electric field. A cur-

rent in an extended isotropic conductor has the direction of

the electric field, and the current density is a vector proportion

to this field.

i = &E (14-16)

If the conductor is not isotropic, the current density is a linear

vector function of the field and the conductivity is a tensor

rather than a scalar. Only the isotropic case will be treated

further in this chapter.

Because the current-density vector represents a flow of

electricity, its divergence must be zero in a steady state. Other-

wise, charge would be accumulating or disappearing. Except

at points where charge is fed into the conductor or taken away

from it,

div i = (14-2)

This differential equation describes the current-density vector

in an extended conductor. If a vector function can be found

that satisfies equation (14-2) and also the boundary conditions

and other conditions of the problem, it will be a possible solution

of the problem but may not be the only solution. To determine

the solution uniquely, other factors may have to be taken into

account.

As an example, consider an infinite plane sheet of conductor,

and identify points on it by means of a Cartesian coordinate

system. Let I coulombs per second of electricity be fed into

it at the point x = — a and removed at x = a. The problem is

thus to find a function whose divergence is zero except at

x = — a and x = a. The integral of the normal component of i

around any curve enclosing x = — a but excluding x = a must

be equal to I.
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A vector representing an outward flow from x — —a is

I (x + o)i + y\
11 = ;

Similarly a vector

ll =
2^(x + a) 2 + y

2 (14"3a )

W (x - a)i + yj maqm12 - 2tt (a; - a) 2~+J* ( 4"3&)

will represent an inward flow to the point x = a. The sum of

these is a solution of the problem

J-i
2tt

I

(x + a) (x — a)

_{x + a) 2 + y
2 (x — a) 2 + y

2
\

y y+
j-i

(14-3)
(x + a) 2 + y

2 {x — a) 2 + y*

In these equations the symbol i represents both current density

and the unit vector along the x axis, but the distinction between
these two uses should be clear from the context. Equation

(14-3) is not the only solution under the conditions stated. To
it could be added a third solution of equation (14-2) such as

13 =
f(x 2 + y

2
)

(14"3c)

where / is any function of its argument x 2 + y
2

. This vector

has a zero divergence, and its inclusion does not affect the way
in which the boundary conditions are satisfied. However i 3

represents a current around the origin, and it is quite evident

on physical grounds, and also because of the symmetry, that such

a current should not exist in the circumstances of this problem.

The current i 3 can also be eliminated as a solution of this

problem by another consideration. Since the electric field in an
electrostatic problem can be expressed as the gradient of a

potential, its curl must be zero. Hence from equation (14-2) it

follows that in an isotropic conductor

curl i = (14-4)

If both equations (14-2) and (14-4) are valid at all points, the

only possible vector current density is a constant. This means
that currents cannot exist in a purely electrostatic field and that
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one of the two equations must be inapplicable at some points.

In the above problem, equation (14-2) does not apply at

the two points where the charge is introduced and removed,

and equation (14-4) does not apply throughout all the circuit

leading to and from the plate under consideration.

Problem 1. Consider an infinite solid conductor into which

charge is introduced at one point and removed at another. Find the

current and the electric field.

According to equation (14-4) the line integral of i about a

closed curve should be zero. It is known, however, that cur-

rents do exist in closed circuits, so that such currents must be

produced by other than electrostatic means. There must exist

electric fields other than the kind described in the previous

chapter.

Let E' be an electric field in the sense that it represents a force

on an electric charge, but let it not be the gradient of a potential.

The curl E' will not be necessarily zero. This electric field

may be due to chemical action as in a battery, to thermal

action as in a thermocouple, to electromagnetic action as in a

generator, or to other causes. The line integral of the total

field E = Es + E' around a closed circuit will be equal to the

fine integral of E' around the circuit and is called the electro-

motive force (emf) of the circuit.

The important distinction between electromotive force and

potential difference can be illustrated by the schematic diagram

of a circuit fed by a battery as shown in Fig. 14-1. The battery

is represented as consisting of two plates marked + and —

.

The circuit is a long wire of uniform material and cross section

so that the resistance per unit length is everywhere the same.

Let the potential of the negative pole be zero and the potential

of the positive pole be V. The potential will then drop uni-

formly along the wire. Halfway around the circuit it will be

V/2.

Inside the battery the potential will likewise fall from V to

zero. The field associated with this potential will be Es = V/l,

where I is the distance between the plates and this field would

tend to stop the current. The characteristic feature of a
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battery, however, is that the chemical reaction going on in it

tends to move the charge from the negative to the positive pole
against the electrostatic field Es . The energy necessary for
doing the work involved comes from the chemical energy of the
battery. In Fig. 14-1 the effect of the chemical reaction is repre-
sented by the hypothetical electric field E', and it is clear that
E' > E8 in order to overcome the resistance inside the battery.

Fig. 14-1.—Potential distribution around a circuit containing a battery.

In this illustration it can be seen that the integral of Es around
the circuit and through the battery is zero, for the field inside
the battery is taken in the opposite direction to that outside.
The integral of the whole electric field around the whole circuit
is E'l, and this is the emf of the battery.

Problem 2. Find the relationship between the emf of a battery
and the potential difference between its terminals.

2. Forces between Steady Currents.—As in the case of
electrostatics, it is necessary to begin the study of magneto-
statics with a fundamental law of force that is the expression of
experimental results. This fundamental law seems to have been
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first investigated by Ampere about 1825. He studied the forces

between closed circuits of various kinds and expressed the results

in a series of laws. These laws refer to closed circuits only,

since it is not possible to produce a steady current in an open

circuit. For the purpose of building a mathematical theory,

however, it is desirable to have an expression for the influence of

one current element on another. Such an expression can be

derived from Ampere's laws, but the result is not unique. There

are many laws of force between current elements that will give

the observed results for closed circuits. The selection of one

of these laws rather than another must be made on the basis of

the study of more complex phenomena and by considerations

of convenience. The form given below has proved useful in

the general theory of the electromagnetic field and is now
generally used.

a. The Fundamental Law of Force.—We shall take as the

fundamental law of force between elements of a current

dF = g^'dlX (dl'XR) (14-5)

This gives the force on the element dl due to the presence of

dl'. dl and dl' represent elements of thin wires that carry the

currents I and /', respectively. The vector R is directed from
dl' to dl. As has been indicated, this expression gives the

observed forces between closed circuits, but it cannot be directly

tested for current elements. Nevertheless, other indications

strongly suggest that it is correct. It is also to be especially

noted that the expression is not symmetrical in dl and dl'. This
means that the interaction between these two elements does not
satisfy Newton's third law of motion and that the momentum
of the elements dl and dl' would not be conserved. The forces

between closed circuits, as given by an integral of equation

(14-5) as well as observed experimentally, do satisfy this law.

Because open circuits must be considered in connection with
varying currents, there will be introduced later the idea of

momentum and energy existing in the field between the charges

and currents. When all the momentum is considered, it will

be conserved.
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Problem 3. Two elements of current lie in the same plane. Find

the force on each of them in terms of the angles they make with the

line connecting them.

Problem 4. Find the force per unit length between two long

parallel wires of length L that carry currents / and /'.

b. Electromagnetic and Practical Units.—The esu of charge

was defined by means of the law of force between two charges.

In a similar way, equation (14-5) can be used to define a unit

of current. Equation (14-5) gives the force in dynes between

two current elements when the current is measured in electro-

magnetic units (emu) and fio = 4?r and is dimensionless. Since

current is defined as the amount of charge that passes a given

surface per second, the definition of the unit of current gives also

the emu of electric charge. The unit of time is the second in

all cases. The connection between these emu and the esu of

the previous chapter must be determined by experiment, and
it will be shown later how this relationship involves the velocity

of light.

In using the mksc system of units ju must be given such

dimensions and such a value that equation (14-5) holds. Since

force is measured in newtons and current in amperes, [x must
be measured in newtons per ampere. 2 The value of /j, is the

result of experiment and is 47r X 10-7 newtons per ampere 2
.

c. The Magnetic Field.—Again as in electrostatics, it is con-

venient to introduce a vector field to facilitate the calculation of

forces. This field is called the magnetic induction and is desig-

nated by B. It is so defined that an element of current put into

this field experiences a force given by

dF = / dl X B (14-6)

The dF in this equation differs from the one in equation (14-5) in

that it represents the total force on the element dl due to the

presence of all the other existing currents, while the dF in equa-

tion (14-5) represents the force due to the current element dl'

only. From equations (14-5) and (14-6) it follows that

B = £ ||U' X R (14"6a)
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where the integration is carried out over all the elements of

current dl' which can exert a force on an element placed at the

point for which B is calculated. The vector R points from dl'

to this point. The vector B can be regarded as merely a con-

venient way of expressing the resultant effects due to all the

currents present, and it is often convenient to regard these

currents as producing the induction. From equation (14-6) it

can be seen that B will be measured in newtons per ampere-

meter or webers per meter2
.

Problem 5. Show that the magnetic induction around an infinite

straight wire is equal in magnitude to jit i727rpand is perpendicular to the

wire. This can be done by assuming the wire to be finite, computing

the field in a plane perpendicular to it at its mid-point, and letting the

length increase indefinitely, p is the perpendicular distance from the

wire to the point at which nJ/2irp is the induction.

d. The Magnetic Vector Potential.—In electrostatics it is

convenient to introduce a potential from which the electro-

static field can be obtained by differentiation, by taking the

gradient. With the magnetic induction a similar procedure

can be followed, with the difference that the potential is a vector

and the induction is obtained by taking the curl. In equation

(14-6) the vector R has its origin at dl' and its end at dl. The
vector R/i2 3 can then be expressed as — grad (1/R) where the

differentiation is with respect to the coordinates of the end of

R, i.e., with respect to the coordinates of dl. This differentia-

tion is independent of the integration over dl' and so can be

taken out of the integral sign. Then equation (14-6a) can be

written

B = £/!>XR
47T

4tt '
LI

I
Mo I j,

4tt '
1

dxG)+ji® +k!G)]**
l
\dy R dz R )~^)\dz R dx R )

.

,
(d dij d dix'\-] ,/xo r/'dr MA _
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The curl in this equation is with reference to the coordinates of

the point at which B is desired. This shows that the vector B
can be derived from a vector potential A by taking the curl and
that in the case when only steady currents are present

B = curl A with A = Mo [Idl
4^ J -R <14-8)

As an example of the utility of this method, consider the
case of a straight wire of length 2L carrying a current I. Since
all the elements of the wire are in the same direction, the vector
potential A will have this direction. Take this direction as

the z axis of cylindrical coordinates, and compute A, in the plane
perpendicular to the wire at its center, as a function of p and 0.

A - ^ Ik f
dz - f^\ TK 1n

£ + (£2 + P
2
)»A ~ 4,r

/k
J & + p*)» - UJ /k l0g

P~~

As L becomes larger and larger, A approaches the value for an
infinite wire,

A = j£ 7k (log 2L - log p) (14-9)

This vector potential has the same dependence on p as the
electrostatic potential due to a long charged wire worked out in

Prob. 3 of the preceding chapter. Although log L is infinite,

it is a constant, independent of p, and is immaterial in the
determination of B from A.

The field associated with this vector potential can be found
by taking the curl in cylindrical coordinates.

B = curlA =
e'(M°/2,r)f

(14-10)

This is the same as the result obtained in Prob. 5, with the
additional information as to the direction furnished directly by
the process of taking the curl.

Problem 6. Find the magnetic vector potential and the magnetic
induction about two parallel straight wires of infinite length, both for

the case in which the currents are in the same direction and that in
which they are in opposite directions.
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Problem 7. Show from equation (14-6a) that on the axis of a
circular loop of wire the magnetic induction is

B ~ (A* + *«)•
k

(14"n )

where A is the radius of the loop, z is the distance from the plane of the
loop along the axis to the point at which B is the induction, and k is the
unit vector along the axis.

Problem 8. Use the result of the previous problem to show that
the induction on the axis of a long, closely wound solenoid is

n _ M<> n„ / L + d
,

L — d \B ~ -2
nIk

{ [(L + d). + aV +
IU, - d)> + Af )

<14"12>

where 2L is the length of the solenoid, n is the number of turns per unit
length, A is the radius, and d is the distance along the axis from the
center to the point at which B is the induction.

Problem 9. Show that div B = 0. (14-13)
Problem 10. Show that the vector potential due to a circular

current is

A Ho m X RA = C "Si- <14-14>

where R is the vector from the center of the circle and is much larger
than the diameter D of the circle. In this expression m has a magni-
tude given by the product of the current and the area of the circle
around which it flows, m is perpendicular to the circle, and its

direction is related to the direction in which the current is flowing by
the right-hand-screw rule, m is called the magnetic moment of the
current.

Problem 11. Find the magnetic induction around the current of
Prob. 10, and show that at large distances it has the same form as the
electric field around an electric dipole.

c. Current Density.—The fundamental law of force in equa-
tion (14-5) was expressed in terms of current elements having a
length dl and a cross section so small as to be unimportant.
It is sometimes necessary to study the distribution of the mag-
netic induction in and around large conductors in which the
distribution of the current must be taken into account. For
this purpose it is necessary to consider the current density.
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The connection of the current density with the current is made
by means of the equation

I dl = i dv (14-15)

This equation can be interpreted by taking volume elements in

the conductor which are long compared with their transverse

dimensions and of which the lengths are parallel to the direction

of the current at the point considered. Then each volume

element has the properties of a long thin wire to which the left-

hand side of the equation can be applied. The right-hand side

follows from the definition in equation (14-la). In terms of

the current density the vector potential is given by the equation

Mo

47T / ir (14-16)

The integral gives the value of this potential at all points inside

and outside of the conductors carrying the current.

3. Properties of the Vector Potential and Magnetic Induc-

tion When Due to Steady Currents Only.—From the expression

for the vector potential in terms of the current distribution it is

possible to determine properties of the field of induction that

are sometimes more useful than the defining equations them-

selves. These properties of the magnetic vectors are analogous

to those already described for the electric vectors. It must be

remembered that the properties given here refer to the case in

which only steady currents are present and do not take into

account the presence of material bodies or the existence of

variable currents. The magnetic behavior of material bodies

will be treated later in this chapter, and the effects of varying

currents will be treated in the next chapter.

a. The vector potential is a continuous function of position.

This follows from its definition in equation (14-16). Any

quantity defined by such an integral will be continuous if the

numerator of the integrand is everywhere finite.

b. The vector potential satisfies the partial differential

equation

V 2A = -Moi (14-17)
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Each component of A is given by the denning equation (14-16) in

the same form as the scalar electrostatic potential. The
Laplacian of this potential was shown to be equal to the negative

of the charge density divided by k ; it can thus be seen immedi-
ately that the Laplacian of each component of A is equal to
—
no times the corresponding component of i. Combining the

three component equations gives (14-17).

c. For this special case of steady currents the vector potential

satisfies the equation
div A = (14-18)

This follows from the definition of A by taking the divergence

divA = &l [> 5F.® +
** W, ft) +

*'*i ffi] * (14"18a>

where the subscript s indicates that the (x,y,z) involved are

those of the point at which A is the potential. The one end of

R is at this point, and the other is at the volume element dv.

This equation can be written as

divA =
4^J

{ ' grads
(I)

dv = " £ / * ' grad
(s)

dv (14"186 )

This last equality is based on the fact that

^© - - grad
(s)

as can be seen by writing it out. Because of the vector identity

(3) on page 244 it follows that

div A = " £ / div
GQ dv + IJ / 1 div { dv (14"18c)

Since div i = for steady currents, the last integral vanishes.

The first can be transformed into a surface integral over any
surface bounding the volume containing the currents; and if

this surface is taken large enough, the current density on it

vanishes. Hence equation (14-18) follows for the case of steady
currents with div i = 0.

d. From (b) and (c) it follows that

curl B = /ioi (14-19)
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and from Stokes's theorem that

B • dl = mo/ (14-20)
/,

where / is the total current through the loop around which the

line integral is taken. As will be emphasized later, this relation

is valid only in the absence of magnetization.

e. Uniqueness.—If the current density is specified at every

point in space, the vector potential can be determined uniquely

by means of the definition in equation (14-16). It can also.be

determined as a solution of equation (14-17) subject to the

auxiliary condition (14-18). When determined in this latter

way there remains undetermined an additive constant, which,

however, is as unimportant as the possible additive constant on

the scalar potential.

The proof of this uniqueness follows along lines similar to

those in the electrostatic case. If two vectors Ai and A2 satisfy

the differential equations consider the vector A' = Ai — A2 .

Then div A' = 0, and from equation (14-17) it follows that

V 2A' = 0. This vector equation is the equivalent of three

scalar equations, one for each component. Consider Ax '. Then

as in equation (13-26),

fs Ax
' grad AJ • ds = / (grad AX'Y dv (14-21)

The left-hand side of this vanishes if it is required that AJ
vanish at infinity as rapidly as IJR. Hence grad AJ = and

Ax
' must be zero or a constant.

Problem 12. Show that, if equation (14-18) is not taken as the

auxiliary condition, there are many different values of the vector poten-

tial that will give the correct field of induction, B.

Problem 13. Derive equation (14-19).

Problem 14. Use equation (14-20) to find the value of B around an

infinite straight wire carrying a current.

4. Magnetic Fields Due to Magnetization.—In the previous

sections the production of magnetic fields due to steady currents

has been treated, but it is also true that there exist magnetic

fields around magnetized bodies when there are no currents in
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the neighborhood. A magnetized body is not analogous to an
electrically charged body, which is accompanied by its electric

field; instead, it is analogous to an electrically polarized body
surrounded by an electric field characteristic of its state of

polarization. A magnetized body is characterized by a magnetic
moment rather than by anything like a magnetic charge, and
the magnetic moment per unit volume is a vector function of
position called the magnetization M. Magnetic moment has the
dimensions of current times area, so magnetization is measured in
amperes per meter.

On the molecular picture first developed by Ampere, the
magnetic moment of an element of volume is due to closed cur-
rents within the molecules. It has been shown above that a
small circular current produces a magnetic field which is, at
great distances, identical with the field of a dipole. Hence
the theory of the field due to magnetization can be taken over
almost bodily from electrostatics. For the purposes of a macro-
scopic theory the detailed nature of the magnetization is

unimportant.

In a field due to electric polarization alone, one has from
Chap. XIII that, since div D = 0, div E = -(1/k ) div P, and
curl E = 0. Similarly in a field due to magnetization alone

div H' = — div M (14-22)
curl H' = (14-23)

Here the field vector is designated by H'. The letter H is

used instead of B because this vector clearly has properties
different from those of B [equations (14-19) and (14-13)], and
the ['] is used to indicate that only magnetization is present.
If now we define a new vector B' = MoH' + MoM, then

div B' = (14-23a)

This vector is similar to the previously defined B in that it has a
zero divergence and can therefore be derived as the curl of a
vector potential.

B is the fundamental vector of a magnetic field. When the
field is produced by currents only, B is given by equations
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(14-6) and (14-8). When the field is due to magnetization only,

B has the properties of the B' described above.

In general, both currents and magnetization are present and

contribute to the field. In this case the magnetic field vector B
satisfies the following equations

:

div B = (14-24)

curl B = ju i + Mo curl M (14-25)

B = curlA A = £f
i+ ™lM

dv (14-26)

If the distributions of current and magnetization are known, the

vector potential can be computed from equation (14-26) and B
can be found by taking the curl. Equation (14-24) is true for

the part of the field due to currents by equation (14-13) and

for the part of the field due to magnetization by equation

(14-23a). The first term on the right side of equation (14-25)

comes from equation (14-19) and describes the part of B due

to currents. The second term applies to the part of B due to

magnetization only. Similarly the integral for the vector

potential contains a term representing the effect of the current

and another the effect of the magnetization.

In the general case a vector H can be defined by the equation

H = — - M (14-27)
Mo

H is called the magnetic field strength and is often a convenient

vector to use. Its curl is equal to the current density and its

divergence is equal to — div M. It may be considered as made up

of two independent parts. One part has a zero divergence and a

curl equal to i, and may be computed by means of equation

(14-8) if the /xo is omitted. The other part has a zero curl and a

divergence equal to — div M. It can be computed by regarding

- div M as an effective magnetic charge and using equations

similar to those by which E is computed from (p/k ). The sum

of these two parts gives the whole vector H.

The difference between B and H can be illustrated in the

case of a long, uniformly magnetized, cylindrical rod in which

the magnetization is parallel to the length. Let I be the length
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and S the area of the cross section. Under these circumstances

the divergence of M is everywhere zero except at the ends, and
the curl of M is everywhere zero except on the cylindrical sur-

face. On each end of the rod the div M has a large value where
the vector rapidly changes from its value of zero outside the rod

Fig. 14-2.—The field H around a uniformly magnetized rod.

to the constant value inside. This value of the divergence is

such that, when it is integrated over a thin flat volume including
the end of the rod, the result is that of a surface integral of the
magnitude of M over the end of the rod. The divergence has
values of opposite sign on the two ends. Thus the distribution

of H as shown in Fig. 14-2 is the same as the distribution of

the electric field due to two flat surface distributions of charge of

surface density M. At the center of the rod H = —-r—^ k and
47Tt 2

is in the direction opposite to the magnetization. Just inside

the end at the left of the figure, H = -M/2 so that at this

point

MB = /ioH + mo M = + /joy;
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just outside this end, B = moH = + /x M/2. As a consequence

of equation (14-24) the normal component of B is continuous

across any boundary.

On the other hand, the vectors could have been computed

from equation (14-26). The current density is everywhere zero,

Fig. 14-3.—The field B around a uniformly magnetized rod.

but the curl M is different from zero in a cylindrical sheet

coinciding with the surface of the rod. This curl is parallel to

the surface and perpendicular to the axis of the rod, which makes

the vector B the same as in the case of a long solenoid with a

current M per unit length. At the center B = MoM if the rod is

long enough to neglect the end effects entirely, i.e., long enough

to neglect H at the center.

Problem 15. Assume that the magnetization at the surface of the

rod treated above falls uniformly to zero in a surface layer of thickness

t. Compute the value of div M and curl M on the surface.

Problem 16. Determine approximately the values of B and H
inside and around a right circular cylinder of which the radius is much
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greater than the length and which is uniformly magnetized parallel

to its axis.

As another illustration of the utility of the vectors B and H
and of the application of equations (14-22) to (14-27), consider

a large piece of magnetized material in which a cylindrical

cavity has been made. Let the axis of the cavity be parallel

to the direction of magnetization, and let the radius of the

l
, ,

,
,

.
,

s

B

Cur/M

\M

H

D/VM

M i
Fig. 14-4.—Values of B and H inside and around a cavity in magnetic material.

cylinder be much greater than its length. Inside such a cavity

it might be possible to measure the magnetic induction B, and

the question arises as to the connection between this measured

B and the vectors B, H, and M in the substance just outside the

cavity. It will be assumed that the cavity is so small that its

presence will not appreciably affect the magnetic vectors in the

material around it and that the field quantities will not change

appreciably from one side of it to the other.

From equation (14-24) it follows that the vector B will have

the same value just inside a circular end of the cylinder as just

outside; and since these circular ends are very large compared

with the length, one can immediately conclude that the field in

the cavity is equal to the B in the material. However, it is

instructive to consider this on the basis of equation (14-26) as

well. The value of B inside the material before making the

cavity could be computed from the vector potential as deter-

mined from equation (14-26). Making the cavity leaves

unchanged all the quantities in this expression such as the

current density and the curl M, with the exception that on the

cylindrical wall an additional curlM is introduced. The curlM
introduced along this surface has the same effect on the vector

potential as a circular current. The field due to such a current,
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at its center, is inversely proportional to the radius of the circle,

and therefore in the limit of the case considered here it will be

negligible. Thus one concludes again that the insertion of the

cavity has no effect on the vector B.

On the other hand, if one wishes to work with the vector H,

the analysis is different but of course leads to the same result.

The divergence of H is not zero but is equal to — div M,

and the divM has a large value on the circular ends of the cavity.

On these surfaces the divergence has such a value that in produc-

ing a field it is similar to a charge distribution of surface density

M. This, as in the electrical case of a flat-plate condenser,

produces at the center a field equal to ju M in the direction of H
so that the total is ju H + MoM = B. The field H in this expres-

sion refers to the H present before making the cavity, since of

course in the cavity itself the vectors MoH and B are identical.

Problem 17. Carry through an analysis similar to that above for

the case of a spherical cavity, and also for the case of a cylindrical

cavity in which the radius is very small compared with the length.

Find the relationships between B in the cavity and B, H, and M, in

the material.

Problem 18. Show that in a field due to both currents and mag-

netization

JH • dl = / (14-28)

This is in contrast to equation (14-19), which applies only to the case

when no magnetization is present. In that special case, equations

(14-19) and (14-28) are identical.

5. Effect of a Magnetic Field on Material Bodies.—When a

material body is placed in a magnetic field, magnetization

appears in it. This is very similar to the appearance of electric

polarization when a body is placed in an electric field. The

laws governing the behavior of the material in the field are very

complicated. In some cases the magnetization is parallel to

the field and proportional to it. The substance is then said to

be paramagnetic. In other cases the magnetization is not pro-

portional to the field and is very much dependent upon the

previous history of the substance. The materials that show the

most striking behavior of this kind are in the iron group, and
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therefore the behavior is called ferromagnetism. In some case

the magnetization is opposite in direction to the field. The
body is then called diamagnetic.

The behavior of paramagnetic and diamagnetic materials

can be treated much as was the behavior of a dielectric. The
magnetization may be regarded as approximately proportional

to the magnetic field so that

M = XmH (14-29)

where the assumed constant of proportionality Xm is dimen-

sionless and independent of the system of units used. Xm
is positive for paramagnetic and negative for diamagnetic

substances.

From equation (14-29) it follows that

B = MoH + moM = (1 + xJmoH = MH (14-30)

where ju is called the permeability. For crystalline bodies the

permeability will be a tensor so that the induction is a linear

vector function of the magnetic field.

It must be remembered that equations (14-29) and (14-30)

are really defining equations for Xm and /*. Only if Xm and /x are

fairly independent of the magnitude of H are they useful, but
only this case will be considered further.

Problem 19. A toroidal ring of paramagnetic material is closely

wound with wire carrying a current. Find the distribution of induc-

tion and magnetization throughout the material.

6. Energy in a Magnetic Field.—When dealing with steady

currents, the energy of the interaction between circuits may
be determined from the fundamental law of force and may be

used to express the mechanical forces. The energy can be

found by computing the work necessary to bring the circuits

into the desired configuration when the currents are kept con-

stant. The work necessary to keep the currents constant, as

well as that necessary to start them in the first place, is neglected,

so that this result represents only one phase of the magnetic
energy.

Consider a closed circuit, carrying a current I, and let
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the circuit be at first entirely outside of the region in which the

induction B due to other circuits has an appreciable value. Let

the circuit be turned to be parallel to its desired final position,

and then let it be moved, without turning, into this position.

Let dl be an element of the circuit, and let dr be an element of

the displacement of the whole circuit. Since the circuit is

moved without turning, a single element dr describes the motion

of all parts of the circuit. Then the element of work done during

the displacement dr will be

dW = -dF • dr = -Zfdl X B • dr

This integration is with respect to dl and is around the circuit.

Thus far there is no integration with respect to dr. If the dot

and the cross are interchanged, and Stokes's theorem is applied,

the result is

dW = -7/B X dr • dl = -If curl (B X dr) • dS

This surface integral is over any surface bounded by the circuit.

In taking the curl of the vector product it is to be remembered

that dr is constant and does not change from one part of the

circuit to another. If the curl is expanded, the result is

dW = -If (dr • v)B • dS = -I dr • grad JB • dS

The total work necessary to move the circuit into the desired

configuration is obtained by integration with respect to dl

and is

W = -IjB • dS (14-31)

This equation shows that there can be defined a kind of potential

energy of a circuit in a magnetic field equal to the negative of the

product of the current by the total flux of induction through

the circuit. This potential energy can be used to determine

the force on the circuit. The circuit is urged into such a

position that it encircles the maximum flux of induction. It

must be emphasized again, however, that this is only the

mechanical energy of the circuit. From it the mechanical

forces can be derived but the total energy, in which is included

the work done in keeping the currents constant, will be treated

in the next chapter.
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Problem 20. Work out in detail the steps leading to equation

(14-31).

Problem 21. A circular wire carrying a current is placed at the
center and in the plane of a much larger circular wire through which
the same current flows. Find the force on the small coil when it is

displaced along the axis from its position of equilibrium.

Problem 22. Find from the energy expression, and then from the
fundamental law of force, the restoring torque if the small coil in

Prob. 21 is turned about a diameter instead of being displaced.

Problem 23. Show that the energy of a circuit in a magnetic field

can be expressed in terms of the magnetic vector potential by

W = -IfA • dl (14-32)

where the integration is around the circuit.

Problem 24. Show from the expression for the energy that the
force between two closed circuits satisfies Newton's third law.



CHAPTER XV

THE ELECTROMAGNETIC FIELD

The two previous chapters have treated essentially static

situations. The case of a steady current involves motion of the

electricity, but the fields produced and the forces exerted are

essentially static. These static situations are special cases of

the more general case to be treated in the present chapter. To
treat this general case of variable currents and fields, it is neces-

sary to take up two extensions of the electric and magnetic

equations. These connect the electric and magnetic phenomena

very intimately with each other. Before doing this, however,

it is of interest to summarize the transition, made in each of the

two preceding chapters, between the two basic points of view

from which electromagnetic phenomena can be treated. Each

chapter began with a point of view from which the interactions

between charges and current elements were the objects of

attention but ended with the point of view from which the

properties of the field itself were regarded as more important.

Either point of view is adequate in dealing with the static

situations, but for the general case it is necessary to adopt the

field point of view.

1. The Electrostatic Field.—This is the special case treated

in Chap. XIII. It includes only those situations in which all

the electricity is at rest. The results of Chap. XIII may be

summarized as follows:

1. The assumed basic law was a law of force between point

charges,

This was assumed as an expression of experimental facts and

was taken for the basis of the rest of the development.
306
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2. A vector field was defined by the relation

F = qE (15-2)

where F is the total force experienced by the point charge q at

the place where E is the electric field. From this definition it

follows that the electric field E at a given point will be equal

to the vector sum of a number of terms of the form (15-1).

Through such expressions the field E is associated with the

charges, which may be said to "produce the field." At this

stage E is merely a convenient way of expressing the forces

between charged particles.

3. An electric potential was defined by the equation

E = - grad * (15-3)

where $ is a scalar field quantity. That such a definition is

possible is due to the form of the basic law of force, (15-1). The
scalar <i>, as well as the vector E, is a function of the coordinates,

but in the static situations under consideration it is not a func-

tion of the time. By means of equations (15-1) to (15-3) the

potential <£ is associated with the point charges for which the

assumed law of force holds. The scalar 3? is usually more
convenient to handle than the vector E, but both of them are at

first regarded merely as conveniences, defined to help in the

application of the basic law of force.

4. It was stated that there exist distributions of positive

and negative charge of such a nature as to be best represented

as distributions of electric dipoles. The polarization P was
then defined in terms of the distribution of dipoles throughout

a material body, and the vector field D was defined by the

relationship

D = K E + P (15-4)

In connection with this definition was mentioned the fact that

in many practical cases D = KkJL where K is a constant, char-

acteristic of the material, and called the dielectric constant.

5. On the basis of the three definitions, (15-2), (15-3), and
(15-4), and the assumed law of force (15-1), it was shown that

div D = p (Is)
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subject to certain restrictions concerning the possibility of fusing

together a large number of point charges into an apparently-

continuous distribution of charge density p. Equation (Is)

is a partial differential equation that describes the nature of

the field D. It no longer emphasizes the "sources" of the field,

or the charges that could be said to "produce" the field. The

equation is assumed to be true at all points and connects the

value of D at a given point with its values at neighboring

points. This connection is in terms of the charge density p at

the point in question, but it is only by integrating the equation

and evaluating the constants of integration that the field can

be expressed in terms of all the charges which produce it.

6. Another equation that follows from the definitions and the

assumed law of force is

curl E = (Ills)

This is of little use in considering the forces between charges

but of great importance in considering the properties of the

field itself. Equations (Is) and (Ills), together with a knowl-

edge of D as a function of E at every point, serve to describe

completely an electrostatic field.

7. Equation (15-3) is the general solution of equation (Ills).

A vector obtained by taking the gradient of any scalar function

will satisfy (Ills), but to satisfy (Is) at the same time it is

necessary to find a suitable value for the potential <£. It was

shown in Chap. XIII that this is

1 [p — div P , /1C .,

* = 4^ J —R- dv (15"5)

The argument in Chap. XIII was such as to derive this expres-

sion from the law of force. It can, however, be derived dif-

ferently. It can be shown that (15-3) and (15-5) give that

particular solution of equations (Is) and (Ills) associated with a

given distribution of charge density p and polarization P. The

only other solutions of the equations are those representing

additional fields that are everywhere constant. If the boundary

condition is imposed that the fields must not extend to infinity,

this trivial generalization is excluded. It is thus possible to
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take equations (Is) and (Ills) as the assumed basic electro-

static laws, instead of assuming the law of force.

2. The Magnetostatic Field.—In the special case of the

magnetic fields produced by steady currents, one point of view

is characterized by the consideration of the law of force between

current elements. In Chap. XIV this point of view was

developed to give the properties of the magnetic field vectors.

The second point of view, that of the field theory, treats these

properties of the magnetic field vectors as the fundamental

assumptions. The conclusions of Chap. XIV can be sum-

marized as follows:

1. The law of force between current elements was assumed to

be

dF = |^'dlX (dl'xR) (15-6)

where dF is the force on the element dl due to dl'.

2. A field vector [B, called the magnetic induction, was then

defined by the equation

dF = 7dlxB = ixBdt; (15-7)

where dF is the force on the current element I dl, or i dv, at the

point where B is the magnetic induction.

3. Because of the properties of this vector field B, as ex-

pressed in equations (15-6) and (15-7), it was possible to define

another field vector A, the magnetic vector potential, by the

relationship

B = curl A (15-8)

In magnetostatic situations A is a function of position, but not

of the time.

4. On the basis of the law of force and equation (15-7), or

as a consequence of equation (15-8), it follows that

div B = (lis)

This property of B is the justification for the definition of A in

equation (15-8), since equation (15-8) is the general solution of

(lis) in terms of the arbitrary function A.

5. For use in material bodies another vector, H, was defined
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by the relationship

H = — - M (15-9)
Mo

where the magnetization M was defined in terms of the effective

magnetic-moment distribution in the material body. In this

connection was mentioned the experimental fact that in many
cases B = /jH, where n is characteristic of the material and is

called the magnetic permeability.

6. It also follows from the law of force that the equation

connecting the field quantities with the currents "producing"

them is

curl H = i (TVs)

Equations (lis) and (IVs) together with the definitions

(15-7) to (15-9) describe the magnetic situation as completely

as the law of force (15-6), although they describe it in a different

way. They give differential properties of the fields. From
them a specific field corresponding to a definite problem can be

obtained by integration and insertion of the appropriate bound-

ary conditions. For steady currents a suitable vector potential

was shown to be

+ CUfl U
- dv (15-10)_ £° f L" 4* J R

This leads to fields B and H, which satisfy (lis) and (IVs). The

procedure of concentrating attention on the field itself is the

essence of the treatment of the general electromagnetic field.

3. Electromagnetic Induction.—The electric and magnetic

fields described by equations (Is) to (IVs) are quite independent

of each other. It is true that the magnetic field is associated

with a movement of charge in the form of a current ; but with a

steady current there is no variation in the electric field, and

there may be no significant electric field whatever. Neverthe-

less, after the discovery of the production of a magnetic field

by a current, it seemed natural to look for the production of an

electric field by some magnetic means. Because of the lack of

magnetic charges and the corresponding magnetic current, it

was impossible to produce the exactly analogous situation; and

not until the years after 1830 was the phenomenon of electro-
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magnetic induction discovered. The discovery was made inde-

pendently by Joseph Henry in Albany, N.Y., and by Michael

Faraday in London. They showed that the results of a variety

of experiments could be included in the single statement that a

transient current flows in a loop of wire when the flux of magnetic

induction through the loop changes. This can be formulated

in the equation

/<r = - ~ f B . dS (15-11)

In this equation I is the current in the wire, measured in am-
peres. It is not necessarily a steady current but flows just

during the time in which the flux of magnetic induction is

changing. (R is the resistance of the wire, and B is the magnetic

induction. The integral is taken over any surface bounded by
the circuit, and the positive direction of / is related to the

direction of the surface element dS by the right-hand rule used

in Stokes's theorem. The equation as given is correct for

quantities measured in the practical system. If the quantities

on the left side of equation (15-11) are measured in esu and those

on the right in emu, the dimensions of the two sides are the same
only if the right-hand side is divided by a velocity. Experiment
shows that this must have the magnitude of the velocity of

light in vacuum, so the equation holds if the right-hand side is

multiplied by 1/c.

In the previous chapter the product of the current flowing in

a wire by the resistance between two points of it was shown to be

equal to the potential difference between those two points.

However, in the case of a closed loop, there can be no potential

difference around the whole loop, since the potential is a single-

valued function of position. The effect of the change in the flux

of magnetic induction must then be described as an emf. This

emf is the integral, around the loop, of an electric field. It is an
electric field, however, that cannot be described as the gradient

of a potential and that does not satisfy equations (15-3) and
(Ills). If E' represents the strength of this induced electric

field, equation (15-11) is equivalent to

«-./>'•*- -J/.B-dS (15-12)
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,In so far as equation (15-12) is identical with equation

(15-11), the line integral is to be taken around a loop of wire;

but since the tangential component of an electrostatic field

was found to be continuous across the boundary between two

substances, it is natural to regard (15-12) as applicable also to a

path just outside the wire. After that it is not difficult to

think of the equation as applicable even after the wire is removed

and thus as applicable to any closed path whatever.

If equation (15-12) is assumed to apply to any closed path,

it is convenient to use Stokes's theorem to write the corre-

sponding differential equation

curl E = - ^3 (Hi)

E is written here instead of E', since the curl of any electric field

due to fixed charges is zero. This E then refers to the field

produced by electric charges plus the field produced by electro-

magnetic induction. With the restriction to fields of these

types, equation (III) will replace equation (Ills), which was

valid in static situations only. In the static cases (III) reduces

to (Ills). Equation (III) can be regarded as the differential

form of the law of electromagnetic induction, although it con-

tains in some respects more and in other respects less than the

results of the original experiments.

Equation (III) contains more than the original experimental

results in that it implies the existence of an electric field without

regard to the presence or absence of a conductor. It implies

that an electric charge will experience a force in the presence of a

changing magnetic field, and in this respect it is a true generaliza-

tion of the experimental results. This generalization will now

be taken as a basic assumption instead of equation (Ills), and

it thus becomes one of the postulates of the general theory. In

recent years this assumption has been the basis of construction

of a type of electron accelerator known as the Betatron.

On, the other hand, equation (III) contains less than the

results of the original experiments in that it does not describe

the emf induced in a circuit when the circuit itself is moved in

the magnetic field. The flux of induction through a loop can,
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be changed either by moving the loop to a place where the

magnetic induction has a different value or by changing the

value of the induction while keeping the circuit fixed. Both

these processes are envisaged by equation (15-11), but only the

latter is covered by equation (III) . For most problems equation

(15-11) can be used directly to include both cases, but as a gen-

eral basic hypothesis equation (III) must be adopted. The

method of treating cases in which the circuits are moved will be

taken up in the next section.

Problem 1. A circle of wire is placed inside a long solenoid with

its plane perpendicular to the axis of the solenoid. If the current

through the solenoid is equal to I sin ut, find the emf in the wire.

Neglect the magnetic field due to the current flowing in the wire itself.

This is a good approximation in cases where the resistance of the wire

is high.

Problem 2. Treat the above problem when the current in the loop

is not neglected. Show that

-t-+ t 8= — £—=— AIo cos at (15-13)
at L L

where 8 is the emf around the loop, (R is its resistance and A its area,

n is the number of turns per unit length of the solenoid, and L is a

constant such that the total flux of induction through the loop due

to a current I flowing in it is LI. L is called the coefficient of self-

induction of the loop. Also, find the current in the loop.

4. Fields in Moving Coordinate Systems.—The vector E in

the equations of the electromagnetic field refers to the electric

field at a given point and time, (x,y,z,t), specified with reference

to a given set of coordinate axes. The person observing and
describing the phenomena is regarded as at rest with reference

to these axes. Suppose, however, that the same phenomena
are to be observed and described by another person, who wishes

to use coordinate axes moving with respect to the first. In these

axes let the corresponding coordinates and time be (x
f
,y',z',t').

This second observer may be considered to be at rest with
reference to this second set of axes, and it is assumed to be
just as possible to describe the phenomena from his point of

view as from the point of view of the first observer. The
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question then arises as to whether the two observers will describe

the phenomena in the same way or whether they will differ in

essential respects.

It is possible to write immediately the connection between

the coordinates and the time (x,y,z,t), of an event as measured

with reference to the first set of axes and clocks, and the coordi-

nates of the same event, and the time, {x',y',z',t'), as measured

with reference to the second set of axes and clocks. To avoid

any relativistic effects it will be assumed that the relative

velocity v of the two sets of axes is constant and very small

compared with the velocity of light. Under these circumstances

the transformation equations for the coordinates and the time

are

x = x' + vxt y = y' + vyt

,-t + v* t-e
)

(15"14)

The problem is then to find out whether the fields E and B at a

given point are the same for both systems of axes or whether

they appear differently to the two observers.

Let S be the set of axes with reference to which (x,y,z,t) are

the coordinates and the time of an event, and let 8' refer to the

other set, which is moving with the constant velocity v with

reference to S. Assume the observer at rest in the system S

finds that at the point P there is no electric field but that there

is the magnetic induction B. This he would find by placing at

the point P a stationary electric charge q and noting that it

experiences no acceleration. On the other hand, if he moves

the charge with the velocity v, he finds it subject to such an

acceleration as to indicate the action of a force equal to qv X B.

Now let the observer associated with the axes S' perform similar

experiments. He places at the point P a charge that to him is

stationary. This means that it is stationary with respect to

the axes S' but that with reference to the axes S it is moving

with the velocity v. The observer in S would see such a charge

accelerated as by a force qv X B, and the observer in S' will see

it accelerated by the same amount. That the accelerations,

and consequently the forces, as seen by both observers are the

same follows from the form of the transformation equations
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(15-14) for the coordinates and the time. Since the observer

in S' is using a charge that to him is stationary, he must con-

clude that there exists at the point P an electric field of magni-

tude v X B. This is clearly in addition to the force due to any

electric field which might have been observed by the observer

in S, so that the fields as seen by the two observers are con-

nected by the transformation equation

E' = E + v X B (15-15)

E' is the electric field with reference to the axes S r

, and E and B
are the electric field and magnetic induction, respectively,

Fig. 15-1.—A sliding bridge across two wires in a magnetic field.

with reference to the axes S. It is to be emphasized that these

fields are at the same point and at the same time. The dif-

ference is entirely in the system of axes with reference to which

they are described.

One important use of the transformation of fields is in the

determination of the emf in a moving conductor. In the pre-

ceding chapter it was stated that the current density is equal to

the electric field multiplied by the conductivity. Since only

steady currents were under consideration it was not necessary

to state that the field was referred to a system of axes with

reference to which the conductors were stationary; but such a

specification was implied. It is possible to complete the defini-

tion of emf in a conducting circuit by stating it to be the line

integral, around the circuit, of the electric field, where, at each

point, the field is measured with reference to axes moving with

the conductor.

As an illustration of the application of this idea, consider

the arrangement shown in Fig. 15-1. Two straight wires w\
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and Wi are parallel to the x axis, in the x-z plane, and a distance d

apart. They are connected together at one end through an
ammeter, which makes possible the measurement of the emf
when the resistance is known. Another short wire b is parallel

to the z axis and makes contact with w x and w2 . The whole
arrangement is in a uniform magnetic field B, parallel to the

y axis. Let the connecting wire, b, be moved with constant

velocity v in the direction of increasing x, and calculate the

emf of the circuit. There are three principal methods by which
this is usually done.

1. By means of equation (15-12) the emf can be equated to

the rate of change of the area of the circuit multiplied by the

normal component of the induction B. The rate of change of

the area is vd so that this procedure gives

8 = vdB

This is a convenient method for many cases. It will always

work, as will be shown later, when the circuit is permanently

connected together without sliding contacts. In the above

case it works even in the presence of sliding contacts.

2. The induced emf is often said to be equal to the rate at

which lines of flux are cut by the moving parts of the circuit.

The number of lines of flux per unit area is defined as the compo-
nent of B normal to the surface. The number of lines of flux

cut per unit time in the above arrangement is clearly vdB, so

that this method gives the same result as the previous one. It is

necessary, of course, to specify some means of determining the

sign of the emf but this can be done easily. This method may
lead to confusion when the source of the magnetic induction is

not stationary but is also moving.

3. The third method makes use of the transformation

equation for the fields. Along the wires w x and w 2 there is no
electric field and no contribution to the emf. Along the wire b,

however, the field has a value, which must be obtained from

equation (15-15). To an observer moving with the wire there

is an electric field of magnitude E/ — vB, and the emf is just

this quantity multiplied by the distance d along which it acts.

Clearly this gives the same result as the other two methods.
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In the above example all three methods give the same result,

and one might conclude that they should be regarded as equally-

satisfactory. The reason for adopting the last method as the

most fundamental is that it permits the treatment of problems

to which the first two methods cannot be applied unambiguously.

The following problems are illustrative of such cases:

Problem 3. A very long conducting strip of thickness t and width

d lies in the plane normal to a uniform field of magnetic induction B.

At two points on opposite edges of the strip are sliding contacts, which

connect the edges together through a circuit containing an ammeter.

Fig. 15-2.—Arrangement for inducing an electromotive force by moving a conducting
strip parallel to its length.

The strip is then moved parallel to its length with the constant velocity

v. What current, if any, will flow through the ammeter? The resist-

ance of the complete circuit is (R (see Fig. 15-2).

Problem 4. Compute the emf induced in a solid metal wheel
rotating about its axis which is parallel to a uniform magnetic induc-

tion. The emf can be measured by the current flowing in a wire that
makes sliding contact at the edge and at the axis of the wheel.

It is not difficult to show that this method of transforma-
tion of the fields, applied to a moving circuit or to a circuit that is

being deformed in an unchanging field, leads to equation (15-12).

Let v be the vector velocity of the element of the circuit dl.

Then, by equation (15-15),

J*E • dl = JV X B • dl = -JB X v • dl

= -jB-v X dl (15-16)

The last integral is just the rate of change of the area of the
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circuit multiplied by the magnetic induction, and thus equation

(15-16) is equivalent to (15-12) when B does not change with the

time. When both kinds of changes are taking place, when the

induction is changing with the time and the circuit is also being

moved or deformed, the emf will be composed of two parts.

One of these will be based on equation (15-16) and the other on
equation (III). This leads to

/
E - dl =-(/f -<1S + /B.vxdl)

- - | / B • dS (15-17)

This indicates that in the general case, when a simply connected

circuit without sliding contacts is under consideration, equation

(15-12) will give the induced emf correctly. The restriction to a

particular kind of circuit is due to the equating of JB • v X dl

to the rate of change of flux through the circuit due to its

motion or deformation. In Probs. 3 and 4 such a possibility

did not exist.

Problem 5. A circular loop of wire is turned with constant angular

velocity about a diameter as an axis. It is in a magnetic field that is

uniform but that changes sinusoidally with the time. This change has

a frequency different from the rate at which the coil is being turned.

Find the emf induced in the coil when the current flowing in it is

neglected.

5. The Energy in a Magnetic Field.—In the preceding

chapter it was shown that the mechanical work necessary to

bring a circuit carrying the current / into a magnetic field is

given by

W = -I fs B
• dS (15-18)

where the integral is taken over any surface bounded by the

circuits. The vector B as used in this expression refers only to

that part of the magnetic induction independent of the current

I in the circuit itself. The negative sign indicates that the forces

are such as to pull the circuit into a position in which the flux

through it is a maximum.
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Equation (15-18) was derived on the assumption that all

currents were kept constant while the relative positions of the

circuits were being changed, and no account was taken of the

means by which this was to be done. No account was taken of

the phenomenon of electromagnetic induction. When account

is taken of this, of the fact that the work per unit time necessary

to keep a current I flowing against an opposing emf is — 7g, it is

possible to compute from equation (15-11) the work necessary

to keep the currents constant while the circuits are being moved.

For simplicity consider only two circuits, 1 and 2 (a larger

number could be included without any essential change in the

argument). Let W\ be the work done in keeping up the current

7i in circuit 1 while it is moved from a position in which the

flux of induction is zero up to the desired position. Then

dWi = _j = d

dt dt j s
= -hSi = Ii-ji / B 2 -dS

/.
>i

whence

Wx = /i f8i B 2 • dSx (15-19)

where B 2 is the induction due to the current J2 in circuit 2.

Similarly

W2 = J 2 fg2 Bi
• dS 2 (15-19a)

Careful attention must be given to the signs in these equations.

The statement that the work done per unit time is equal to
— Is, is based on the convention by which both I and s are

taken as positive in the same sense around the circuit. This

sense is related to the positive direction of the surface elements

dS by the rule used in Stokes's theorem.

The total work done in bringing the circuits together is the

sum of TPi, TT2 , and the mechanical work of equation (15-18).

It can be shown by using the expression for B in terms of the

vector potential and the expression for A in terms of the currents

that

/i/
ft
B,..dS 1 = / s /& Bi-dS, (15-20)

From this it follows that all the three components of the work
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are of the same magnitude but two are positive in sign and one

is negative. The result is that the total work done is given by

W = JfB • dS (15-21)

where the current and the integral refer to either circuit but the

induction is that due to the other circuit only. This quantity

may be called the mutual electromagnetic energy of the pair of

circuits. Another way of writing this would be to attribute

half the energy to each circuit, but this would have as little

significance as any other division of mutual energy among the

component parts of a system.

If we consider only cases in which the magnetic permeability

is not a function of the magnetic field but may still be a function

of position, the magnetic induction at any point may be divided

into parts due separately to each of the circuits present. Each
of these parts will be proportional to the current flowing in the

circuit that produces it, according to equation (14-6). This

fact makes it possible to regard the flux of induction through a

circuit as a sum of terms proportional to the various currents

involved.

fSi B • dSi = LJi + ^ Mulj (15-22)

Li is called the coefficient of self-inductance of circuit i and M»y is

called the coefficient of mutual inductance between circuits i and j.

Li is the flux of induction through circuit i when unit current is

flowing in it and no other currents are in the neighborhood.

Similarly, jlf# is the flux of induction through circuit i due to a

unit current in circuit j. These coefficients depend upon the

shapes and the relative positions of the circuits and upon the

distribution of permeability in the surrounding material. Since

the flux of magnetic induction is measured in webers, the coef-

ficients of induction are measured in webers per ampere, or

henrys.

Problem 6. Show that Mti = Ma, and justify equation (15-20).

Problem 7. Calculate the mutual inductance between a long sole-

noid and a short coil placed inside of it.

Problem 8. Calculate the mutual inductance between a large
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circular coil and a small circular coil, when they are coaxial and lie in

parallel planes.

A system of circuits can be brought into a desired situation

in two characteristic ways, for which the necessary work can

be calculated. One way is to start the current in each of the

circuits and to bring it up to its desired value while they are

all far apart and do not influence each other and then to bring

the circuits into their desired positions while the currents are

kept constant. The other way is first to put the circuits into

the desired positions and then to increase all the currents

together from zero.

Consider first the former method. The energy of the final

configuration of circuits will be equal to the work necessary to

start the currents flowing in each circuit plus the work necessary

to bring the circuits together. The work necessary to start a

current in one circuit is determined by the differential equation

-&- -Is = r
dt h B - ds = LI

di

whence
W. = iLP (15-23)

For the work necessary to bring the circuits together a term of

the form (15-21) appears for each pair of circuits. The whole

energy is then

W = i £LU + * X Mrf*1* (15-24)

This expression is useful when the system is composed of a small

number of well-defined circuits. When the distribution of

current density in large conductors is involved, other forms are

more convenient.

Problem 9. Show that the work done in changing one current

while holding the others constant is correctly given by the partial

derivative of W with respect to the current in question, multiplied by
the change in the current. Part of the work is necessary to hold the

currents constant when the induction is changed.

Problem 10. Derive equation (15-24) by the second of the methods

mentioned above.
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Problem 11. Consider a circuit of resistance (R. and self-inductance

L. Let there be applied to it an emf given by S sin ut, and compute
the current.

Problem 12. Consider two circuits of resistances (Ri and (R 2 ,

self-inductances L\ and L 2 , and carrying currents 7i and 72 . Let the

mutual inductance be M12 . If an emf 8 sin u>t is applied to circuit 1,

show that

Li~ + M 12^ + (Rx/i = So sin ut (15-25a)

L2 ^-
2 + M 12^ + (R2/2 = (15-256)

The expression (15-24) for the energy of a system of circuits

is written from the point of view of the currents and the forces

they exert on each other. The energy depends on the magni-

tudes of the currents and, through the coefficients of inductance,

on the position of each element of current. The energy can

also be expressed, however, as an integral over the field vectors.

Equation (15-24), as can be seen from the method of derivation,

is equivalent to one-half the sum, over all the circuits, of the

current in each one multiplied by the total flux of induction

through it. This includes the induction due to the current in

the circuit itself. Thus

W = iX 7i /&
B ' dSi = if A ' idv = if A-curlUdv

i

= i j B • H dv (15-26)

The sum in the first expression is over all the circuits. When
it is replaced by a volume integral of the current density, this

integral must be taken over all space. Since by means of

equation (15-26) it is possible to obtain the total energy of the

system of circuits by an integration over all the magnetic field,

one is tempted to regard the energy as located in the field and
to say that (B • H)/2 is the density of energy. This conception

of a field energy distributed throughout the space in which there

is a magnetic field is indispensable in the treatment of problems

of radiation, but it is not required by the derivation of equation

(15-26).
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Problem 13. Work out in detail the steps in equation (15-26).

Problem 14. Find the electromagnetic energy of a long solenoid

carrying a current, on the assumption that the field is uniform inside

it and zero outside it.

6. The Displacement Current.—The second extension of the

fundamental equations necessary to treat the general case is

concerned with curl of the magnetic induction. According to

the equation for the static case

curl H = i (IVs)

Because the divergence of a curl is identically zero, this equation

implies that the divergence of the current is always zero. While

this is true for the case of steady currents, to which equation

(IVs) is applicable, it is not true in the more general case. If a

condenser is being charged through a wire, the current ends at

the condenser plate and its divergence is not zero at this point.

However, the divergence of the current is necessarily accom-

panied by a disappearance of charge, and the general principle

of the conservation of charge is expressed by the equation

div i + ^ = (15-27)

Since div D = p, the quantity i + dD/dt is a vector whose

divergence is zero. If equation (IVs) is now generalized to

curl H = i +~ (IV)

the divergence of the left side is identically zero, and the diver-

gence of the right side is zero because of the conservation of

charge. The equation is thus consistent under all circum-

stances. The quantity dD/dt is the displacement current den-

sity. Its inclusion is often regarded as the outstanding contri-

bution of Maxwell to the electromagnetic theory. This general-

ization was made, not as the result of experiments, but rather for

reasons such as those just outlined. Nevertheless, subsequent

experiments have provided full justification for its inclusion as

one of the fundamental hypotheses of the electromagnetic theory.
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There is a marked similarity between equation (IV) and
equation (III), but the absence of a magnetic conduction current
in equation (III) constitutes an essential difference. This is

paralleled by the corresponding difference between equations (I)

and (II) due to the absence of any magnetic charge density.

In many problems the displacement current is negligible

when compared with the conduction current. This is true

even with rather rapidly alternating currents. However, when
the frequency becomes very high, as in problems dealing with
radio transmission, the displacement current cannot be neg-
lected. In fact, the displacement current may be regarded as

principally responsible for the phenomena of electromagnetic
waves.

Problem 16. The two plates of a condenser are connected by a
wire. Show that when there is a current in the wire the total displace-

ment current between the condenser plates is equal to the conduction
current in the wire.

Problem 16. Find the magnetic field due to a charged particle

moving in a straight line with a constant velocity small compared
with the velocity of light. This involves consideration of the rate of

change of the electric field.

7. Maxwell's Equations.—We may now collect the four
equations that are to be regarded as the basic equations of the
electromagnetic field. These are usually called Maxwell's
equations because of Maxwell's work in developing the mathe-
matical formulation of the theory. The four field equations are
as follows:

(I) div D = p (II) div B =
]

(III) curl E -- f (IV)curlH = i + f J

(15"28)

To the field equations must be added the force equation, which
permits a definition of the field quantities in terms of the

mechanical concept of force.

F = pE + i X B (15-29)

F is the force per unit volume on an element of volume in which
the charge density is p and the current density is i.
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It is also necessary to include in the list of the fundamental

equations the relationships between E and D and between B
and H. For it is through them, that the effects of electric and
magnetic dipoles are included in Maxwell's equations. These

relationships are

D = KoE + P = kE B = /xoH + MoM = mH (15-30)

The expressions of D in terms of E and P and of B in terms of H
and M are generally true by definition, but the use of the dielec-

tric permittivity k and the magnetic permeability fi is only

generally valid if these quantities are not required to be con-

stants but are made functions of E and H, respectively. If

they are not constants, their usefulness is small. In the present

work we shall consider only the simple cases in which /x and k

are constants for a given piece of material. This excludes the

cases in which there is permanent magnetization, magnetic or

electric hysteresis, or other similar phenomena that are to a
greater or less degree characteristic of all real materials.

8. Units.—It is important to note carefully the units used in

writing these equations. Here, as in the previous chapters,

the practical, or mks, system has been used because of its recent

widespread adoption.

In reading earlier papers on electricity and magnetism other

systems of units will be encountered. One of the most preva-
lent of these is the Gaussian system. In this system the

electric quantities, electric field, displacement, charge, current,

etc., are measured in the esu mentioned in Chap. XIII. The
magnetic quantities such as magnetic induction, magnetic field,

magnetization, etc., are measured in the electromagnetic system
mentioned in Chap. XIV. Since the Maxwell equations contain
both electric and magnetic quantities, the equations themselves
must define a relationship between these two systems of units.

This connection is given by the value of a quantity c, which is

the velocity of electromagnetic waves in a vacuum. In the
mks units, this velocity is implicit in the quantities k and Mo-

The following table gives the relationship between the units
of a number of quantities in the mks, or practical, system, the
electrostatic system, and the electromagnetic system. The
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electrostatic and electromagnetic are designated by the sub-

scripts s and m, respectively. The ratios are expressed in terms
of the measures of a fixed quantity in the indicated units. They
are not the ratios of the sizes of the units themselves. For
example, if a given current is I amperes, the same current will

be Im = 1/10 emu or Is
= (c/10)7 esu.

Problem 17. Show that the product ix k has the dimensions of the

reciprocal of the square of a velocity.

Conversion Table fob Units

Quantity
Name of

practical

units

Measure
in practical

units

Measure in

electromagnetic

units

Measure in

electrostatic

units

Charge Coulomb
Ampere
Volt

Meter

Volt

Coulomb
Meter 2

Coulomb
Meter 2

Mho
Meter
Ohm
Farad

Ampere
Meter

Weber
Meter2

Ampere

I

E

V

P

D

a

R
C

H

B

M

qm = g/10
Im - 7/10

Em = 106E

Vm = 10^7

Pm = P/lOs

Dm = 10~BZ)

<rm = 10-"<r

Rm = 10 9#
Cm = 10" 9C

Hm = lO-W

Bm = 10*B

Mm = 10r*M

qs = (c/10)
ff

Is = (c/10)/

E, = IX 10~*E

7, = !X 10-»7

P, = 3 X 10 6P

D, =3X 10BZ>

<rs = 9 X 10%

Rs = i X 10-nB
Cf = 9X lO^C

Ha = 3 X 107//

B, = % X 10~SB

Ms = 3 X 107ilf

Current

Electric field

Potential

Polarization

Displacement .

Conductivity

Resistance

Magnetic Field. . .

.

Induction

Meter

9. Maxwell's Equations in Moving Systems.—The discus-

sion in Sec. 4 showed that the electric field at a point is not an
absolute property of the point but depends upon the system of

axes with reference to which it is observed. The question as to

whether a magnetic field has a similar dependence cannot be
answered in so simple a fashion, since the law of force ordinarily

used contains no terms that indicate a force on a current moving
in an electric field. Nevertheless, if it is desired that Maxwell's
equations shall be valid in all systems of coordinates, it is neces-
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sary that the magnetic field also shall differ from system to

system. Such an assumption is usually made, and the necessary

transformation equations are

E' = E+vXB B' = B - /ikv X E (15-31)

It is important to emphasize the fact that these transformations

are adequate only when the relative velocity of the coordinate

axes is very much less than the velocity of light but that in this

limiting case Maxwell's equations will be approximately valid

with reference to all systems. The approximation depends upon
v \Z

r
jHc and also upon the rate of change with the time of the

fields. If these quantities are small enough, the equations are

approximately invariant to the transformation. The trans-

formation of the fields that makes the equations exactly valid

for all velocities will be taken up in the study of the theory of

relativity, where the invariance of these equations will be made
the basis of that theory.

Consider equation (IV) in the S' system.

dD'
curl' H' = i' + ^p- (IV)

The designation ['] refers to the S r system. In this equation it is

important to remember that not only are the field quantities

and the current measured with reference to S' but they are

expressed in terms of (x
r
,y',z' ,t') and the derivatives are taken

with reference to these coordinates. By means of the trans-

formation equations (15-14), it can be shown that

„ „, ., . / dD' . dD' , 3D' , dD'\ „ K ot ,

The last term is due to the fact that dD'/dZ' implies that the

{x',y',z') are held constant, while dD'/dt implies that the

(x,y,z) are held constant and that D' is now expressed in terms

of (x,y,z,t), even though it is the field measured in S'. The
current density in S' is related to that in S by

i' = i - pv (15-316)
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and if the transformation (15-31) is used, (15-31a) becomes

curl H - k curl (v X E) = i - pv + (v • V)D + -^
rTR

- (v • V)ic(v X
fc
B) -kvX-^- (15-31c)

When curl (v X *E) is expanded by means of the vector identity

(8) on page 244 and use is made of equation (I) in the S system,

this becomes

curl H = i +^ - pic [(v • V)(v XH)+vxf] (15-31d)

This is equation (IV) in the S system except for the final term,

which is multiplied by ixk. This product is equal to the recipro-

cal of the square of the velocity of light in the medium with

permittivity k and permeability fi. As long as v is much less

than the velocity of light and dH/dt is not too large, the whole

term can be neglected. To this approximation the transforma-

tion in equation (15-31) makes equation (IV) invariant under a

transformation to a moving coordinate system.

Problem 18. Show that the first three of Maxwell's equations are

approximately invariant to the transformation from S to S'.

10. Electromagnetic Field Energy.—From the field-theory

point of view, the field itself, as well as charged particles of

matter, can possess energy and momentum; and, in fact, it

must possess these quantities in order to provide for their con-

servation. Since the particles act, not directly on each other,

but only through the intervention of the field, a particle may
lose energy and momentum that may not appear immediately

in another particle. In the meantime, the missing energy or

momentum must be attributed to the field. This idea has

already been suggested in the expressions for the energy of

electrostatic systems and systems of steady currents that have

the form of integrals over the whole field.

In the further discussion of the properties of an electro-

magnetic field it will always be assumed that the dielectric

permittivity k and the magnetic permeability /x are constant in
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both space and time and are independent of the fields. This

implies that D = kE, B = /zH and that k and ju can be factored

out in differentiation. This assumption describes the situation

in a vacuum and in a simple homogeneous and isotropic dielec-

tric. It excludes, however, substances in which k or p changes

from point to point, such substances as iron or nickel, and cases

in which several different dielectrics are present. When several

homogeneous substances are present, the treatment can be

extended by the imposition of suitable boundary conditions.

The general expression for the energy of the field can be

developed from Maxwell's equations and the force equation.

If both sides of equation (15-29) are multiplied by the velocity

and the product is integrated over all the volume in which there

is any charge or current, the result is the rate at which the field

is doing work on the charges. This will then be the rate at

which the energy of the charges is increasing and can be equated

to the rate at which the energy of the field is decreasing. Since

pv is the current density,

-~- = f F • v dr = j p(E • v + v X B • v)dr

E • curl H - E • ^) dr (15-32)/(
The volume element is designated by dr to avoid confusion with

the velocity. This work is done by the electric field only, since

the force exerted by the magnetic field is always perpendicular

to the velocity. By the use of a vector transformation and the

third of Maxwell's equations, this becomes

-^ =
f
(h • curl E - E • ^5 _ div E X u)dr

= - /Yh •^ + E •^ dr - f E X H ds (15-33)

If the volume over which the integration is carried out is so large

that the integral of the fields over the surface vanishes, this rate

of change of the field energy may be written

rfW 1 d C
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It is very natural to maintain the general validity of the

conservation of energy by interpreting the integral in equation

(15-34) as the energy in the electromagnetic field. A similarly

natural, although perhaps less easily justifiable, interpretation

is that the integrand is the volume density of the energy. This

conception of localized energy has been fruitful, however, and
will be retained as long as it leads to no difficulties.

If integration is carried out over a limited volume, the surface

integral does not, in general, vanish. Since the whole expression

(15-33) represents the work done by the field on the charges and
since the volume integral is to be interpreted as the rate of

change of the energy of the field, it is natural to interpret the

surface integral as the rate of flow of energy through the surface.

The vector S is called Poynting 's vector, where

S = E X H (15-35)

The interpretation of the surface integral of S as the flow of

energy through the surface leads naturally to the interpretation

of S itself as the density of energy flow.

Problem 19. A wire, which may be treated as approximately
straight, carries a steady current / from a battery. Compute Poyn-
ting' s vector at the surface of the wire, and interpret the result in

terms of the energy flow.

Problem 20. A circular loop of wire with resistance (R is placed

in a uniform magnetic field. If the field is changed, find the flow of

energy into the wire.

Problem 21. Find Poynting's vector around a uniformly charged

sphere placed in a uniform magnetic field.

11. Electromagnetic Field Momentum.—The momentum of

the electromagnetic field can be evaluated by the use of argu-

ments similar to those employed for the energy. The rate of

increase of momentum of the matter carrying charges and
currents will be equal to the volume integral of the force per

unit volume. This can then be equated to the rate of decrease

of the momentum of the field in order to provide conservation of

the total momentum.
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-^ = [ Vdr =
f PEdT +

f
iXBdr

= / E div D dr + / (curl H) X B dr

-j^XBdT (15-36)

where M is the momentum of the field. It follows then, since

H div H = 0, that

HT
=

dt
M"S dr ~ K

/ (E div E ~ E X curl E^r

- m
/" (H dw H - H X curl H)dr (15-37)

The last two terms in equation (15-37) can be transformed

into surface integrals since they are the divergences of tensors.

The divergence of a symmetric tensor is a vector, which can

be defined by

(div T)i = ^^ (15-38)

i

By reasoning similar to that used in establishing Gauss's
theorem it can be shown that

fv (div T)i dr = 2fs T* ds* (15-38a)
3

where dsj is the component of the surface perpendicular to the
Xj axis.

Let
7y-> = (HiHj - iH'dij) (15-39)

and
Zya) = (EiEj - iE*Sa) (15-39o)

It follows directly from the definitions that

div T™ = H div H - H X curl H (15-396)
and

div T^ = E div E - E X curl E (15-39c)
Then

dM
dt

= jt j M«S dr -
J [kT& + nT^ijdsj (15-40)
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The tensor kTw + pT^ is called the Maxwell stress tensor.

It gives the electromagnetic stress across the surface. ds as a

linear vector function of ds. Equation (15-40) then can be
interpreted as showing that /zkS is the volume density of the

momentum in the field and that the rate of change of the field

momentum plus the momentum of the charges is equal to the

total vector stress on the surface of the portion of the field under
consideration.

Problem 22. Evaluate the divergence of the Maxwell stress

tensor, and show that equation (15-40) follows from (15-37).

12. General Electromagnetic Potentials.—In the treatment

of electrostatics and magnetostatics it was convenient to

introduce potentials from which the fields could be derived by
differentiation. These potentials were expressed in terms of

the charges and the currents by the use of the laws of force

between charges or between current elements. Similarly in

the general case it is desirable to introduce a scalar potential

and a vector potential. These will represent forms in which all

solutions of Maxwell's equations can be put, and they will be

expressable in terms of the charges and the currents. Such
potentials will be similar to the potentials previously used, but

they will not in general be the same. Only in static situations

will they reduce to the forms already used.

Let $ be the scalar potential and A the vector potential.

Then let the fields be derived from the potentials by means of

the equations

dA
B = curl A and E = - grad $ - -^ (15-41)

Maxwell's equations (II) and (III) will be identically satisfied

by fields derived from any potentials in this way. Equations

(15-41) may be considered as general solutions of these two of

Maxwell's equations in terms of the arbitrary functions $
and A.

Problem 23. Show that Maxwell's equations (II) and (III) are

identically satisfied by any fields that are derived from potentials

by means of equations (15-41).
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If the potentials are given, equations (15-41) serve to deter-

mine the fields uniquely; but if the fields are given, there are

many potentials equally satisfactory for describing them.

Therefore it is possible to adopt an arbitrary relationship

between <1> and A in order to remove this lack of definiteness.

This can be done in a number of ways. To agree with the form
of the vector potential used in the chapter on magnetostatics

it is necessary to adopt the equation

div A = (15-42a)

With this condition, equations (15-41) substituted into Max-
well's equations lead to

K

V 2A — fiK -~jf = —/a + /i* grad -~r (15-43a)

If the potentials <£ and A satisfy these two equations and if

ix and k are everywhere the same, the fields derived from them by
(15-41) will satisfy Maxwell's equations.

The above equations are unsatisfactory for some purposes

because the potentials $ and A have not been separated. It is

possible to separate them if another condition is used instead of

(15-42a). This is called the Lorentz condition and is

div A = —hk -^r (15-426)

With this condition the equations for the potentials are

;:A
K

\ (15-436)

V 2A - juk -^f = -Mi

These equations are called wave equations because they represent

the propagation of a disturbance with the velocity l/y/jjx.

General solutions for equations (15-436) can be written in the

form of integrals similar to those for the static cases. The dif-

ference lies in the fact that the charges and currents effective in
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producing the potentials are not those existing at the various

points at the time for which the potential is to be computed but

are those which existed at such an earlier time that the effect,

propagated with the velocity 1/Vjuk, has just reached the

point at which the potential is desired.

Problem 24. Show that, if 3? and A describe an electromagnetic

field, the potentials $' = 3> — (df/dt) and A' = A + grad / also

describe the same field. / is any scalar function of the coordinates

and the time. This transformation of the potentials is called a gauge

transformation.

Problem 25. Show that, if equations (15-42a) and (15-43a) are

satisfied, the fields will satisfy Maxwell's equations.

Problem 26. Show that, if equations (15-426) and (15-436) are

satisfied, the fields will satisfy Maxwell's equations.

Problem 27. Show that the potentials of equation (15-43a) can

be derived from those of (15-436) by means of a gauge transformation,

and find the differential equation for the function /.

13. Electromagnetic Waves in Homogeneous Uncharged

Dielectrics.—In a homogeneous uncharged dielectric, Maxwell's

equations lead to wave equations for the fields.

r)
2F r)

2H
V'E - fiK~^ = V*H - hk -^r = (15-44)

These two second-order equations are more general than the

first-order equations from which they are derived. Their general

solution is not itself a solution of Maxwell's equations, but it

must be limited by additional conditions. Since they are partial

differential equations, they have a wide variety of particular

solutions. One kind of solution is of the form

E = i(ax + j% + yz - vt) (15-45)

where v2 = 1/juk. This represents a wave in the electric field.

The form of the wave is given by the arbitrary vector function/,

the direction of propagation is given by a, /3, y, and the velocity

of propagation is v. According to equations (15-44) the mag-

netic field could contain another similar, but independent wave.

However, the original Maxwell's equations require a connection
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between the electric and magnetic fields so that the two solutions

cannot be independent.

Problem 28. Derive equations (15-44).

Problem 29. Show that (15-45) is a solution of (15-44).

Problem 30. Show that, in the absence of charges, the first of

Maxwell's equations requires the electric field in a plane electro-

magnetic wave of the form (15-45) to be perpendicular to the direction

of propagation.

Problem 31. Show that Maxwell's equations require the electric

and the magnetic fields fin a plane wave to be perpendicular to each

other and to the direction of propagation. This assumes that no

constant fields are present.

Problem 32. If a plane electromagnetic wave is sinusoidal, has

its electric vector always along the x axis, and is propagated in the

z direction, the expression for the electric vector can be written in the

form
E = \EX = iE sin a{z — vt) (15-46,

Interpret the constants in this equation in terms of the amplitude)

wave length, and frequency of the wave.

Problem 33. Find the magnetic wave that accompanies the

electric wave of equation (15-46).

Problem 34. Find the energy density in the wave of the above

two problems.

Problem 35. Find Poynting's vector and the momentum density

in the wave of Probs. 32 and 33.

Problem 36. Show that the wave equation (15-44) is satisfied by

E - IB. - WTJZJS. (15-47)

14. Lorentz's Form of Maxwell's Equations.—According to

the electrical theory of matter, the dielectric permittivity and
the permeability are quantities that describe average properties

of material substances. The idea is that, if the materials were
examined in detail, only the motions of charged particles would
have to be considered. The development of this point of view

constitutes the electron theory, much of which is associated

with the name of H. A. Lorentz. When Maxwell's equations

are written for use from this point of view, the only field quanti-

ties that can appear are E and B and the current can be replaced
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by the motion of the charges. Hence the equations become

(la) div E = - (Ha) div B =

(Ilia) curl E = - ~
} (15-48)

(IVa) curl B = fxQpv + hok -~t

The quantity v is the vector velocity of the charge density p.

Although the equations when written in this form constitute

the starting point for the classical electron theory, the electrons

really have no place in them. It is the charge density and not

the number of electrons that appears. This fact implies that

the equations are to be used to describe the structure of the

electrons themselves, and many attempts have been made to

find a solution that would represent a small amount of charge
permanently held together by electromagnetic forces. All

such attempts have failed. The classical electron theory has

never been able to account satisfactorily for the fact that elec-

trons exist, and this remains one of the outstanding problems of

theoretical physics.

In spite of the incompleteness of the theory, it is possible to

use equations (15-48) to describe the fields of electrons at

distances from them large compared with their dimensions.

Because the electrons are very small, this makes the equations of

considerable use.

15. Radiation from an Oscillating Dipole.—The light waves

sent out by an excited atom, as well as the long waves emitted

by a radio antenna, can be closely approximated by the radiation

of an oscillating dipole. The dipole may be pictured as made up
of two spherical conductors, separated by a distance greater

than their diameters, and connected by a wire. It will be

assumed that energy is supplied to the system to cause the charge

to oscillate between the spheres in a prescribed sinusoidal

manner. The system will then have an electric moment deter-

mined by the charges on the spheres, and this electric moment
will vary sinusoidally with the time. The current in the

connecting wire, which will be proportional to the rate of change
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of the charge on the spheres, will also vary sinusoidally. The
vector potential around the system will always have the direction

of the current in the connecting wire. This direction will be

taken as the axis of a system of polar coordinates and as the

z axis of a Cartesian system. The origin of the coordinates

will be at the center of the dipole. The values of the field

quantities and the potentials will be determined only at distances

from the origin that are much greater than the length of the

dipole h. It must also be assumed that the frequency of the

sinusoidal variation is low enough so that the changes which

take place in the time h/v can be neglected.

Under these conditions the vector potential at distances

from the origin large compared with h can be written

A . AX . _ V'(r- vt)
(1M0)

In this expression f'(r — vt) is the derivative, with respect to

its argument, of a function /(r — vt) to be evaluated later. It

can be shown by substitution that this expression for the vector

potential satisfies equation (15-436), and it will be shown later

in what way it satisfies the boundary conditions. The combina-

tion of equation (15-49) with equation (15-426) then permits

the determination of the scalar potential, with the exception of a

constant, which is unimportant here. The result is

VZ 1)Z

* =
73 fir - vt) - y2 f(r - vt) (15-50)

In the region close to the dipole, although still for values of r

much larger than h, the presence of r in the argument of / can

be neglected, and the term with the higher power of r in the

denominator will be the larger. That such is the case is due to

the restriction imposed on the rate of change of the current.

Hence the principal term in the scalar potential, in this region, is

$ = ^f(-vt) cos0 (15-51)

This expression is the ordinary electrostatic potential of a dipole

of magnitude 47tk vf(-vt) parallel to the z axis. Since, in the
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immediate neighborhood of the dipole, the time necessary for

the propagation of the effects can be neglected, the result

indicates that the potential assumed is correct to this extent.

In the region farther from the dipole, where the current has

changed considerably in the time r/v, only that term in the

potential need be retained which has the lower power of r in

the denominator. In this region,

$ = _ l f(r _ vt) cos e A = - k f
'
{r ~ Vt)

(15-52)

This zone is called the wave zone, because the predominating term

in the potentials represents a wave traveling outward from the

origin.

Problem 37. Show that in the wave zone the electric and magnetic

fields are perpendicular to each other and to the radius vector. Use

polar coordinates.

Problem 38. Compute Poynting's vector in the wvae zone, and

show that the total energy which passes outward through a spherical

shell per unit time is

3 VmL"
. =-^1^ (15-53)

_lt-(r/v)dt

For this result it is not required that the current in the dipole vary

sinusoidally, but the subscript indicates that the second derivative is

to be taken at the time r/v before the time considered. This is the

time necessary for the energy to travel from the dipole to the spherical

shell.

Problem 39. Show that if the current in the dipole varies sinusoid-

ally with the time the average rate of emission of energy is propor-

tional to the fourth power of the frequency.
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CHAPTER XVI

THE RESTRICTED THEORY OF RELATIVITY

The notation of vector analysis provides a method by which

many of the equations of physics can be written in a form inde-

pendent of the orientation and position of the coordinate system

used to locate the bodies. This notation does not, however,

remove the distinction between systems of coordinates that are

moving relative to each other. Some use was made of moving

systems in the study of solid bodies, but the vectors were always,

in the last analysis, referred to coordinates at rest with respect

to the observer and for which Newton's laws were postulated.

In the study of electromagnetic fields some attention was given

to moving systems of coordinates, but it was specified that only

velocities small compared with the velocity of light were to be

considered. The theory of relativity consists in the study of

consequences of the assumption that all coordinate systems are

equally good for the description of physical phenomena. The
restricted theory treats only those systems of coordinates that

move relative to each other with constant velocity. Other cases

are included in the general theory of relativity.

1. Invariance of Newton's Laws under Galilean Transforma-

tions.—Newton's equations [equations (2-2)] are unchanged

when the coordinates and the time are subjected to a Galilean

transformation. A Galilean transformation is given by the

equations

x' = x - vt y' = y z' = z f = t (16-1)

According to the elementary ideas of space and time, this

represents a transformation to a system of coordinates S' mov-
ing with the velocity v in the positive x direction with respect

to the system S. This is a specialized form of the most general

Galilean transformation. It is obtained by assuming that,

when t = t' = 0, the origins of the two systems of coordinates

339
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coincide. It is also assumed that the motion is in the direction

of the x axis. These restrictions do not really limit the general-

ity of the results, and therefore they will always be used here

and in the later treatment of the Lorentz transformation.

The invariance of Newton's laws is descriptive of the fact

that mechanical processes should appear the same to all observ-

ers who move relative to one another with uniform velocity.

This certainly does not mean that velocities and positions are

the same for all observers, or even that such quantities as energy

and momentum are the same; but it does mean that the relation-

ships suitable for the fundamental laws cannot depend on which

particular coordinate system is used. In speaking of the trans-

formation from one coordinate system to another, it is implied

that there is an observer in each coordinate system who observes

the physical events in terms of his coordinates and time. The

transformation equations then express the relationship between

the observations, by different observers, of the same events.

The transformation of Newton's laws of motion involves the

transformation of second derivatives with respect to the time.

It follows directly from equation (16-1) that dH'/dt' 2 = d2x/dt2

and that the forces as functions of (x,y,z,t) can be expressed in

terms of (x',y',z',t'). Hence the laws have the same form in

the system S' and S.

Problem 1. Find the way in which momentum and kinetic energy

transform under a Galiliean transformation.

2. The Postulates of Relativity.—The first postulate of

relativity is an extended form of an old idea. Because of the

invariance of Newton's equations with respect to a Galilean

transformation, it is impossible, by means of any mechanical

experiment, to detect any such thing as an "absolute velocity."

An absolute velocity would be a velocity relative to some system

of coordinates which is a "preferred" system, in that the laws

of mechanics might take some especially simple form when

referred to it. Since no such thing as absolute velocity can be

detected, it cannot be used in the formulation of the theory.

Hence, in the realm of Newtonian mechanics, all velocity is

relative.
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The first postulate of relativity extends this idea to all

physics. This postulate is based on the fact that no experiment
has ever been devised which detected any motion of the earth
through an "ether," although many were tried. The postulate,
then, can be stated as follows

:

1. All systems of coordinates are equally suitable for the
description of physical phenomena.

This postulate literally refers to all systems of coordinates,
although the treatment here is restricted to those that are
moving relative to each other with uniform velocity. The more
general treatment is called the general theory of relativity.

There are a number of equivalent forms in which this first

postulate can be stated. It is equivalent to the statement that
all velocities are relative and that it is impossible by any means
whatever to detect a motion through an ether. In spite of this
principle, Maxwell's equations seem to indicate such a pos-
sibility. Maxwell's equations contain first derivatives and are
not invariant to the Galilean transformation. This could meaD
that the first postulate of relativity is not true, or it might mean
that Maxwell's equations are not exact but are only approxima-
tions to the correct laws. Einstein, however, made the startling
assumptions that the first postulate is true and at the same time
Maxwell's equations are exact. If both these things are
assumed, the only escape from the apparent inconsistency is

that the Galilean transformation is not the correct way in which
to relate observations made with reference to different coordinate
systems.

Instead of postulating the invariance of Maxwell's equations,
it is sufficient to make the second postulate as follows:

2. The velocity of light is independent of the relative motion
of the source and the observer.

It is this second postulate that leads to the unfamiliar results
of the Einstein theory of relativity. This postulate could be
stated with reference to the Maxwell equations. It could be
postulated that these equations must be invariant to a trans-
formation of coordinates. However, the above statement is
simpler and can be shown to amount to the same thing. This
postulate then implies that the Maxwell equations have the
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correct form for the representation of electromagnetic phe-

nomena but that Newton's equations do not have the correct

form for the exact representation of mechanical phenomena.

With these two postulates as the basis of the theory of

relativity, it is first necessary to find the transformation of

coordinates that will satisfy the second postulate and then to

find such laws of mechanics as will satisfy the first postulate

with this new form of transformation. The applicability of the

two postulates to natural phenomena can then be appraised

by the correctness of the results deduced from them.

3. The Lorentz Transformation.—It is easy to see that the

Galilean transformation does not satisfy the second postulate

of relativity; therfore, if this postulate is to be adopted, it is

necessary to find another transformation. The transformation

that has been adopted is called the Lorentz transformation

because of the contributions made by H. A. Lorentz to its

development.

In a system of coordinates in which a source of light is at

rest at the origin, the equation for the propagation of a pulse of

light is

x2 + y
2 + z 2 - cH 2 = (16-2)

In another system of coordinates moving relative to the first

with a uniform velocity, the second postulate requires that the

propagation of the same pulse of light be described by

xn + y
'2 + z'i _ cH'i = o (16-2o)

This assumes, of course, that the origins of the two systems

coincide at the time at which the light pulse starts. Such a

restriction does not at all limit the generality of the result.

The requirement of the second postulate is that the equations of

transformation connecting the description of the event in the

S' system with the description of the same event in the S system

shall leave the form of equation (16-2) invariant.

The left-hand side of equation (16-2) may be regarded as

the length of a four-dimensional vector in a space whose coordi-

nates are x, y, z, and id. The transformations that will leave

(16-2) invariant are then the orthogonal transformations in four
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dimensions. With this kind of representation, a transformation
to a moving system of coordinates consists in a rotation of

the four-dimensional coordinates. Care must be taken in the
use of this system to remember that one of the coordinates is

imaginary, but for many purposes this makes no difference.

As mentioned before, the analysis is simplified, and no generality
is lost, if it is assumed that the relative motion of the two three-

dimensional coordinate systems is parallel to their x axes. The
corresponding rotation of the four-dimensional system is around
the y and the z axes, and thus these are unchanged. The matrix
of the transformation then takes the form

/Tu' 74i'\

1 \
,

1 o I

(16_3 )

Wl4' 744'/

The coordinates xh x2 , x 3, z4 are the space and time coordinates
x, y, z, and ict, respectively.

The four coefficients left undetermined in this transformation
can be reduced to a single coefficient j8, by the use of the condi-
tions for orthogonality. Let ylv = a, and let y4V = iafi.

Then the orthogonality conditions and the requirement that
the determinant of the transformation shall be equal to unity

give 7u' = +iafi, yu > = ±a, and a = 1/Vl - jS
2
. In order

that the time shall not be reversed, it is necessary to take the
upper sign all the way through. If, then, the transformation is

written in terms of the original space and time coordinates, the
equations are

, x — fid . \x = vr^ '-*)

This is the usual form of the Lorentz transformation.
For the zero value of x' in equations (16-3a), x = (3ct. This

means that the system S is moving past the system S' with the
speed /3c in the negative x direction. Similarly, then, the
system S' is moving past the system S with the same speed in
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the positive x direction. This determines $ in terms of the

relative velocity of the systems.

Problem 2. Work out the details of the process by which (16-3a)

is shown to be the necessary form for an orthogonal transformation in

the coordinates Xi, X2, Xz, Xi.

Problem 3. Invert the Lorentz transformation as given in (16-3a)

to get the expression for the unprimed quantities in terms of the primed.

Problem 4. Show by direct application of the Lorentz transforma-

tion that the expression (16-2) is left invariant.

Problem 5. Show that, as c -> <x>
, the Lorentz transformation

approaches the Galilean.

The treatment just given has shown only that the second

postulate of relativity is satisfied if the space and time coordi-

nates transform according to the Lorentz transformation. It

can be shown, however, that the Lorentz transformation is a

consequence of the postulate; and since there is a considerable

amount of experimental evidence in favor of the postulate, there

is good reason for concluding that the Lorentz transformation is

the proper one by means of which to connect observations made

in different coordinate systems.

It is important to understand the sequence of the argument.

The quantities x, y, z, t are the space and time coordinates of a

definite physical event as it is described in one system of coordi-

nates. The quantities x'
,
y' , z' , t' are the corresponding coordi-

nates of the same physical event when it is described in another

system of coordinates. The first postulate states that one

system is as good as another for the description of physical

phenomena, and hence a correctly formulated physical law must

have the same form in both systems. It is then assumed in the

second postulate that the spherical propagation of light with

constant velocity is one such correctly stated law. Because of

this, it must be the same in all coordinate systems so that the

Lorentz transformation is required as the correct way to correlate

observations made with reference to one system with those made

with reference to another. Physical laws that change their

essential form when this transformation is made are then con-

sidered as incorrectly formulated.
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4. Transformation of Maxwell's Equations.—If any equa-

tion representing a physical law can be written as an equation

between vectors in the kind of four-dimensional space-time

described above, it will be invariant to the Lorentz transforma-

tion and thus will satisfy the postulates of relativity. Since all

electromagnetic phenomena are described by Maxwell's equa-

tions, it is necessary to investigate the possibility of writing

these in a four-dimensional vector form.

The electromagnetic potentials introduced in the previous

chapter form a four-dimensional vector. We shall be concerned
here only with the Lorentz form of the equations; thus the per-

mittivity and the magnetic permeability can be given the values

for a vacuum, and c2 = l/fi no. It is then possible to define a
four-dimensional potential $k and a four-dimensional current

Pk as shown in the following table:

k 1 2 3 4

xk X y z ict

*k Ax Ay A z i$/c

Pk Mopv* MoP^j/ V>0P%
>K

In this table the A's are the components of the magnetic vector
potential, $ is the scalar potential, and the v's are the com-
ponents of the velocity of the charge density p. All the quanti-

ties are functions of the four coordinates, so that $k and Pk are

two vector fields in four dimensions.

In the four-dimensional vector analysis there are operations
analogous to those in three dimensions, although there are
some important differences. A four-dimensional gradient can
be defined by

Grad U = |£ e* (16-5)

In this equation the summation convention implies a sum of

four terms on the right-hand side, and the ek 's are the four unit
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vectors in the directions of the four coordinate axes. The
-symbolic operator v is written in four dimensions, and the

divergence can be written

DwA=D-A = ^-* (16-6)

The operator analogous to the Laplacian is

Xd 2U
dx~2

~ dx 2 + by 2 + dz2 c2 dt 2 l }

With this notation, the equations obeyed by the electromagnetic

potential can be written in very concise form.

a 2** = -pk with Div * = (16-8)

Since this is an equation between vectors, it will be invariant

under orthogonal transformations and thus will be invariant

under the Lorentz transformation.

The electromagnetic fields can be obtained from the four-

dimensional potential by an operation analogous to the curl.

Here, however, the presence of four coordinates makes evident a

distinction concealed in the three-dimensional analysis, although

even in three dimensions the curl is an operation connected with

two axes rather than with one. The x component of the curl is

obtained by differentiation with respect to the y and the 2-axes.

However, since there is only one axis perpendicular to these two,

the result of the differentiation can be associated with this axis

in the same way that an area is represented by a vector per-

pendicular to it. In four dimensions such an association is not

possible, and the curl must be treated as a tensor of the second

rank. A tensor of the second rank in four dimensions has

formally 16 components. The Curl, however, is an antisym-

metric tensor in which the diagonal components are zero and

the others are oppositely equal in pairs, so that there are only

six independent components. For this reason it is sometimes

called a six-vector. If the field tensor is designated by /&*,, it is



THE RESTRICTED THEORY OF RELATIVITY 347

defined by
d$h a$&

In terms of this field tensor Maxwell's equations can be
written very compactly.

The first of these equations is written with the ordinary sum-
mation convention so that there are four separate equations,

each of which contains four terms on the left-hand side. The
second equation contains three different subscripts, representing

three out of the four possible dimensions. These are to be
taken in the cyclical order h, j, k, and the sum is to be taken of

the terms in which h takes the three possible values in succession.

In case the omitted index is 2, the equation will read

d/34 d/41 dfi Z

~d^ + dF, + ~o 4̂
= ° (16"10a)

Problem 6. Show that equation (16-8) is the equation for the
electromagnetic potentials.

Problem 7. Show that the field tensor is antisymmetrical.

Problem 8. Show that the field tensor fhk is associated with the
ordinary field quantities as follows:

(fn fa fn fu\ / Bz -By -iEx/c\

/« /« fu /24
J = l-Bz Bx -iEy/c\

,/si fn fn /34I I Bv -Bx -iE./c /

Ub_li;

f41 /42 /43 /44/ \ iEx/c

Problem 9. Show that equations (16-10) are Maxwell's equations
for vacuum.

The four-dimensional form in which Maxwell's equations
can be written shows very clearly their invariance under the
Lorentz transformation, and it also brings out the intimate
connection between electric and magnetic phenomena. In the
previous chapter it was shown that an electric field with refer-

ence to one system of coordinate axes may be part electric and
part magnetic when referred to another set of axes. The
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previous considerations were restricted to low relative velocities

and were approximate. They are now extended to include all

velocities. The four-dimensional transformation provides exact

invariance for the Maxwell equations and shows that these

equations are applicable, in all systems of coordinates, and that

pure electric and magnetic fields are merely limiting cases of

the general electromagnetic field.

Problem 10. Apply the Lorentz transformation to the four-

dimensional electromagnetic potential to determine the equations of

transformation for the magnetic vector potential and the scalar electric

potential between systems of coordinates moving with respect to each

other.

Problem 11. The general formula for the transformation of a

tensor of the second rank by an orthogonal transformation is

Jhk = yhg'Jg'j' Tj'A

With this transformation formula show that the transformation

equations for the field are

Ex> = Ex Bx> = Bx

_ B,-ficB. B = B + pBJc
(16_12)r Vl -02 V 1 - /8

2

_, Ez + flcB, R _B1_-JEJc
Vi-02 V i - P*

Problem 12. Show that the transformations in (16-12) approach

those of Chap. XV when the relative velocity of the coordinate systems

is small compared with the velocity of light.

It is possible to use these transformation equations to find the

fields due to charges moving with uniform velocities. All that

is necessary is to take the fields present when the charges are at

rest relative to the observer and then to transform them to a

system of coordinates in which the charges appear to be moving.

Thus the observer with reference to which a charged particle is

moving will see a magnetic field, while an observer who is

moving with the charge will see only an electrostatic field.

Problem 13. Find the electric and magnetic fields that surround

a charged particle moving with uniform velocity along the x axis.
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Problem 14. Find the electric and magnetic fields surrounding a

long charged wire moving parallel to its length.

Problem 15. Find the electric and magnetic fields about a long

charged wire moving perpendicular to its length.

6. Consequences of the Lorentz Transformation for

Mechanics.—The discussion in the preceding section has shown

that, if the Lorentz transformation is the proper way in which to

connect the coordinates and time measured in one system of

coordinates with those measured in another system, electro-

magnetic phenomena will appear to follow Maxwell's equations

in both sets of coordinates. It will then never be possible to tell

anything about an "absolute motion" by performing electro-

magnetic experiments. Since no experiment has ever given any

conclusive indication of an absolute motion and since the

velocity of light appears experimentally to be independent of

the relative motion of the source and the observer, it has been

concluded that the Lorentz transformation equations are the

correct ones to use. However, these transformation equations

do not leave Newton's equations invariant. If the first postu-

late of relativity is to be maintained for mechanical experiments,

it is necessary to conclude that Newton's equations are not

exact and require some corrections. Most of this consists in a

modification of the kinematics, but there is also a modification

of the mechanical concepts of energy and mass.

a. The Relativity of Simultaneity.—The use of the Lorentz

transformation implies that events which are simultaneous as

seen from one system of coordinates are not necessarily simul-

taneous as seen from another system, moving relative to the

first. This lack of simultaneity appears only when the events

do not coincide in space. If two events coincide both in space

and in time as seen from one system of coordinates, they will

similarly coincide in all others. Relationships of this kind

can be determined by imagining a definite physical situation in

one set of coordinates and then transforming it to the other.

Problem 16. Show that, if two events are simultaneous in the

system S in which they have different space coordinates, they will not

in general be simultaneous as seen from the system S' but will be
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separated by the time interval

" - ^=P ^
Problem 17. Show that, if two events are separated by the time

interval At in the S system in which they have the same space coordi-
nates, they will appear from the S' system to be separated by the time
interval

"' - vrhp (m4)

Problem 18. Show that the above result is reciprocal, i.e., that
two events which occur at the same place in the S' system appear to an
observer in the S system to be separated by a time interval longer than
that measured by an observer in the S' system. Show that this result

cannot be obtained by solving equation (16-14) for At, because the
conditions for the validity of equation (16-14) are not satisfied.

b. The Lorentz Contraction.—One of the best-known effects

of the Lorentz transformation is the so-called "Lorentz con-
traction." This is in some respects an unfortunate name, as it

implies that the material of a body contracts when it is set in

motion. The viewpoint of relativity, however, is that this

apparent contraction is not due to any special property of the
body itself but is a general property of space and time.

Consider a measuring stick with its length parallel to the
x axis. In the S system, let one end of the stick be at the origin

and the other at the point x = L. Then consider a system S'

that is moving relative to S and to the stick with the velocity

v in the x direction. To find the length of the stick as seen from
this system, it is necessary to observe the x' coordinates of the

two ends of the stick and to observe them at the same time, i.e.,

the same value of t' . For simplicity let t' = 0. Then, although
these observations are simultaneous in the 8' system, they will

not be simultaneous in the S system. In fact, from the equa-
tions of transformation the time at which the one end of the

stick is observed will be t = 0, while the time of observation of

the other end of the stick will be t = (3L/c. These are the values

of t that must be put into the transformation equations to

determine the values of x' that will be observed. The result is
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that ;

V = L VT=J* (16-15)

Problem 19. Derive equation (16-15) in detail.

c. The Transformation of Velocity.—The measurement of a

uniform velocity, consists in the observation of two events.

Each observation consists in the measurement of a coordinate

and the corresponding time. If it is observed from the system

S that a particle has the coordinate x x at the time h and then

has the coordinate x2 at the time t2 , the average velocity of the

particle is, by definition, given by

vx = °^p (16-16)
ii — ti

By the transformation of these four individual coordinates it is

possible to obtain the equation for the transformation of

velocities.

Problem 20. Carry out the above described analysis, and show

that the transformation of a velocity in the x direction is given by

F'
" r^ra <16-17)

Problem 21. Show that the transformation for a velocity per-

pendicular to the direction of motion of the coordinate system is given

by

TV = Vy(l - /3
2)4 (16-18)

Problem 22. Carry through similar considerations for the trans-

formation of a velocity that has both x and y components.

Problem 23. Show from the above transformation equations for

velocity that it is impossible, by adding velocities, to get a velocity

greater than the velocity of light.

d. The Laws of Motion and the Transformation of Mass.—
Although the ordinary Newtonian laws of motion are not invari-

ant under the Lorentz transformation and hence cannot be

considered as exact, it is possible to set up very similar laws

that do hold under the postulates of relativity. The difference

consists essentially in a change in the concepts of mass and
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energy. Newton's equations may be taken over in the form
that he originally gave them, i.e.,

d-£=Fh (16-X9)

where Mh is the component of the momentum along the h axis

and Fh is the corresponding component of force. There can
be no question about the validity of this equation when it is

regarded as a definition of force, but it is then necessary to
consider carefully the definition of the momentum.

Momentum can be defined by Newton's third law. Accord-
ing to this, if two bodies influence each other, the change of

momentum of one is equal and opposite to the change of momen-
tum of the other. This statement can be used for the definition

of momentum by carrying out an imaginary experiment first

proposed by Tolman and Lewis.

If a particle is moving with a velocity very small compared
with the velocity of fight, the momentum must be given by the
ordinary expression m v. This is because the Lorentz trans-

formation reduces to the Galilean when the light velocity

approaches infinity. The mass is written as ra to indicate this

restriction to small velocities. Since the velocity can be
measured and defined in all systems of coordinates, the expres-

sion mv can always be used for the momentum if m is allowed to
vary with the velocity. It is then necessary that m approach
Wo as the velocity approaches zero. The way in which m varies

with the velocity can be determined from the conceptual experi-

ment of Tolman and Lewis.

Consider two systems of coordinates 8 and S'. Let them be
moving past each other along their coincident x axes with the
velocity v = (3c. Let there be a particle whose mass, when at

rest, is ra , and which has the velocity uy along the y axis in the
S system, and let there be an exactly similar particle with the
velocity —uy> in the S' system. Each of these particles is

moving parallel to the y axis of its own system with a speed
small compared with v. Let the two particles be moving in such
a way that they collide and each is reversed in its direction of

motion as seen from its own system. It is thus assumed that
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neither particle acquires in the collision any motion along the

x or z axes. If uv
= uv > before the collision, the symmetry of

the situation and the first postulate of relativity require that

Uy = Uy >, where these are the component velocities after the

collision. Thus far the experiment has been described by
giving the motion of each particle in its own system of coordi-

nates. Now consider the whole experiment as seen from the S
system. The particle that has no a; or 2 velocity in the S'

system will appear to have the velocity components

wy = uy Vl - /3
2 and Wy = Uy > Vl - 2 (16-20)

before and after the collision. This represents the application

of the Lorentz transformation. The application of the postu-

late, or definition, of the conservation of momentum then leads

to the equation

m Uy + m Uy = m'Wy + TYl'Wy

= m'(uy > + TJV.) Vl - 2 (16-21)

This leads to the conclusion that

"»' = vftp (16"22)

If the mass is defined to vary with the velocity as indicated in

equation (16-22), the momentum can be expressed as mv and
there will be conservation of momentum.

In the above treatment the variation of the mass due to the
motion of the particles along their y axes has been neglected.

This is of course only justified because uv «: v. However, it

can be shown by a more detailed analysis that the result in

equation (16-22) still holds when this is taken into account.
With the above definitions of mass and momentum, equa-

tion (16-19) gives a definition of force. The law of transforma-
tion for force can be determined from the law of transformation
of the left-hand side.

e. Equivalence of Mass and Energy.—With the definitions of

mass, momentum, and force just indicated, a very remarkable
theorem concerning the equivalence of mass and energy can be
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established. Equation (16-19) can be written

d , n dv dm OQ^(mv) = m^ + vw = F (16-23)

If the increase in the energy of a particle is denned as equal to

the amount of work done on it, the principal of the conservation

of energy can be maintained. Hence let

AE = /F • dl = fd(mv) • v = fmv • dv + Jv • v dm
= fv

2 dm + %fmd(v 2
) (16-24)

By means of equation (16-22) it is possible to express the speed

as a function of the mass, so that the integral in (16-24) can be

expressed as an integration with reference to the mass. The
result is

AE =
f

(v2 + ~ c2

j dm = c2

J

**
dm = c2 Am (16-:25)

This is the important result that the increase in the energy of a

particle is just equal to c 2 times the increase in mass. It sug-

gests that the total mass can be expressed as energy in the

equation

E = mc 2 (16-26)

The derivation just given does not fix the constant of inte-

gration and does not require equation (16-26). The early

experiments on the mass of electrons at high velocities led to

confirmation of equation (16-22) for the change of mass with

velocity, but the first conclusive confirmation of equation (16-26)

came in the study of nuclear physics, where this equivalence

of mass and energy is now one of the fundamental principles.

Problem 24. Consider an electron as a charged sphere inside of

which there is no field. By the use of equation (16-26), compute the

mass of the electron as a function of the radius of the sphere and the

charge on it. The energy of the electron is that of the electric field

around it.

Problem 25. In the same way compute the mass of a moving

electron. Note that when in motion the. sphere is subject to the

Lorentz transformation and becomes an ellipsoid of rotation.
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Problem 26. Show by application of the Lorentz transformation

that the force on a charged particle which is moving with uniform
velocity is just equal to that due to the electrostatic field as seen by an
observer who is at rest with respect to the particle.

The postulates of relativity have been developed into a very
elaborate structure, and the necessity for invariance, under
the Lorentz transformation, of any physical law has been gener-

ally recognized. The restricted theory has been important in

treating the high-speed motions of atomic and nuclear particles.

The general theory has been of importance in the treatment of

large-scale cosmological problems, where gravitational forces

and potentials are of major importance. However, there still

remain important problems that are not understood.
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Absolute scale of temperature, 204

Absolute value of a complex number, 52

Absorption of energy by an oscillator,

78

Adiabatic process, 197

Air, resistance of, 29

Amperes, 284

Ampere's laws, 289

Analogies, thermodynamic, 224

Analysis, vector, 145

Angles, Eulerian, 173

Angular momentum, 159

conservation of, 26

Angular velocity, 164, 166

Arbitrary constant, 3

Areal velocity, 26

Argument of a complex number, 52

Auxiliary conditions in the calculus of

variations, 96

Auxiliary equation, 40

Axes, principal, 170

B

Bessel's equation, 63

Betatron, 312

Body, rigid, 157

Brachistochrone, 88

C

Calorie, 188

Canonical distribution, 218

Canonical ensemble, 220

Canonical transformations, 113

Capacitance, 265

to ground, 265

mutual, 265

Cartesian coordinates, right-hand sys-

tem of, 18

Center of mass, 26, 157

separation of, 32

Characteristic equation of a thermo-

dynamic system, 187

Charge density, 251

Chasles' theorem, 164

Coefficient, of mutual inductance, 320

of self-inductance, 313, 320

Complementary function, 39

Complete set of orthogonal functions,

136

Complex conjugate, 51

Complex functions, 53

Complex numbers, 50

representation of, 52

Components, orthogonal, 147

Conductance, 284

Conductivity, 284

Conductors, 263

Conic section, 35

Conservation, of density in phase, 217

of energy, 23

Conservation laws of mechanics, 27

Constant, arbitrary, 3

Continuous string, forced vibrations of,

134

normal vibrations of, 129

traveling waves in, 142

Contraction, Lorentz, 350

Conversion table for electrical units,

326

Coordinates, Cartesian, 18

normal, 83, 120

orthogonal curvilinear, 240

Cosecant, hyperbolic, 54

Cotangent, hyperbolic, 54

Coulomb's law, 246

Couple, 161

Coupled oscillators, 80

Critical point, 193

Critically damped motion, 71
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Cross product, 149

Curl, 233

Current, 284

four-dimensional, 345

Current density, 285, 293

Currents, steady, vector potential due

to, 294

Curvilinear coordinates, orthogonal, 240

Cyclical processes, 191

D

Damped vibrations, 67

Decay, modulus of, 69
Decomposition, principle of, 55

Definite integrals, 9

Degree of a differential equation, 4

Density, current, 293

in phase, 216

conservation of, 217

Diamagnetism, 303

Dielectric constant, 266

Dielectric susceptibility, 266

Differential equation, degree of, 4

formulation of, 5

homogeneous linear, 37

linear, 8, 37

nature of, 2

order of, 4

ordinary, 2

partial, 4

Differential equations, elementary, 1

with constant coefficients, linear, 40

Dipole, electric, 255

Directrix, 35

Displacement current, 323

Distribution, canonical, 218

modulus of, 220

Divergence, 232

of a tensor, 240

Dot product, 148

Dynamics of rigid bodies, 157

Eccentricity, 35

Electric dipoles, 255

Electric displacement, 261

Electric polarization, 256

Electrical units, 250, 290, 326

Electromagnetic field, 306

Electromagnetic field energy, 328

Electromagnetic field momentum, 330

Electromagnetic induction, 310

Electromagnetic potentials, 332

Electromagnetic waves, 334

Electromotive force, 287

Electrostatic field, 247, 306

Electrostatic system, energy of
;
278

Ellipsoid of inertia, 171

Energy, absorption of, by an oscillator,

78

associated with polarization, 279

conservation of, 23

of an electrostatic system, 278

free, 209

integral, 20

kinetic, 21

in a magnetic field, 303, 318

and mass, equivalence of, 353

potential, 21

of a vibrating string, 133

Ensemble, canonical, 220

microcanonical, 220

Enthalpy, 209

Entropy, 204

Equation, auxiliary, 40

Bessel's, 63

characteristic, 187

Euler's, 172

Euler-Lagrange, 93

exponents of, 65

homogeneous differential, 40

indicial, 65

Lagrange's, 106

Legendre's, 61

Maxwell's, 324

nature of a differential, 2

nonhomogeneous, 37

ordinary differential, 2

Poisson's, 269

of state, 187

van der Waals, 192

Equations, linear differential, 8

with constant coefficients, 40

with variable coefficients, 58
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Equations, of motion, Newton's, 18

of order higher than the first, linear,

37

of the second order that do not con-

tain y, 14

Equilibrium, statistical, 218

Equipartition theorem, 224

Equivalence of mass and energy, 353

Equivalent sets of forces, 162

Ergodic hypothesis, 221

Essential singularities, 63

Euler's equations, 172

Euler-Lagrange equation, 93, 106

Eulerian angles, 173

Exponents of a linear differential equa-

tion, 65

Extreme values, 89

Ferromagnetism, 303

Field, electromagnetic, 306

electrostatic, 247, 306

magnetostatic, 309

Field energy, electromagnetic, 328

Field momentum, electromagnetic, 330

Field strength, electric, 247

magnetic, 298

Fields, magnetic, due to currents only,

290

due to magnetization, 296

in moving coordinate systems, 313

First law of thermodynamics, 193

Fixed axis, rotation about, 177

Force, inverse-square, 32

moment of, 26, 160

Forces, equivalent sets of, 162

harmonic, 73

nonconservative, 110

sinusoidal, 73

Formula, recursion, 60

Formulation of the differential equa-

tion, 5

Four-dimensional current, 345

gradient, 345

potential, 345

Fourier series, 133, 137

Free energy, 209

Free rotation of a rigid body, 1-81

Function, complementary; 39

Gibbs', 209 - 3

Green's, 48 :

Hamiltonian, 113

Lagrangian, 105

partition, 227

Function notation, 4

Functions, complex, 53

hyperbolic, 54

orthogonal, 136

G

Galilean transformations, 339
;

Gauss's law, complete form of, 260

differential form of, 261

restricted form of, 253

Gauss's theorem, 236

Gaussian system of units, 250, 325
Gibbs' function, 209

Giorgi system of units, 250

Gradient, 230

four-dimensional, 345

of a tensor, 239

Gravitation, law of, 32

Green's function, 48

H

Hamilton's principle, 102

derivation of, 102

Hamilton-Jacobi partial differential

equation, 113

Hamiltonian functioh, 113

Harmonic forces, 73

Harmonic motion, plane, 31

simple, 30

Harmonics, spherical, 273

Heat, latent, 189

mechanical equivalent Of, 194

mechanical theory of, 185

quantity of, 188

specific, 189

Heat capacity, 189

Heat content, 209

Heat function, 209

Hermite polynomials, 137

Homogeneous linear differential equa-

tion, 37

solution of, 40 • - : -•
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Hyperbolic cosecant, 64

Hyperbolic cotangent, 54
Hyperbolic functions, 54

Hyperbolic secant, 54

Hypothesis, ergodic, 221

Imaginary numbers, 51

Imaginary part, 51

Index of probability, 220

Indicial equation, 65

Induction, electromagnetic, 310

Inertia, ellipsoid of, 171

moments of, 170

products of, 170

tensor of, 169

Insulation, vibration, 78

Insulators, 263

Integral, energy, 20
line, 234

particular, 39, 42

surface, 235

Integrals, indefinite, 9

Integration, numerical, 10

Inverse-square force, 32

Irrational numbers, 51

Irregular points, 63

Isoperimetric problems, 98

Joule-Thomson porous-plug experi-

ment, 211

K

Kinematics of a rigid body, 163

Kinetic energy, 21

of a rotating body, 175

Lagrange's equations, 106

Lagrangian function, 105

Latent heat, 189

Law, Coulomb's, 246

of motion, Newton's third, 24

Ohm's, 284

Laws, Ampere's, 289
Legendre's equation, 61

Line integral, 234
Linear differential equations, with con-

stant coefficients, 40
general properties of, 37

Linear equations of order higher than
the first, 37

Linear momentum, 157, 159
Linear vector functions, 154

Liouville's theorem, 217
Loaded string, vibrations of, 121

Logarithmic decrement, 69

Lorentz contraction, 350
Lorentz's form of Maxwell's equations,

335

Lorentz transformation, 342

M

Magnetic field, energy in, 318
Magnetic field strength, 298
Magnetic fields due to magnetization,

296

Magnetic moment, 293

Magnetic vector potential, 291

Magnetization, 283, 297

Magnetostatic field, 309

Magnetostatics, 283

Mass, center of, 26, 157

and energy, equivalence of, 353

transformation of, 351

Maxwell's equations, 324

Lorentz's form of, 335

Maxwell stress tensor, 332

Mechanical equivalent of heat, 194

Mechanical theory of heat, 185

Mechanics, statistical, 213

Meter-kilogram-second-coulomb sys-

tem of units, 250, 325

Methods of thermodynamics, 186

Microcanonical ensemble, 220

Modulus, of a complex number, 52

of decay, 69

of the distribution, 220

Moment, dipole, 255

of force, 160

Moments of inertia, 170
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Momentum, 25

angular, 26, 159

conservation of, 25

linear, 157, 159

moment of, 26

Momentum integral, 24

Motion, critically damped, 71

of the planets, 32

simple-harmonic, 30

Mutual capacitance, 265

Mutual inductance, coefficient of, 320

N

Newton's equations of motion, 18

Newton's third law of motion, 24

Nonconservative forces, 110

Nonhomogeneous differential equation,

37

Nonuniform string, 138

Normal coordinates, 83, 120

Normal vibration, 83

variation problem for, 141

Normalized functions, 136

Numbers, complex, 50

imaginary, 51

irrational, 51

real, 51

Numerical integration, 10

O

Ohm's law, 284

Operator D, 39

Order of a differential equation, 4

Ordinary point of a differential equa-

tion, 58

Orthogonal components of a vector, 147

Orthogonal coordinates, 241

Orthogonal curvilinear coordinates, 240

Orthogonal functions, 136

Orthogonal set, complete, 136

Oscillators, coupled, 80

Partition function, 227

Pendulum with arbitrary amplitude,

113

Perfect gas, 191

Period, 69

Permeability magnetic, 303

Permittivity, 266

Phase, density in, 216

conservation of, 217

Phase integral, 227

Phase lag, 74

Phase space, 213

Plane simple-harmonic motion, 31

Planets, motions of the, 32

Poisson's equation, 269

Polarization, electric, 256

energy associated with, 279

Polynomials, Hermite, 137

Porous-plug experiment, Joule-Thom-

son, 211

Positive definite expressions, 120

Potential, 244, 247

electromagnetic, 332

four-dimensional, 345

magnetic vector, 291

scalar, 332

vector, 332

Potential energy, 21

Postulates of relativity, 340

Poynting's vector, 330

Practical system of units, 325

Principal axes, 170

Principle, Hamilton's, 102

variation, 87

Probability, index of, 220

Problems of thermodynamics, 186

Processes, cyclical, 191

Product, cross, 149

dot, 148

of inertia, 170

scalar, 148

vector, 149

Projectile, motion of a, 28

Paramagnetism, 302

Partial differential equation, 4

Particular integral, 39

Q

Q of an oscillator, 70

Quantity of heat, 188
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R

Real numbers, 51

Real part, 51

Recursion formula, 60

Regular points of a differential equa-

tion, 63

Relativity, postulates of, 340

restricted theory of, 339

of simultaneity, 349

Resistance, 284

Resonance, 75

Restricted theory of relativity, 339

Reversible processes, 190

Rigid bodies, dynamics of, 157

free rotation of, 181

kinematics of, 163

laws of motion of, 157

Rotating body, kinetic energy of,

175

Rotation about a fixed axis, 177

S

Scalar potential, 332

Scalar product, 148

Scalar quantities, 145

Secant, hyperbolic, 54

Second law of thermodynamics, 201

Self-inductance, coefficient of, 320

Separation of variables, 5

Series, Fourier, 133

of orthogonal functions, 136

Simple-harmonic motion, 30

Simpson's rule, 10

Singular points of a differential equa-

tion, 59

Singularities, of a differential equation,

59

essential, 63

regular, 63

Sinusoidal forces, 73

Solution, general,
r3 ,

»

around ordinary points, 59

Specific heat, 189

Spherical harmonics, 273

State of a thermodynamic system, 186

Stationary value, 90

Statistical equilibrium, 218

mechanics, 213

Steady currents, 294

Stokes's theorem, 238

Stress tensor, Maxwell, 332

String, continuous, 129

loaded, 121

nonuniform, 138

Sturm-Liouville equation, 138

Summation convention, 154

Superposition, principle of, 55

Surface integral, 235

Systems, vibrating, 120

Temperature, 188

absolute scale of, 204

Tensor, 155

divergence of a, 240

field, 239

gradient of a, 239

of inertia, 169

Thermodynamic analogies, 224

Thermodynamic potential at constant

pressure, 209

Thermodynamic system, 186

Thermodynamics, first law of, 193

methods of, 186

problems of, 186

second law of, 201

third law of, 186

Theorem, Chasles', 164

equipartition, 224

Gauss's, 236

Liouville's, 217

Stokes's, 238

of uniqueness, 271

Theory of relativity, restricted, 339

Thermometry, 188

Third law, of motion, Newton's, 24

of thermodynamics, 186

Torque, 160

Transformation, of mass, 351

of velocity, 351

Transformations, canonical, 133

Galilean, 339

Transient, 76

Traveling waves in a string, 142
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U

Underdamped vibrations, 68

Uniqueness, theorem of, 271

Units, conversion table for, 326

electrical, 250

Gaussian, 250

Gaussian system of, 325

Giorgi system of, 250

mks system of, 250

Value, of a complex number, absolute,

52

extreme, 89

stationary, 90

Van der Waals equation of state, 192

Variation, first, 93

Variation principle, 87

Variation problem for normal vibra-

tions, 141

Vector, definition of, 145

differentiation of, 151

Poynting's, 330

Vector analysis, 145

Vector field, 230

Vector functions, linear, 154

Vector potential, 332

magnetic, 291

properties of, 294

Vector product, 149

Velocity, angular, 164, 166

transformation of, 351

Vibrating string, energy of, 133

Vibrating systems, 120

Vibration, normal, 83

Vibration insulation, 78

Vibrations, damped, 67

W

Waves, electromagnetic, 334

in a string, traveling, 142

Work function, 209
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